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x ∈ P1(n, b), x 6∈ CM(n, b, � )
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x ∈ P2(12, b)
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x ∈ P2(20, b)
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x ∈ P2(20, b)
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x ∈ P2(20, b)
_<_%_%_<_%_�_<_%_<_%_%_<_%_<_%_�_  �

� _�� 	Ebh/=B5~�
{0?>�c{l q�ch0il=>
x1, x2

>o4eynl=>�j 47w?0i6989b
x(δ(k + 1)) = k

_<_%_<_%_%_<_%_<_�_  �
� _�� � 	Ebh/=B5~�
{0?>�c{l q�ch0il=>

x3, x4
>o4eynl=>�j 47w?0i6989b

x(δ(k + 1)) = k
_<_%_<_%_%_<_%_<_�_  �

� _���� 	Ebh/=B5~�
{0?>�c{l q�ch0il=>
x5, x6

>o4eynl=>�j 47w?0i6989b
x(δ(k + 1)) = k

_<_%_<_%_%_<_%_<_�_  �

� _��d� 	Ebh/=B5~�
{0?>�c{l q�ch0il=>
x7, x8

#�>n4eyol1>;j 47wi0?6989b
x(δ(k + 1)) = k

_<_%_<_%_%_<_%_<_�_  �

� _�� � 	Ebh/=B5~�
{0?>�c{l q�ch0il=>
x9, x10

#�>n4eyol1>;j 47wi0?6989b
x(δ(k + 1)) = k

_%_<_%_%_<_%_<_�_  �

� _��  	Ebh/=B5~�
{0?>*c{l q�ch0il=>
x̃1, x̃2

>o4eynl=>�j 47w?0i6989b�4D850?>nl��hB�47/18�47890"G�/=bh>;>nb�� 6�4�l��hB�47/18�47890 " �
� _�� " 	Ebh/=B5~�
{0?>*c{l q�ch0il=>

x̃3, x̃4
>o4eynl=>�j 47w?0i6989b�4D850?>nl��hB�47/18�47890"G�/=bh>;>nb�� 6�4�l��hB�47/18�47890 " �

� _�� � 	Ebh/=B5~�
{0?>*c{l q�ch0il=>
x̂1, x̂2

>o4eynl=>�j 47w?0i6989b�4D850?>nl��hB�47/18�47890"G�/=bh>;>nb�� 6�4�l��hB�47/18�47890 " �

� _�� � 	Ebh/=B5~�}7bmc{l q�ch0i/
x̃3
>n4eyol1>;j 47wi0?6989b|4f890?>;l��hB947/=8�4e890�G,/1bh>n>;b�� 6�4ml��7B�47/=8947890 _ " �

� _���( 	Ebh/=B5~�}7bmc{l q�ch0i/
x̃4
>n4eyol1>;j 47wi0?6989b|4f890?>;l��hB947/=8�4e890�G,/1bh>n>;b�� 6�4ml��7B�47/=8947890 _ " �

� _���� 	Ebh/=B5~�
{0?>�c{lkq c70?l1>
x1, x2, x7

>o4eynl=>;j 4ew?0?6589b]4 890i>nl��hB�47/18�47890 G,/=bh>;>nb�� 694
l��hB�4e/=8�47850 _�_%_<_%_%_<_%_<_%_%_<_�_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ " �

� _z�7� 	Ebh/=B5~�
{0?>*c{l q�ch0il=>
x3, x4

>o4eynl=>�j 47w?0i6989b�4D850?>nl��hB�47/18�47890"G�/=bh>;>nb�� 6�4�l��hB�47/18�47890 " �
� _z� � 	Ebh/=B5~�
{0?>*c{l q�ch0il=>

x5, x6
>o4eynl=>�j 47w?0i6989b�4D850?>nl��hB�47/18�47890"G�/=bh>;>nb�� 6�4�l��hB�47/18�47890 "  

 _�� �P2E0��qa9/1bf8�4q4ea9/=l1p�47~?}7b`89bq47/��7bh:nl y	�|bu890�>n0ia�47:n47~�}7b|890%G,�&>i_ _<_%_<_%_%_%_V� �

�E_�� F��q4f��	5��) 69b �h:o4 j b|0 2Ea�476989l189b
G′

_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ ��� �
�E_z� F��q4f>;bh/=B5~�}7b

xk
l=6 c{l q�c70?/*a�47:n4|b|)g��	5��) _%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ �����

2El=l



�E_ � �P2E0��qa9/1bfbh69890�b|��%!^+��`0?/1l��|l=6�4`4f47:;0?>�y 4
(i, j)

_%_%_%_%_<_%_<_%_%_<_%_�_�� � "
�E_  �P2E0��qa9/1bfbh69890�b|��%!^+��`6�}7bf0?/1l��|l=6�4u4|4e:n0?>�y 4

(i, j)
_%_<_%_<_%_%_<_%_�_�� � "

�{_�� F��q4f>;bh/=B5~�}7bf69bf89l��h:o4ej b
D
a�4e:o4mb �|b{890?/1bf� �%890%)
)"�
� _%_<_%_<_%_%_%_ � � (

25l1l=l



� ���`��� ��� � ��� �������

 _�� )r47:=l��q03yo:;bh>D890�p?bh6 yo:;bh/=0�0��qa5:n0��h4789bh>�69bq47/��hbh:nl y	�|b`J� ���+ _<_%_<_%_%_%_ � "
 _z� ! l��ql yo0i>�J� ��@+ a�47:n4|4e>�l=69>�y<l769pilv47>��'�%�D��)"N<_ _<_�_%_<_%_%_<_%_<_%_%_%_ �e�
 _ � +,b��qa947:o47~?}7bf890�a9:!& L&a9:;bEpi0?>;>o4��|0?6 yob5�
l169>;y?l769pilv47>D��#

|V | ∈ {100, 500, 800}
���

 _  ��0i>nB9/ y 4789b7>�a947:o4ml=65>;y<le69p?l=47>D�%#
|V | ∈ {900, 1000}

_�_%_<_%_%_<_%_<_%_%_%_ � (
 _ " ! l��ql yo0i>�J� ��@+��gl169>;y?l769pilv47>� DLI��_Y_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ (7�
 _t� ! l��ql yo0i>�4�c74e69~�4785bh>?�"l=65>;y<le69p?l=47>D �LI��_ _%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ ( �
 _ � ! l��ql yo0i>�J� ��@+��gl169>;y?l769pilv47>� DLI��_ _%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ (h�
 _ ( ! l��ql yo0i>�4�c74e69~�4785bh>?�"l=65>;y<le69p?l=47>D �LI��_ _%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ (  

" _�� �
47:nl=476 yo0?>�yn0?>;yo478�47>D890%47/��hbh:;l1y	�|bh>�G,:o4e69p CELI4e698EL�+,BEy _%_<_%_%_<_%_<_%_%_%_ �7�
" _z� +,b��qa947:o47~?}7b�8�47>�ce47:;lv476 yn0?>*890"47/��hbh:;l1y	�|bh>�G,:o4e69p CELI4e698EL�+,BEy�� � &?89l=4@a�47:o4

l=69>�y<l769pilv47>�85b �h:;B9agbq� _<_%_%_<_�_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ � (
" _ � +,b��qa947:o47~?}7b`8�4e>,ce47:nl=476 yo0?>�890�47/��hbh:;l1y	�|bh>"G,:n4769p CEL&47698ELI+,B5y��Hl169>;y?l769pilv47>

 �LI� _<_%_<_�_%_<_%_%_<_%_<_%_%_<_�_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ ���

" _  +,b��qa947:o47~?}7b`8�4e>,ce47:nl=476 yo0?>�890�47/��hbh:;l1y	�|bh>"G,:n4769p CEL&47698ELI+,B5y��Hl169>;y?l769pilv47>
 �LI� _<_%_<_�_%_<_%_%_<_%_<_%_%_<_�_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ � �7�

" _ " ��0i>nB9/ y 4789b7>�pibh69>;bh/=l18�4789bh>@G�+  �"l=69>�y<l765p?lv4e>D �LI� _<_�_%_<_%_%_<_%_<_%_%_%_ � � �
" _t� ��0i>nB9/ y 4789b7>�pibh69>;bh/=l18�4789bh>@G�+  �"l=69>�y<l765p?lv4e>D �LI� _<_�_%_<_%_%_<_%_<_%_%_%_ � �h�

�E_�� +,bh69>nb7/=l=8947~�}7bm850%:;0?>;B9/1yo4789bh>D890�a9:'&3L&a5:nb{p?0?>;>o4��|0?6 ynb _%_<_%_%_<_%_<_%_%_%_ �d� (
�E_z� ��0i>nB9/ y 4789b7>�85b|a5:!&3LOa9:nb{p?0i>n>n4��q0i6 yobmL,�&65>;y<le69p?l=47>D) 0�� _<_%_%_<_%_<_%_%_%_ �d� �
�E_ � ��0i>nB9/ y 4789b7>�85b|a5:!&3LOa9:nb{p?0i>n>n4��q0i6 yobmL,�&65>;y<le69p?l=47>�+ _�_%_<_%_%_<_%_<_%_%_%_ � � �
�E_  ��0i>nB9/ y 4789b7>�85b|a5:!&3LOa9:nb{p?0i>n>n4��q0i6 yobmL,�&65>;y<le69p?l=47>D _�_%_<_%_%_<_%_<_%_%_%_ � � �
�E_ " ��0i>nB9/ y 4789b7>�85b|a5:!&3LOa9:nb{p?0i>n>n4��q0i6 yobmL,�&65>;y<le69p?l=47>D� _�_%_<_%_%_<_%_<_%_%_%_ � � �
�E_t� ��0i>nB9/ y 4789b7>�pibh69>;bh/=l18�4789bh>,8�4qN�0?B9:'#=>�yol=p?4f!^4 �h:o476 �h0�47694 _<_%_%_<_%_<_%_%_%_ � �  
�E_ � ��0i>nB9/ y 4789b7>�894|N�0?B9:'#=>�yol=p?4f!^4 �h:o476 �h0�47694`L
�&65>;y<le69p?l=47>�) 0�� _<_%_<_%_%_%_ � ��"
�E_ ( ��0i>nB9/ y 4789b7>�894|N�0?B9:'#=>�yol=p?4f!^4 �h:o476 �h0�47694`L
�&65>;y<le69p?l=47>�+ _%_%_<_%_<_%_%_%_ � � �
�E_�� ��0i>nB9/ y 4789b7>�894|N�0?B9:'#=>�yol=p?4f!^4 �h:o476 �h0�47694`L
�&65>;y<le69p?l=47>� _%_%_<_%_<_%_%_%_ � � �

2El c



�E_�� � ��0i>nB9/ y 4789b7>�894|N�0?B9:'#=>�yol=p?4f!^4 �h:o476 �h0�47694`L
�&65>;y<le69p?l=47>�� _%_%_<_%_<_%_%_%_ � � (
�E_���� ��0i>nB9/ y 4789b7>�894|N�0?B9:'#=>�yol=p?4f!^4 �h:o476 �h0�47694`L
�&65>;y<le69p?l=47>�N _%_%_<_%_<_%_%_%_ � � �
�E_��d� 	E0?69>;l=k9l1/=l18�47890�85bh>D/=l��|l1yn0?>�l=65j 0i:nl=b7:n0?> [ >;bhk9:;0ic{l=8�4f8�47>D890i>nl��hB�47/18�47890i>A_%_%_ �  �
�E_�� � ��0i>nB9/ y 4789b7>�85bq4e/��hbh:;l1y!�qbuG,:o4765p CELI47658EL�+,B5y?#��&69>;y?l769pilv47>�) 0�� _%_<_%_%_%_ �  �
�E_��  ��0i>nB9/ y 4789b7>�85bq4e/��hbh:;l1y!�qbuG,:o4765p CELI47658EL�+,B5y?#��&69>;y?l769pilv47>�+ _%_<_%_<_%_%_%_ �  �
�E_�� " ��0i>nB9/ y 4789b7>�85bq4e/��hbh:;l1y!�qbuG,:o4765p CELI47658EL�+,B5y?#��&69>;y?l769pilv47>� _%_<_%_<_%_%_%_ �  (
�E_�� � ��0i>nB9/ y 4789b7>�85bq4e/��hbh:;l1y!�qbuG,:o4765p CELI47658EL�+,B5y?#��&69>;y?l769pilv47>�� _%_<_%_<_%_%_%_ �  �
�E_�� � +,b��qa947:o47~?}7b 0i6 yo:n0 4 C90iB9:!#1>;yol1p�4 !^4 �h:o476 �h0?6�4 J� ���+ 0 b 47/��hbh:nl y	�|b

G,:o4765p CELI47658EL�+,B5y�_%_%_<_%_<_%_%_<_�_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ � " �
�E_���( +,b��qa947:o47~?}7b 89bh>A85bhl=>|47/��hbh:nl y	�|bh>`a�4e:o4 47>Al169>;y?l769p?l=47>f:n0i>nbh/ cEl18�47>fag0?/=b

47/��hb7:nl1y!�qb�G�:o4769p C{LI47698{L�+,B5yA�{B50 6�}7b�j bh:o4�� :;0?>;bh/1c{l=8947><ag0?/=4�C90iB9:!#1>;ynl=p�4
!^4 �h:o476 �h0�47694�_%_<_%_%_<_%_<_%_%_<_�_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ � " �

�{_��  �l��|0?69>'
E0i>D8�47>Dl=69>�y<l765p?lv4e>|_%_%_<_�_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ � � �
�{_z� ��0i>nB9/ y 4789b7>rp?b��qa9BEy 47pil=bh6�4el=> a9:n0i/=l��ql16�47:n0i>�L ��bh:!�uB9/v47~?}7bD890D	{yn0?l1690?:�a�47:o4

bA)")"�
� _<_�_%_<_%_%_<_%_<_%_%_<_�_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ � �  

2Ec



� ���`��� ��� � � � �����C�� ���

�{_��
k
L &i>nl��A4`l yo0?:n47~�}eb|85bA�%&iyob{89b|89bq	EB9k��7:o4789l10?6 yo0]_%_%_%_%_%_<_%_<_%_%_<_%_�_ � "

 _�� ��/��7bh:nl y	�|b`890<	E0?a947:o47~?}7bf890% �0?>;l��hB947/=8�4e890?>�G,/1bh>n>;b��Wa�4e:o4fJ� ��@+ _%_%_V�h�
" _�� N�0?B5:!#=>�yol1p�4Y890 	E0ia�47:n47~�}7b 850]890?>;l��hB�4e/=8�47850?> G,/1bh>n>;b���# 69b 47/��hbh:nl y	�|b

G,:o4765p CELI47658EL�+,B5y�a�4e:o4mbA)g����� _�_%_<_%_<_%_%_<_%_<_�_%_<_%_%_<_%_<_%_%_%_ �h�
G�_��[��/��7bh:nl y	�|bm! �r a947:o4m>n0ia�47:n47~�}7b|03254eyo4|850%850?>nl��hB�47/18�47890i>DG,/=b7>n>nb�� � (h�  _ �����

2{c{l



� �����C� � � � �

� ������� � ���
	 �

J�0?>�y 4�^0?>;07#M0?>�yoB98�4 �qbh>Ha5:nbhk9/10��q47> �MB90e#M4 �q0i69bh>P850�47/��7B��A4e>�:;0?>;yn:nl1~�
{0?>"4789l1p?l1bh6�47l1>?# a�beL
890�� >n0i:�0?6 yn0?6989l189bh>�p?b��|bAa9:;bhk9/10��q47>�850u8903yo0?:'�ql16�47~?}7bq850 q7:;c7bh:n0i> � ynl��q47>D0����h:n4ej bh>?_
)":;bhk9/10��q47>�850?>;yo4 6�4eynB9:n0iw�4 0?>�y }7bA0?6 yo:;0`bh> �q47l=>�0?>�yoB9894789bh>�0�� ��ynl��|l=w�4e~�}7bA+,b��`k9l16�4 L
y � :;lv45_��&>;yob(>;0`8903ch0 [ kg0?/10?w�4 85b(47>n>;B96 yob�0�� >nl �q0i>!�|b9# [ 0?>;yn:n0il1y 4q:n0?/=47~�}ebA890i>;yo0i>�p?b��
c�qe:nl=b7>�bhB5yn:nbh>�a5:nbhk9/10��q47>�6�4Zq7:;0�4(0f47b j 4eynb(890 �MB90`q7:;c7bh:n0i>�>o}7b�bhkX�;03yobh>��q4eyn0��"qeyol1p?bh>
p?b�� 0i69bh:!�|0%p�47a�4ep?l=8947890%890 �|bE850?/v4e:�B��A4 �h:n4769890%c74e:nl=0i8�47890�890<a9:nb7k9/=0��A47>D:;0�47l1>�piB/�n4
>nbh/1B9~�}7bf890i>nag0?:�y 4 �h:o4765890�l=6 yo0i:n0?>;>n0%0?pibh6����|l=pib9_

� �Ua�4e:;yol1p?B9/=47:?#70?>;yo4��|bh>"l=6 yo0i:n0?>;>o4785bh>�65b<0i>;yoB589bu89b<)H:nbhk5/=0��q4�8�4���:�chbh:;0���0?:n4789bh:n4
890�+,B5>;yobm� #=69l��qb�pib�� ��0i>;yo:;l=~?}7b<850���:o47B|69bh>
� &?:�yol1p?0?>i#El1890?6 ynl ��p?4789b`4p�{B5lgagbh:�)�������
89b�)":;bhk9/10��q4@890�	{yo0il=690i:*0�� ��:o4ej b7>�p?b��Y��0ip?bh/1C�4@890
)H:=\��|l=b7>?#dl=890i6 yol �9p�4789b�agbh: )g��	5��)�
07#,��6�47/��q0i6Myn07#g89b )H:;bhk9/=0��A4f890u)"/=47690b�n4��q0i6 yob|890`�r2{yo:n47~�}7bA890m�'4e890?l1:o45#$890i69b��|l=6�4785b
890%)
)"�
� _

J�b )g�����m#Ha9:n03yo0i698903LO>n0�0i69p?b76Myn:o47:|B��q4 ��:;c7bh:n0'��0i:o4785bh:o4T890'+,B9>;ynb � #=65l��|bS6�4
�{B947/�bW%��nHI#&*?-�BX# 3�*?#<8&'73/8 5O%G>&56BX#&%(')#<8D0�� p�478�4|c�&?:�yol1p?0`>;0)�n4Al165j 0?:;l=bh:�47b�RS5OH 5O')#aBX# e�*=3�U
a9:n03cEl=4��|0?6 yo0<0?>;yo47kg0?/=0ip?l189bAa�4e:o4qbqc�&?:�yol1p?07_���a9/1l=p?47~�
{0?>�890?>�yo0`a5:nbhk9/10��q4|agb{890�� >n0i:�0?6{L
p?bh6 yo:n478�47>i#�agbh:�032E0��|a9/=b5#�69b a9:nb �;0iyob 890 :n0i890?>�890 p?b��|a9B5yo4789bh:;0?> �  �  #�890 p?l=:;p?B9l yobh>
0?/�&3yo:;l=p?b7> � � �h�  #�890?6 yo:;0�bhB5yo:n47>?_

 �4789bfB�� �7:o4ej bm6�}ebm89l=:;0?p?l1bh6�4785b`69b �MB�47/�>n}7b|47>n>;bEpilv4789b7> >&U 8&'b-�8 [ >D47:n0i>;yo47>�0�1(#&%C3�j
RS56Bh3hBX#<8"47bh>
c�&i:;yol1p?0i>?#565b`)���	5��)�#{b 1(#<8�-�890�B��q4Aq7:�chbh:;0�0V�MB9l ce47/=0 [ >;b��A4%89bh>�p?B9>�yobh>@850
>nB�47>%47:;0?>�y 47> �q47l=>�4�>nb��A4(8�47>�ag0?6947/=l18�47890i>�89bh>�c�&i:;yol1p?0i><agbh:�0?/=4(6�}7b�p?bhkg0?:�yobh>i_|F��q4
>nbh/1B9~�}7b � yol��A4�a�47:n4`b`a9:nb7k9/=0��A4 &�B��A4 q7:;c7bh:n0e#96�}7bm650?p?0i>n>n47:nl=4��q0i6 yo0 �h0i:o4785bh:o45#E890 � # L
69l��|bqag0?>;b9_���a9/=l1p�47~�
E0i>�85b )���	5��) agbE850�� >n0i:�0?65p?bh6 yo:n478�47>i#�a9:;l=69pil=a�47/��q0i6 yo07#(�MB�4e6989b
C(q B��q4 :n0i/v47~?}7b pi/v47:n4 890'p?b��|a9:nb��ql1>n>nb 0?6 yo:;0�:n0?47/=l1w�47:|bh>ql=6 ch0i>;yol��q0i6 yobh> 650?p?0i>n>=q7:nl1bh>
a�47:o4<l=69pi/=B9l1:�B��Vc�&i:;ynl=p?0�4e89l=pil=bh6�4e/�4<B��A4<>nbh/1B9~�}7bubhB(l=69pibh:n:;0?:�0��WB �A4uag0?6947/=l18�47890�a�b7:

�



890?l 2]qdL&/=bfj bh:n4A890?/=45_� �0i6 yo:n0f4e>�47a9/1l=p?47~�
{0?>��A47l1>�pibh69C90ip?l18�47>?#sa�b{890��|bh>�p?l1yo47:�b a9/v4e690)�n4 L
�q0i6MynbA890u89l=>�yo:nl1k9B9l1~�}7b|890 � q7>�6�4 yoB9:n47/�0<0?690i:!�hl=4A0?/�&iyn:nl=p?4 � ( " �0ubAa9:nb/�;03yob 850u:n0i890?>�850
��k9:o4 � yol1p�4�a�47:n4�a9:;b ch0?:u>n0?:�c{l=~?b7><890qp?bh650325}7b�890|k�47658�4�/=47:!� 4�4�p?/=l10?6 yo0i><pib��|0?:npilv47l1>�0
:n0?>;l=890i69p?l=47l=> � � �� _

)�47:o4 �q0i/=C9bh:�pib��qa5:n0?0i69890i:`bS)")"��� � �d� �  #rp?bh69>;l=890i:n0��MB90AB��A4�:n0��hlv}7b���bh:;0?>�y 47/ &
89l1c{l=85l=8�4@0�� ><P&RSUnRo3/8 �MB90":n0?a5:n0?>;0?6 y 4 � qe:n0�4e>�4D>n0i:n0�� p?bh/1C9l=8�4e>?#dl=>�yob &7#�q7:n0?47>M�{B50�agbh>n>;B90��
�{B9476 yol=8947890u>;l��h65l ��p?4eyol c74f890Aq7:;c7bh:n0i>?_���89l1p?l1bh6�47/��q0i6Myn07#$C(q5#�6�4���b7:n0?>�y 45#s47/��7B969>�agbh6 yob7>
bh69890magbE850�� >n0?:�l169>;yo47/v478947> �"q��MB9l=6947> �MB90m>n0i:o}7b�:;0?>nagbh69>=q�ch0?l1>�a�bh:�0ij 0iynB�47:�4(p?b7/=C90il1y 4
8�47>`p�&?/=B5/v47>i_T���q4��MB9l16(q7:nl1b &A690?pi0?>n>=q7:nl1bSa�47:n4'yo:o4e69>nagbh:;yo47:`4e>uyobh:n47>u850 �A47850?l=:n4�89b7>
/=b{p�47l1>�bh65890�j bh:n4��V890?:;:nB9k�4e8�47>�4ey!&�47/��hB969>�bhB5yo:;bh>,agbh6 yob7>@6�4���bh:;0?>�y 45#n�{B50�>n0�pibh690?p3y 4��
4 B��A4q:n0?850m890m0?>�yo:o4e8�47>?_u�H>;y 4(agbh:�>;B�4Ach0iw7# p?bh6 yn0?6989b�yo:;0?p C9b7>�032El=>�yo0?6 yn0?>�bhB 4 >n0i:n0��
p?bh69>�yo:;B�#=89b7>?#�8903ch0Sag0?:!�|l1ynl=: �MB90S4 �q47890il=:n4 p?b7/=C9l18�4 4e/=p�4e69p?0�B�� agbh6 yob 890�>o4 #=8�4 8�4
��bh:n0i>;yo45_]� a947:;ynl=:f890'0i6 y }7b 4 �q47890?l1:o4S>n0i:?q /=0ice47894 47bh>|agbh6 yobh>|890'pibh69>;B��qb bhB 850
k�0i690 ��pilv4��|0?6 ynb9_"J�bm)")"�
� #�890i>n0)�n4dL&>n0�:;0?>;bh/1c70?:@bma9:;bhk9/10��q4<p?b��`k9l=694789b`890�/=b{p�47/1l=w�4e~�}7b
890 �A4��MB9l16(q7:;l=b@0"a9:;b/�;0iynb�8�4�:;0?890
890"0?>�yo:o4e8�47>?#e890 �qb{89b �MB90
bD/=B9pi:nb�47>n>;bEpilv4785b [ p?b7/=C90il1y 4
>n0)�n4 �Iqd25l��qb5_"J�4eynB9:o47/��q0i6 yo07#�bA)")
�
��47>n>;B��q0%0?>;a�0ip?l=47/ l��|a�bh:�y<l765p?lv4`0�� a�4�#1>n0?>�bh69850
4 �&698��9>�yo:nl=4(�r/=b7:n0?>�y 47/�:n0i>nagbh69890magbh:�a�4e:np?0i/v4 >;l��h69lo��p�4 yol1ce4|89b(a9:nb{89B5ynb(6�47pil=bh6�4e/ #spib��|b
a�bh:�0 2E0��|a9/=b9#�+,C9l=/107#$+@4769478(q5#$	{B�&?pilv45#$�rl169/ le6989lv4%0%J�b ce4��s0i/ l76985lv4 �  �5# ��� �  _

�
	�� �������������������� ��� �
�"!#��%$'&���� ("�*),+-� ./�*)0�

�:n4ey 4��|bh>�6�4��0i>n0D890�a9:;bhk9/=0��A4e>P89l=>�yol16Mynbh> �MB90�0i6Mc7bh/1c70��XB �A4�0i>;yo:;B5yoB5:o4�p?b��uB���_r)r47:n4
:n0?>;bh/1c�\3LO/=bh>i#50��|a9:;0�� 4��|bh>,��0i/v4 2547~?}7bf! 4��h:o4e6��h0�4e6�4 �  �E#9�h�{#  � *0�47/��hbh:;l1y	�|bh>"agbh/=l10?89:n47l=>
89b ynl=agb G,:o4765p CELI47658EL�+,B5y � � ��(  #,0�� p?bh6 �;B96 yob b7B >;0?a�47:n478�4��|0?6 yn07_ ��>n>;l�� >n0i6989b9#,69b
+@47a�#1ynB9/=b �E#,47a9:;0?>n0i6 y 4��|bh>|B��A4T>nB5p?l=6 yo4 :n03c{l=>o}eb >nb7k9:n0�bh>|a9:nl169p?l1a�47l=>f4e>nag0?piynbh>fyo0 � :nl L
p?bh>�0|47/��7bh:nl y	�|l=p?b7>�47>;>nb{p?l=4789bh> [ 0?>�y 47>�y	&ip?69l1p�47>�890f>;bh/=B9~?}7b9_m�4��`k &�� 65b'+@4ea�#1ynB9/=b��E#
l=6 yo:;bE89B5w?l��|bh>,4|69bey 47~?}7bf0��|a9:n0�� 478�4f47bf/=b76��hbm89bmyo0 2{yob9_

J�bh>myo:4\?>|+@47a�# yoB9/1bh>`>;0��hB9l16 yo0?>|8�4S^0?>n0e#,69b7>mp?bh69pi0?6 yo:n4��|bh>f69bT0?>;ynB989b 89b )������f_
� �uk�bh:n4 yn0?69C94 yo0i69C�4 >nl=85b 4��|a9/=4��q0i6 yo0T0?>�yoB98�4e89b 6�4 /=l yo0?:n4eyoB5:o4 � � �7�E#  � # ��� �E#  �E#
��� �E# ��� �{# �d���{# �d�h�{#$� � #D� " # �  # �7�E# � " # ���  # �� #�690?69CMB�� yo:o4ek�47/=C5b 476 yo0i:nl=b7:(4 0?>;yo4
�0i>n0 yo:n4eyob7B 89bT)������ 89bSagbh6 yobS890 c{l1>;y 4�a�bh/1l=0i89:o47/ _SJ�b +@4ea�#1ynB9/=b � #"47a9:n0i>n0i6Myo4��|bh>
B��A4 p?b76Myn:nl1k9B9l=~?}7b 690?>�yo0 >n0?6 ynl=89b9_ ��a9:n0i>n0i6Myo4��|bh>'l169l=pilv47/��q0i6Myn0�B��q4 j b7:!�`B9/=47~�}eb 850
)":;b��h:n4��A4e~�}7b|�&6 yo0?l1:o4Api/ q7>;>nl1p�4qa947:o4|b a9:nb7k9/=0��A4 �MB90uj bhl�4qk�4e>n0`890%yob{89bh>�bh>�yn:o47k�4e/=C9bh>
89l1c{B9/�� 4789bh>�476 yo0i:nl=b7:!�|0?6 yo0e_u� � >;0��hB5l=8�45# �|bh>�yo:o4 �qbh>E�MB90m890?>;l��hB947/=8�4e890?>�cpq7/1l=8�47>�a�47:n4

�



a�bh/1l1ynbha�b7>^pibh:n:;0?/=4eyobh>i#hp?b��qb�a�bh:r032E0��|a9/=b5#h47>P850?>nl��hB�47/18�47890i>HG,/1bh>n>;b�� � ��"  #M+,b��`k9>$� " ( 50
+,/=lk�MB90 L&^:n0i0?> �x�7�  #�a�bh>;>nB90�� p?bh6 yn:o47a�4e:;yol18�47> �MB90�>o}eb|cpq7/1l=8�47>,a�47:o4mb|)������m_�)H:nb ce4��qb7>
�{B50@0?>�y 47>H890i>nl��hB�47/18�47890i>�j bh:�y 47/10?p?0�� 4�j bh:!�`B5/v47~?}7b�pi/ q7>;>nl=p?4�89b�a5:nbhk9/10��q45_��"65p?0?:;:o476589b�b
+@47a�#1ynB9/=b5#E4ea9:n0i>n0?6 yo4��qb7>�B�� 0i>;ynB989bf8�47>@85l��|0?69>'
E0i>,8�47>�j 47p?0i> �{B50�0?>;yo47>@890i>nl��hB�47/18�47890i>
l=6989B5w?0��W69bfa�bh/1l1ynbha�b`47>n>;bEpilv4789b|47b �hLI)g�����m#9B��Wp�47>;bqa�4e:;yol1p?B9/=47:@89b|)g�����m_

J�b +@4ea�#1ynB9/=b  #
ag0?/v4�a5:nl��|0?l1:o4�c70?w�0�� � " 4765bh>f890�C9l=>�y � :;lv4�89bTa9:;bhk9/=0��A4E#"j b��qbh>
p�47a�4ew?0?>%890fj bh:;yo47/=0ip?0i:?# a�0i/v4(89B�4e/=l=w?47~�}eb(890q850?>nl��hB�47/18�47890i>%G,/=bh>;>nb�� 0�� B�� 47/��hbh:;l1y	�|b
!^4 �h:o476 �h0�4765b�85b�yol1a�b��D0?/=4 2MLI47698{L�+,B5y � (��  #�b7>%/1l��|l1yn0?>�l165j 0?:;l=bh:;0?>�8�4785bh><ag0?/=4 j bh:!�`B5/v4 L
~�}7b%p?/kq7>n>;l=p�4%89b<)����@�f_E��>�:;0?>;B9/1yo4789bh>
p?b��|a9B5yo47p?l1bh6�47l1>Hbhk5ynl=89bh>"l16989l=p?4����MB90�bh>�/1l��|l1yn0?>
l=65j 0i:nl=b7:n0?>�4��MB9lHa9:nb7a�bh>�yobh>�89b��ql16�4�� bhB >o}7b�p?b��qag0iynl1yol chbh>�p?b�� b7>%/1l��|l1yn0?>�!^4 �h:o476 �h0�4 L
69bh>%bhB 890q�D0?/v4d294e~�}7b�!*l=690?47:�0?69pibh6 yo:o4e89bh>u694�/1l1yo0i:o4eynB9:o4E_q��/�&�� 85l=>;ynb9#^69bh>n>;bh>u/1l��|l1yn0?>
>nB9ag0?:;l=bh:;0?>D>o}7bfpib��qag0iynl1ynl1chb7>@p?b��Wbh> �q0i/=C9bh:;0?>�8�4m/1l1yo0i:o4eynB9:o4E_

J�B��q4 >n0��7B9698�4(p?b76Myn:nl1k9B9l=~?}7b 89b�+@47a #1yoB5/=b  #sa9:nbha5B9>n0��qbh>�B � a9:;bEpi0?89l��q0i6Mynb a�47:n4
yo0?6 yo47:qp?47:o4epiyo0i:nl1w�47:mbh>|C9l1a�0i:na9/=4769bh>mpiB/�n4 l16Myn0?:;>n0?~?}7b 850 ��690�B�� 8�4e89b agbh6 yob 032{yo:;0��|b
89b�agbh/1l1yob7a�b(8�4e> qe:;chb7:n0?> �h0?:n4789bh:n47>?_A�H>;yo0|a9:;bEpi0?89l��q0i6Mynb�ag0?:'�ql yo0`yn:o4769>;a�b7:;y 4e:%65bh>n>;bh>
/=l��|l1yn0?>^89B�47l1>"! 4��h:o4e6��h0�4e69bh>H89l1:n0iyo4��|0?6 yo0�a�4e:o4�B��U47/��hbh:;l1y	�|b�890�)"/=4769bh>H850�+,b7:;yo0e_P�&>;ynb
&qj 0?l yob�890qj b7:!�q4�0 2Eyn:n0��A4��|0?6 yn0Ap?b76Mc70?69l10?6 yo0e#H6�}7b�032El��hl16989b�4':n0i>nbh/1B9~�}eb'890"�{B947/k�MB90i:
a9:nbhk5/=0��q4 890|>n0ia�47:o4e~�}7b9_|��ag0?>n47:�890myo0i:<>;l=89b�a9:;bha�b7>;yob�69b�p?b76Myn032{yob�890"q7:;c7bh:n0i> �h0i:o4 L
89bh:o4e>?#�0i>;yo0fa9:;bEpi0?89l��q0i6 yob(agbE890u>n0?:�0i>;yn0?6989l189b9#*890`j b7:!�q4A89l=:;0iyo45#�a�47:n4 a9:nb7k9/=0��A47>E�MB90
478��|l1yo0�� :;0?/=4 2547~�
{0?>D890&��69l=8947>D>nbhk9:;0 �A4eyn: � l1890?>i_

J�b%+@47a�# yoB9/1b " 47a9:;0?>n0i6 y 4��|bh>HB�� 47/��hb7:nl1y!�qb�C�#1k9:nl189b��D0?/v4d2{L&47698ELI+,B5y ��G�:o4769p C{LI47698{L
+,B5yPa�4e:o4�4�:n0?>;bh/=B5~�}7b�0 254ey 4�85b�)������f_7� 47/��hbh:nl y	�|b &,p?b��qagbh>;ynb�agbh:^89B�47>P03y 47a947>?�^B��q4
j 47>n0�890@a9:'&3L&a5:nb{p?0?>;>o4��|0?6 ynb � k�47>;0�47894�69b�47/��hbh:;l1y	�|b���0i/v4 2ML&47698ELI+,B5yP4ea9:n0i>n0?6 yo4789b�69b�+@4dL
a�#1ynB9/=b  �<0qB�� 4e/��hbh:;l1y!�qb�G,:n4769p CEL&47698ELI+,B5ym69b �MB�4e/�cpq7:nl=47>upi/v47>;>n0i>`890 890i>nl��hB�47/18�47890i>
c�qe/=l=8947>Da�47:o4|b()������U>o}7bq>n0?a947:o478947>?_�� � B��q4A4�ce47/=l=47~�}ebqa9:;0?/1l��|l=6�47:i#9agbE890i:�LO>n03LOlv4f89l L
w?0?:��{B50mb(47/��7bh:nl y	�|bqa9:;bhagbh>;ynb(4��MB9lP4e>n>n0��q0i/=C�4dL&>n0`47b 890|+@47pip?03yny 4 0`N�l=/1/ � � "  #�b��969l=pib
47/��hb7:nl1y!�qb�G�:o4769p C{LI47698{L�+,B5y�0?6 y }eb`p?bh65C90?pil=89b`694</=l yo0i:o4eynB9:o4�a�47:n4<bm)g�����m_{�H6Myn:n03y 476 yob5#
p?b��|bmch0?:;0��|bh>?#�0�� >nB�4e>�85B�47>Dj 47>n0i>?#$69bh>;>nbq47/��hb7:nl1y!�qb<p?bh6 y!&�� l=6 �h:n0i89l=0i6Myn0?>F�MB90%b|85l1j 03L
:n0?65p?lv4 � k947>;yo476 yo0�89bf47/��hbh:;l1y	�|b�0�� � � "  _"� � /=l169C�47> �h0?:n47l=>i#Ebm69b7>n>nbf4e/��hbh:;l1y!�qb%>n0�85l1j 03L
:n0?65p?lv4�agbh:P0��qa5:n0��h47:!�|bh>P890i>nl��hB�47/18�47890i>"G,/=bh>;>nb�� y 4e6Mynb�6�4�j 47>n0D�D0?/=4 2MLI47698{L�+,B5y �{B9476 yob
6�4 j 47>n0f890|)H/v4765bh>�890q+,bh:;yn07_q	E0f89l j 0?:n0i69p?l=4Ay 4��uk &�� a�b7:�B5yol1/=l=w?47:!�|bh>�B��q4�C50?B9:'#=>;ynl=p?4
a9:nl��A47/G�{B50up?b76My!&�� B��q4|k5B9>np?4q/=b{p�4e/ #�47bq/=bh6 �hbf890%ynbE894q4"q7:;c7bh:n0%890u0i6MB��q0i:o47~?}7b9_�J�b
0?6 y 476 ynb9#�a5:nb ce4 c70?/��q0i6Myn07#r4�89l j 0?:;0?69~?4%�q47l=> �A47:;p�476 yn0|0i6 yo:n0qbh>�89bhl1><4e/��hbh:;l1y!�qbh>�:n0i>nl=850
69b`j 4eyobm850�B5yol1/=l=w?47:!�|bh>
/=l��ql yo0?>
l=6Ej 0?:nl1bh:n0i> �h0i:o4785bh>�a�0i/=bf47/��hbh:;l1y	�|b<��0i/v4 2MLI4e698EL�+,BEy@a�47:n4

�



B��A4�l169l=pilv47/1l=w?47~�}7b�4�ce4769~�4e8�45#
>n0�� 690?pi0?>n>;l=8�4e890�850(:n0?>;bh/1c70?:fa9:;bhk9/=0��A4e>`890�>n0ia�47:o4e~�}7b9#
890<B � 47/��hb7:nl1y!�qbu890u)H/=4769bh>D890u+,bh:;yn07_D��>�:n0i>nB9/ y 4789b7>�pib��qa5B5y 47pil=bh6947l=> �MB90%bhk5ynl1ch0��qb7>
l=6989l1p�4�� �MB90�b<B9>nb%8�47>
890i>nl��7B�47/=8947890?>
G,/1bh>n>;b��U0D89bua5:nb{p?0?85l��|0?6 yobg�MB90�ag0?:'�ql yol1Bf4%l169l L
p?lv4e/=l=w?47~�}eb�4�ce4769~?478�4�89b�47/��hb7:nl1y!�qb�850�)H/v4769b7>r890@+,bh:;yn0@p?bh6 yn:nl=k5B9l=:n4��Yj bh:;yn0��|0?6 yo0�a�47:n4�4
�q0i/=C9bh:;lv4%890�890?>;0��|a�0i69C9b|89b � &3yob{89b`a9:;bhagbh>;ynb9_H��>;>nl�� >n0i6989b9#$47pi:n0i89l1yo4��qb7>^�MB90�69bh>;>nb
47/��hb7:nl1y!�qb<03254eynb|85b��ql16�4m4��MB90i/=0�0�� � � "  �{B50<6�}eb|l169p?b7:nagbh:o4`0i>;y 4e>�l18�&?l=47>?_

J�b +@4ea�#1ynB9/=b �5#�l=6 yo:;bE89B5w?l��|bh>`B �A4SC90iB9:!#1>;yol1p�4 ! 4��h:o4e6��h0�4e6�4Sa�47:o4Tb )���	E��)^_�J�b
0?>=�MB90��A4|4��MB9l a9:;bha�b7>;yob5#�b � &iynbE85b|850u�D0?/=4 2547~�}7bf! 4��7:o476��70�476�4 &%47a9/1l=p�4e89b [ j bh:!�`B5/v4 L
~�}7b�89b�)���	5��) l=6 yn:nb{89B9w?l18�4 0�� � � �  _��Ua5:nl��|0?l1:o4qc{l1>;y 4E#*0?>;yo4 j bh:!�`B5/v47~?}7b 6�}7b�a�4e:n0?pi0
47890V�MB�4e8�4 [ B5yol1/=l1w�47~?}7b@890���0i/v4 2547~?}7b�!^4 �h:o476 �h0�476945_^)":;bEpi0?890��qb7>�0i6Myo}7b�4�B��q4�:n0ij b7:!�`BEL
/v47~?}7b�8�4��q0i>!�q45#hl16Myn:nb{89B9wil=6989b�B �X69b chb%p?bh6 �;B96 yob%890�c74e:nl q�c70?l=> �{B50�pibh65j 0?:;0�47b�)���	5��)
B��A4�l=6 yo0i:na9:;0iyo47~�}7bS0�� �7:o4ej bh> �q47l=>%p?bh6 c70?69l10?6 yo0e_ 	Eb7k 0?>;>o4S:n03j bh:!�`B5/v47~?}7b9#^bS)���	5��)
yobh:;6�4 L&>;0"k�47>;yo476 yo0�4eyo:n470?6 yn0�a�4e:o4D>n0?:^890ip?b��|a�b7>;yob�890"j bh:!�q4D! 4��h:o4e6��h0?694D0
B�� 47/��hbh:;l1y	�|b
��0i/v4 2MLI4e698EL�+,BEy$&%47>n>;l�� 890i>npi:nl1ynbfa�47:o4fbfa9:nb7k9/=0��A45_P�">�yo0<47/��7bh:nl y	�|bu0��|a9:;0�� 4ml=6Ej bh:!�q4 L
~�}7bf89B�4e/ !^4 �h:o476 �h0�47694`a�47:o4m89l1:n0ip?l=b76�47:�4��h0i:o47~?}7bf890�>nbh/1B9~�
{0?>�c{l q�ch0il=>�a�4e:o4mb|)���	E��)^_
�">;>o4'C50?B9:'#=>;ynl=p?45#2�MB90q0?6 chb7/1ch0AB��A4(j 47>;0qpibh69>;yn:nB5ynl1ce4�0|B��q4'G,B5>np�4'! b{p�4e/ # &qp C94��A4e8�4
:n0?ag0iynl=8�4e>�ch0iw?0i>u47bA/=bh6��7bA8�4 0 250ip?B9~?}7b�89b�47/��hbh:nl y	�|b|��0i/v4 2MLI4e698EL�+,BEy�_��UG,B5>np�4(!*b{p�47/
0��|a9:n0�� 4�yo0i>;yo0i>H890�89b��|l=6]l769p?l=4�a�4e:o4�b�)���	5��)Q�MB90@j bh:n4�� 4e8�47a5yo4789bh>P850@yo0?>�yo0i>
a5:nbhagbh>�L
yobh>�6�4�/=l yo0?:n4eyoB5:o4 89b�)H:nbhk9/10��q4 890A	{yo0il=690i:%0�� ��:o4ej bh>i_ � 47/��7bh:nl y	�|b(��0i/v4 2ML&47698ELI+,B5y�#
a�bh:">;B�4%c70?w7#E0��|a9:n0�� 4�y 4��`k &��\yo0?>�yo0i>,890�a9:!& L&a9:;bEpi0?>;>o4��|0?6 yobu0�850;�52547~?}7bu850�ce47:;l q�ch0il=>?_
 �0,a�4e:;yol1p?B9/=47:*l=6 yn0?:n0i>n>;07#�&
B�� 69b chb�yn0?>�yo0,850�a9:'&3LOa9:nb{p?0i>n>o4 �q0i6Mynb �MB90,l16 yo:nb{89B9wil��|bh>*a�47:n4
bua9:;bhk9/=0��A4E_H+,bh69pi/=B9l16989b<bm+@47a�# yoB9/1b9#Ml��|a9/=0��q0i6 y 4��|bh>HB�� 47/��hbh:nl y	�|b�G,:o4e69p CELI4e698EL�+,BEy
k�47>n0?4789bf6�4`j bh:'�`B9/v4e~�}7b`85bq)g��	5��) l16Myn:nb{89B9wil=8�4`0�� � �h�  0�bfp?b��|a�47:n4��|bh>,pib�� 4mC90?B{L
:!#=>�yol1p�4�! 4��h:o4e6��h0�4e6�4�4p�{B5l
>;B��h0i:nl=8945_���><:;0?>;B9/1yo4789bh>%p?b��|a9B5yo47p?l1bh6�47l1>�bhk5ynl=89bh>�l16989l=p?4��
�{B50q4(C90iB9:!#1>;ynl=p�4(l16Myn:nb{89B9wil=8�4Aa5:nb{89B9w?l1BT:n0?>;B9/1yo4789bh>�pib��qa94ey	# ch0?l1>�p?b�� bh>�0?>;a�0i:o4785bh><850
B�� 4e/��hbh:;l1y!�qbf890i>;y 4(pi/v47>;>n07#sl=>;ynb &7#sbhk5yo03ch0fB��q4Akgb 4A:n0i/v47~?}7b 890up?b��|a9:nb��ql1>n>nbq0?6 yo:;0f4
�{B947/=l18�47890�85bh>D/=l��|l1yn0?>�0?69pibh6 yo:o4e89bh>�0%bmyn0��|a�bf890<+@)"F 0��|a9:n0�� 4789b9_

J�b|+@47a�# yoB9/1b��E#547a9:n0i>n0i6Myo4��|bh>�p?bh6 yn:nl=k5B9l=~�
E0i>,a�47:n4`b �|bE890i/v4��|0?6 ynbu0�>nb7/=B9~?}7b`03254eyo4
89b()")"��� _*��a � >�4785b7y 47:'�qb7>�47/��hB��q47>�C5l=a � yo0i>n0?>��{B50m>nl��|a9/1l ��p?4�� 4Ayob7a�bh/1b��hl=4f8947>�>nb L
/=B9~�
E0i><4e>n>nb{p?l=478�47><47b�a9:nb7k9/=0��A45# l16Myn:nb{89B9wil��|bh>�89bhl1> �|b{890?/1bh>�p?b�� :;0?a9:;0?>;0?6 y 47~�
E0i>`0��
�h:o4ej b7>
a947:o4�b �|0?>'�qb5_PJ�b%a9:;l��|0?l=:;b9#hb<)")
�
� agb{890D>n0?:
0?6 yn0?6989l189bupib��|b<B��X)":;bhk9/10��q4
890`	Myo0?l1690?:�0�� ��:o4ej b7>?#$>nB/�;0il1ynb [ :;0?>�yo:nl1~�
{0?>�4789l1p?l=b76�47l=>i_@J�bA>n0��hB96985b9#�B �A4fc74e:nlv4e6Myn0�89b
)":;bhk9/10��q4u890�	{yn0?l1690?:�0�� ��:o4ej b7>@p?b�� �D0?p?b7/=C�4`890�)H:4\��|l=bh>�>nB/�;0il1yob [ :;0?>�yo:nl1~�
{0?>�4e89l=pil=beL
6�47l=> &�a9:nbhagbh>�yob9_H)�47:o4%p�47894<B��V890i>n>n0i>$�qb{890i/=bh>i#hj bh:!�`B5/v47~�
E0i>
850�)H:nb��7:o4��q47~�}eb%�&6 yn0?l=:n4

 



>o}7b�l=6 yo:;bE89B5w?l=8947>?_ � �|a9/10��|0?6 y 4��|bh>�B���47/��hbh:nl y	�|b(G,:n4769p CEL&47698ELI+,B5y`a�4e:o4�B �A4�890?/=47>?_
� �uk�bh:n4 /=l��ql y 4789b7>?#sb7>�:n0?>;B9/1yo4789bh>�pib��qa5B5y 47pil=bh6947l=>�a9:n0i/=l��|l=6947:n0i>��MB90|bhk5yol ch0��qbh>�>;B��h0 L
:n0�� �MB90mb(:n0&��6�4��|0?6 ynb�47/��hb7:nl1y!�ql1p?bf8�4(47kgbh:;8�4��h0�� a5:nbhagbh>;yo4 a�b{890i:?q p?b76Myn:nl1k9B9l=:�a�47:n4
4f>;bh/=B5~�}7bf890�l=65>;y<le69p?l=47>�890�l=6 yo0i:n0i>n>n0%a9:=qeyol1p?b9_

��l=6�47/��q0i6 yo07#Mpibh69p?/1B9l��|bh>,4u�0i>n0�69bf+@4ea�#1ynB9/=b-(E#5:n03c{l=>o4e6989bmbh>@a5:nl=65p?l=a947l=>
:n0i>nB9/ y 4789b7>
bhk5yol189bh>i_

��b'/=bh6��7b�8�4��0i>n07#Pcpq7:;lv47><47k9:;0ic{lv4 yoB9:n47>u>;0?:o}eb�B5yol1/=l1w�478�4e>%a947:o4�69bh>u:;0ij 0i:nl=:'�qb7>u47b7>
a9:nbhk5/=0��q47><4��MB9l,yn:o4eyo4789bh><0(4�bhB5yn:nbh>m4�0?/=0i>`:n0i/v47pil=bh694789bh>i_���>;>nl���>n0i6989b9#
47b���6�47/�8�4
�0i>n07#�47a9:;0?>;0?6 y 4��|bh>�B��q4(/=l1>;y 4q8�47>�a9:nl169p?l1a�47l1>�47k9:;0ic{lv4 yoB9:n47>?#*kg0�� pib��|b(89bh>�>!#��`k�b7/=bh>
�A4eyn0��"qeyol1p?bh>�0��|a9:n0�� 4789b7>�4eb|/1bh6��hbm85bfyn032{yob5_

"



� �����C� � � � �

� ���� ����� �
	 � � �����
� �W�

� 	�� � �"!#�� +�&-� ���

J�0?>�yo0`+@47a�#1ynB9/=b5#g>;0?:n}7bA890i>npi:nl1ynbh>�b7> � &iyob{89bh>D0%y	&?pi69l=p?47>�850ub7ynl��|l=w�4e~�}7bml16Myn0?l1:o4fB5yol1/=l=w?4 L
89bh>m6�4�^0?>;07_ 	E0�� ag0?:;8�4S890 �h0?650?:o4e/=l=89478907#�j 47w?0��qbh>`4 4ea9:n0i>n0?6 yo47~�}7b 47>;>nB��|l=6589b �MB90
bh>�a9:;bhk9/=0��A4e>�4 >n0i:n0�� 4��MB9lP:;0?>nb7/1c{l=89b7>�0?65p?bh6 yo:n4��mL&>n0m694Aj bh:!�q4A890��|l=69l��ql1w�47~?}7b9_��&69l L
p?lv4e/��|0?6 yo0e#�47a9:;0?>n0i6 y 4��|bh>(47/��hB969>qp?bh65p?0?l yobh>A0?/=0��q0i6 y 47:;0?>��MB90�>;0?:n}7b B9>o4e89bh>(47b /=bh6��7b
89b(yo032{ynb9_m)�b7>;yo0i:nl1bh:!�|0?6 yo0e# 47kgbh:n8�4e:n0��|bh>�0i>nag0?pil ��p?4��q0i6 yo0fbh>�� &iyob{89bh>�0fy!&?pi69l=p?47> �MB90
l=:n0��qb7>@B5yol1/=l1w�47:�69bh>Dp�47a #1yoB5/=bh>@>;B9k9>;0V�MB90?6 yn0?>?_

F��Y89bh> a9:;l��|0?l1:nbh>�a�47>n>;bh> a�47:n4D:;0?>;bh/1c70?: B�� )H:nb7k9/=0��A4@890���yol��ql1w�47~?}7b�!*l=650�47:��&6 yn0?l=:;b
� )H� ��pibh69>nl1>;yn0`0�� bhk5yn0?:�B��q4 +.-/*KH UXRo3��	�X-IH`3�'b#&H�
�'657>=3<a�47:n4Ab �|0?>!�|b9_�	{0ub(a9:;bhk9/=0��A4
j bh:
NP

L&85l1j #=pil=/��  �  # &�l��|a�bh:�y 476 yn0(6�}7b 89l=>;>nb{p?lv4e:`0?>;>o4 j bh:'�`B9/=47~�}7bS894Ty!&?p?65l=p�4T890�>nb L
/=B9~?}7bS4�>n0i:m0��|a9:n0�� 478�4�a�47:o4�:;0?>;bh/1c�\3L&/=45_ ��>`89bhl1>`8903ch0��[j bh:!�q47:%B�� a�4e:`C�47:'� �h65l=p?b
bh69890|4(y	&?pi69l=p?4�850q>;bh/=B9~?}7b�890ic70A>;0?:%p�47a�4ewq890 �|0?/1C9bh:�032Ea9/1bh:o4e:<4e>%0i>nag0?pil ��pil=8�47850?>%8�4
j bh:!�`B5/v47~?}7b9_

� $ � �K������� ���� _ 3hBX- UnH�� f

z = min{ctx : Ax ≤ b, x ∈ � n
+},

� �E_����

-/%CBX#
A ∈ � m×n, b ∈ � m, c ∈ � n � B�5��/#&HI-�8"TVU,#

P = {Ax ≤ b, x ∈ � n
+}

BX#���%G# UnH`3
+.-/*&H UXRo3��	�X- 193�*=3a-d1C*?-��VRk#&H`3 � 8�#^UnH�N�#&')-/*FBX#^5O%G>&56B��&%G>&563

xi ∈ � n
+

3/8<8�-�>&563hBX- 3ATVU93�RoTVU,#&*
8�-/RSU��	�X-"N�5�
�N�#&R2BX#�� fg8V3�'65k8 + 3 �

Axi ≤ b
#g8�# � 3hB�57>&57-/%C3�RSHI#&%(')# � %!�X-Z# ) 5k8&')#AUXH N�#&'b-/* BX#

5O%G>&56B��&%G>&563
y ∈ � n

+

%!�X- N�5�
�N�#&Rn193�*43"� f � '73�R TVU,#
Ay ≤ b #

��a9:n0i>n0i6Myo4��|bh>
4�>;0��hB5l=:"B��q4�0?>;yn:nB5ynB9:o4�k�47>�y 476 yn0�l��qagbh:�y 476 yo0,a�47:o4��|0?69>;B9:o4e:"4m�MB�4dL
/=l=8947890�890�B��q4`j bh:!�uB9/v47~?}7b`a�4e:o4mB�� )H� _

�



� $ � �K������� �� � _ 3hBX- � f � 3`#&%(N�-/RS' � *K563`><-/%(N�# ) 3��
conv(PI) � BX-�8

p
N�#&'b-/*<#<8�BX#;5O%G>&56B��&%(j

>&563
{xi : i = 1, ..., p}

3/8<8�-�>&563hBX-�8��/8 8&U93/8 8�-/RSU ����#<8aP
	
conv(PI) = {x ∈ � n : x =

∑p

i=1 µixi
� ∑p

i=1 µi = 1 � µi ∈ � +, i = 1, . . . , p} #
� � j B569~�}7bT8�4S6�4 yoB9:;0?w�4S89l1>npi:n0iyo4S8�47>`ce47:nlkq�ch0?l1>m0?6 chb7/1c{l=8�4e>?#
a�47:o4�>;0�:n0?>;bh/1c70?:fB��

)"� # &`690ip?0?>;>?q7:;l=b�47a9:;0?>;0?6 y 47:�B � /1l��|l1yo0�>;B9a�0i:nl1bh: �O1C*K5OH`3�R �
z
#�8�4785b(a�0i/=b piB9>;ynb(890mB��q4

>nbh/1B9~�}7b<cElkq�ch0?/sp?bh69C50?p?l18�4ma�47:n4ubma9:nb7k9/=0��A45#{0�B�� /=l��ql yo0Dl=65j 0i:nl1bh:��4B�U]3�R �
z
#�47>n>;bEpilv4785bm4

B��A4�*?#&Ro3*) 3��	�X- N 
�RS56Bh3�a�47:n4mb �|0?>'�qb5#9890�j bh:!�q4a�MB90
z = z

_

� $ � �K������� �� . ���E#<-�F*K57-/%�������� � _g3hBX-�- � f���� #���� � B�5��/#&HI-�8mTVU,#

z = min{dtx : x ∈ F}
� �E_z���

-/%CBX#
d ∈ � n

#
F ⊆ � n

+
� P UnH`3I*?#&Ro3*) 3��	�X- N 
�RS56Bh3 193�*=3�� f�8�# # 8�-/HI#&%(')#E8�#
	

� # P ⊆ F

� # dtx ≤ ctx, ∀x ∈ P #
� #<8&'b# >=3/8�- � B�5��/#&HI-�8�TVU(#

z
PZUnH RS5OH 5O'b#Z5O%.+.#&*K57-/* N 
�RS56BX-�193�*43

z
# ><@93�H`3�HI-�8���� # � � �eX#&%G#&*&57>=3�HI#&%('b# � BX# UnH`3`:F#&Ro3*) 3��	�X-��J: � BX# � f #

)�47:o4A4qbhk5yn0?69~?}7b 890<>nbh/1B9~�
{0?>Dc{l q�ch0il=>�a�47:o4|B�� )H� #�agbE8503L&>;0u:;0?p?b7:n:n0i:�4|C90?B9:'#=>�yol=p?47>?#
bhB >;0)�n45#^a9:;bEpi0?89l��q0i6Mynbh>m�MB90q>n}7b'l1890�4e/��|0?6 yo0mp?47a�47wi0?>%890q0i69p?b76Myn:o47:%B��q4�>;bh/=B5~�}7b(c{l q L
ch0?/�� 6�}7b�690?pi0?>n>n47:nl=4��|0?6 yo0 � yol��A4���a�47:n4�b�a9:nb7k9/=0��A4 yo:n4ey 4e89b9# 0�� B�� yn0��|a�b�890A+@)"F
3X><#&5O' 
�N�#&R _"��>�C90iB9:!#1>;yol1p�47>�a5:nbhagbh>;yo47>�690?>�y 4f�0i>n0u>n}7b|0?>nag0?p�# ��p?47>�a�47:o4fp�4e8�4|a5:nbhk9/10��q4m0
>n0?:n}7b|a�bh:�y 476 ynbm89l=>;p?B5ynl=8�47>D69b7>�+@4ea�#1ynB9/=bh>,:n0ij 0i:n0i6Myn0?>�4|p?478�4mB�� 850?>;yn0?>i_

!*l��ql yo0?>*85B�47l=>^>o}eb�bhk5ynl=89b7>�4 yo:o4�c�&?>r850,47/��hbh:;l1y	�|bh> �MB90�:n0i>nbh/ ch0�� B��q4D8�478�4�:n0?/=4 2547~�}eb
�X890|)"� _^J�b7yo0e#�0i6Myn:n03y 476 yob5# �MB90q47>n>;l�� a9:;bEpi0?890i6989b�6�}7b�yo0��|bh>�B��q4%�h47:o476 ynlv4 890`�MB90
47bA��6�4e/�8�4u0 250ip?B9~?}7b|89bf47/��7bh:nl y	�|b%B �A4`>;bh/=B9~?}7buc{l q�c70?/�>;0?:?q`0i69p?b76Myn:o47894fa947:o4m)H� _5�47l1>
47/��hb7:nl1y!�qb7>%j bh:;690?pi0�� 0i6 yo:n03y 476 ynb9#,/1l��|l1yo0i><l165j 0?:;l=bh:;0?>`cpq7/1l=89bh><a�47:n4TbTa9:;bhk9/10��q4 �{B50�>;0
yo0?6 yo4|:;0?>nb7/1ch0i:?_

J�47>�a5: � 2El��q47>�	{0?~�
{0?>�890?>�yo0f+@4ea�#1ynB9/=b|89l=>;p?B5ynl��|bh>�4 �h0i:o47~?}7bA890</=l��ql yo0?>�85B�47l=>�a�47:n4
)"� _e�H6 yo:n03y 476 ynb9#M476 yo0i>P890,a5:nbh>;>n0��7B9l=:i#hp�47kg0,850?>;yo47p�4e: �MB90@b�b7kX�;0iynl1chb�890@69bh>;>o4�4ea9:n0i>n0?6 yo4 L
~�}7bm6�}eb &�0i>!�hbey 47:�bf47>;>nB96 ynb9_,)H:;0iyo0i69890��qbh>D4ea�0i6�47>�47a9:;0?>n0i6 y 47:DB��q4`k9:n03ch0�l=6 yn:nb{89B9~�}eb
47b��q0i>!�|b9#h0 25a5/=l=pil1yo476989b�b7>Ha9:nl169p?l1a�47l=>r47>nag0?p3yobh>Hyn0 � :;l=p?b7>P0D47/��7bh:!# y	�|l=p?b7>^0i6 chbh/ cEl189bh>i_P��b
/=bh6��7bm890?>;>n0%a9:nb{p?0i>n>nb5#gl1:n0��qbh>�y 4��`k &�� l=6 yo:;bE85B9w?l1:�4|65b7y 47~?}7bfB5yol1/=l1w�478�4<6�4m�0i>n07_

�



�H>�yo0|+@47a�# yoB9/1b &`bh:'� 4769l1w�4785b 8�4 >n0��hB9l16Myn0`j bh:!�q45_�	{B�47>�yo:4\?>�a9:;l��|0?l1:o47>�	E0?~�
E0i>�p?bh6{L
p?0?6 yn:o4���4�47a5:n0?>;0?6 y 4e~�}7b�850,y	&ip?69l1p�47>r47/��hb7:!#1y!�ql1p�47>sa�47:o4�4�bhkEyo0?65~�}7b�850,/=l��ql yo0i>*l=65j 0i:nl=b7:n0?>
c�qe/=l=85bh>?_r	5}7b�0?/10?>i�r��/��hbh:;l1y	�|bh>^890�)H/v4769b7>H890�+,bh:;yn0�694<	{0?~�}eb`�E_t�E# ��/��hbh:;l1y!�qbh>�G@47>;0�4785bh>
0�� �D0?/v4d294e~�}7b�! 4��h:o4e6��h0�4e6�4�+,/kq7>n>;l=p?4�6�4�	E0?~?}7b��{_ � 0���/��hbh:�yol��qbh>���0i/v4 2MLI4e698EL�+,BEy�694�	E0 L
~�}7b|�E_  _
Q q`6�4e>�89B�47>�	E0i~�
{0?>�>;0��hB9l16 yo0?>i#�89l=>;p?B5ynl��|bh>,pib��|bmbh> �|0?p�4e69l=>'�qbh>,890�bhk5yn0?69~?}7b
890`/=l��ql yo0i>�85B�47l=>�>o}7b(0��qa9:;0�� 4e89bh>�0�� 47/��hbh:nl y	�|bh>�03254eynbh>�89b ynl=agb(G,:o4e69p CELI4e698ELIG�bhB9698�#
6�4|	E0?~?}7b �{_ " #50<G�:o4769p C{LI47698{L�+,B5y?#�6�4A	{0?~�}eb �E_x�5_

� 	 � �������� � !�� ��),+������ ������) +�� � �� !0�

+,bh69>nl1890?:;0�b|>;0��hB5l=6 yo0%)H:nbhk5/=0��q4m890%)H:nb��h:n4��q47~�}7bf!*l1690�47:

zPL =
�|l=6
{ctx : x ∈ S},

� �E_ � �

bh69890
S = {Ax ≤ b, x ∈ � n

+}
_'F��q4�ch0iw �MB90(47><p?bh6985l=~�
{0?>u890 l=6 yn0��h:n47/=l18�47890|476 yo0i:nl L

bh:!�|0?6 yo0ql��|a�b7>;y 4e><4
x
j bh:o4�� 4 �hbh:o4�>nB9k5>;yol yoB�#18�47><a�bh:

{x ∈ � n
+}
#Pb'a9:;bhk9/10��q4'47pil��q4

j bh:n690ip?0(B��q4��D0?/=4 2547~�}7b�cpq7/1l=8�4 � 89l y 4 :F#&Ro3*) 3��	�X- BX# �$*?-=e�*43�H`3��	�X-�Y25O%G#=3�* #
47k9:;0ic{lv47894
)
! �,a�4e:o4m)H� _g	E0)�n4m0i6Myo}7b

x ∈ � n
+

B��A4`>;bh/=B5~�}7bm890%)"!H_$	E0
x
&�l=6 yo0il=:o4E#Eyo0��qb7> �{B50

ctx
&

>nl��uB9/1yo47690�4 �q0i6Myn0@B��\/=l��|l1yn0�>;B9ag0?:nl1bh:H0DB�� /1l��|l1yn0�l165j 0?:;l=bh:rcpq7/1l=89b7>ra�47:n4�)"��07#Magbh:;yo476 yob9#
x
:n0i>nbh/ ch0�bfa9:nb7k9/=0��A45_

�Q<>1�$%
�B"�!����� ���� L H`3E+.-/*KH UXRo3��	�X-
P

193�*43"� faPg'73�%(')-`HI#&R @(-/*gTVU93�%('b- H`3�5k8^1C* � ) 5OH`3
8&U]3`:F#&Ro3*) 3��	�X-AY25O%G#=3�* +.-/*��c%G-a8�#&%('656BX- eX#<-/HIP&'6*&57><- � BX#

conv(PI) #
J�b7yo0 �MB90T>;0S0��|a9:n0�� 47:!�|bh> B �A4 �D0?/=4 2547~�}7b ! l1690�4e: 890 �969l=8�4 0�� B��q4 :n0��hlv}7b 850

cEl=47k9l1/=l=8947890
S

�MB90fp?bhl169p?l18�4 p?b��
conv(PI)

0f>n0fB5ynl=/=l1w�47:'�qb7>�b�� &3yob{89b�	El��|a9/=0 2�a�47:o4
:n0?>;bh/1c�\3LO/v45#,yn0��|bh>q4 � 47:n476 yolv4T890 �MB90

x
:n0?>;bh/1c70�)H� #M�=q �MB907#Dagbh:q850 ��69l1~�}7b5#@yob{89bh>Ab7>

c�&?:�yol1p?0?>,890
conv(PI)

>o}eb`l=6 yo0il=:;bh>?_H)�47:o4`b7>,p�4e>nbh> �70?:o4el=>,850�)H:nbhk9/10��q47>�890���yol��ql1w�47~?}7b
+,b��`k9l16�4ey � :nlv4q0q�&6 yo0il=:n45# bhk5yo0i:�:n0?/=4 2547~�
{0?>�>n4eyol1>;j 47wi0?6989b�4�0?>;yo4�890i>n0b�=q c70?/
a9:nb7a9:nl10?8�47850
&�k�47>;yo476 yo0�l��|a9:;bdcpq�ch0i/ � �h�  _"�H6Myn:n03y 476 yob5#�a�b{890��|bh>@0��qa5:n0��h47:,y	&ip?69l1p�47>F�MB90�47a5:nl��|bh:;0��
4 3&1C*?-�) 5OH`3��	�X-�850

conv(PI)
#�8�47894Aa�0i/=b|a�b7/=l=0i89:nb

S
_@�
47/10%yo4��`k &�� :;0?>n>n47/1yo47:;�{B507#g0��

�h0?:n47/ #Ea�47:o4ma9:;b c74e:D4fbeyol��q47/1l=8�478507#M690?pi0?>;>nl1yo4��|bh>D47ag0?6�47>F�MB90
S
0

conv(PI)
pibhl=69pil=8�4 �

6�4`cEl1w?l169C�4769~?4m890�B�� agbh6 yob � yol��qb5_
� l18�&?l=4 p?0i6Myn:o47/�85bh>�47/��7bh:nl y	�|bh>q850 )H/=4769bh> 850 +,b7:;yo0 &T0 294 y 4��|0?6 yo0S0i>;yo45_V)r47:n4

�q0i/=C9bh:,0?6 yo0i698]\3LO/v4mp?b769>nl1890?:;0u4f �0&��69l=~?}7bq4f>;0��hB5l=:?_

(



� $ � �K������� �� � �J_a#<8&5oe�U93�RoBh3hBX#gN 
�RS56Bh3 � L H`3�BX#<8&5oe�U93�RoBh3hBX#
D = {x ∈ � n

+ : πtx ≤ π0}P�N 
�RS56Bh3I193�*43 � f � 8�#
πxi ≤ π0

193�*43QTVU93�RoTVU,#&*`8�-/RSU��	�X-
xi

N�5�
�N�#&RM193�*43 � f # _a#E+.-/*KH`3
3�%!
�Rk-=eh3 � UXH`3Q>&Ro3/8<8�#

D
BX#�BX#<8&5oe�U]3�RoBh3hBX#<8 P"N 
�RS56Bh3`193�*43 � fa8�#Z>=3hBh3 BX#<8&5oe�U93�RoBh3hBX# %C3

>&Ro3/8<8�# +.-/* N 
�RS56Bh3m193�*43�� f #
	{B9a�b769C�4A4 �hbh:o4 �MB90

x
#g4|>nbh/1B9~�}7b|890%B��q4q�D0?/=4 2547~�}7bq!*l=690?47:D890<)"� #g6�}7b|bA:;0?>;bh/1ce45_

J�bh>�4e/��hbh:;l1y!�qbh>"890�)"/=4769bh>,890�+,bh:�yo0?>i#9a9:;bEpiB9:o4 LO>n0�l1890?6 ynl ��p?47:@B��q4u890i>nl��7B�47/=8947890�cpq7/1l=8�4
a�47:o4�)H� # a�b7:�032E0��|a9/=b

D = {x ∈ � n
+ : πtx ≤ π0}

#M�MB90 ><-/*&'b#
x
# l1>;yob%& �MB90q>n4eyol1>;j 47~?4

πtx > π0

_P� 0i>;y 4<:n0?>�yo:;l=~�}ebu/=l1690�4e:H8�4��|bh>�b<69b��|0�850;1CRo3�%G- BX#g><-/*K'b#
bhB�#{>nl��qa9/10?>'�q0i6Myn07#
><-/*&'b#3_ F��q4Tc70?wSl=850?6 yolo��p�4785bh>?#@0i>;yn0?> pibh:;yn0?> >n}7b l=6 yn:nb{89B9w?l189bh>f0�� )"!H#�6�4Tj bh:!�q4 850
:n0?>�yo:;l=~�
{0?>i_"F��q4m69b c74f:n0��hlv}eb

S
#94��hbh:n4 �q47l1>@:n0i>;yo:;l1yo45#�&�0?6 y }eb|b7k5yol18�45_

J�b7yo0m�MB90m�MB�476985bql169p?bh:;a�b7:o4��|bh>@bh>Dpibh:;yn0?>?#�b7k5yo0i6989b|B��A4m69b ce4m:n0��hlv}7bmagbh/1l=0?85:o47/
S
#

a9:n0i>n0?:�ce4��qb7>`yob{89bh>mbh>`c70iyob7:n0?>f890(l169p?l18]\?65p?lv4S4e>n>nb{p?l=4789bh> [ >m>nbh/1B9~�
{0?>`c{lkq c70?l1>m89bTa9:nbeL
k9/=0��A45# �q47>I><-/*K'73�HI-�8�b�agbh6 yob

x
#�69b�>;0?6 yol189b�850"�MB90|0?>�yo0fa�b76Mynb�69}7b �A47l1>�>o4eynl=>�j 47wf4

890?>;p?:nl1~�}7b|agbh/=l�&?89:;l=p�4<p?bh:;:n0?6 yn0<89b|a9:;bhk9/=0��A4E_�J�4fc70?:;8�47890e#g0i>;yo4q0?>�yo:n4ey	&��hlv4m>nl1>;yn0��q4eyol1p�4 L
�q0i6Myn0�47a5:nb�2El��q45# a�0i/=b �q0i69bh>
6�4<c{l=wil=69C�4e69~�4%890

x
#E4u890i>np?:;l=~?}7buagbh/=l10?89:n47/�890

conv(PI)
_

��>n>;l�� >;0?6985b9#rB��q4(69b ce4�:;0?/v4d294e~�}7b(cpq7/=l18�4�)"! 0fB�� 69b chb�/=l��|l1yn0ul165j 0?:;l=bh:
zPL

agb{890��
>n0?:DbhkEyol=85bh>�p?b�� 4fl16 yo:nb{89B9~?}7bf890�p?bh:�yo0i>?_

��k9>;0?:�ch0m47l1698�4`�{B507#sB �A4fch0?w �MB90m4q:;0��hl=}7b|890<c{lv4ek9l=/1l=8�47850�8�4q69b ce4A:;0?/v4d294e~�}7bq0?>;y?q
p?bh6 yol18�4S6�4T:n0��7lv}7bS890(c{lv4ek9l=/1l=8�47850A8�4T:n0i/v4 2547~?}7b 476 yo0?:;l=bh:i# &�pi0?:;ynbQ�MB90�b 69b chb /=l��ql yo0
l=65j 0i:nl=b7:
>;0)�n4uag0?/1b �|0?65bh>�yo}7bukgb����MB�476 yobm4p�{B50?/=0E�MB90�bua5:n0?pi0?890iB�_"�&890�4e/��|0?6 yo0e#5890i>n0)�n4dL
>n0m�MB90<0i>;yn0?>�/=l��|l1yn0?>�47B��|0?6 yo0�� p?b��W4|l16 yo:nb{89B9~?}7bm890�p?b7:;yo0i>?_

)H:;bdce4�ch0i/��|0?6 yo0e#rbh>%a9:;l��|0?l=:;bh>�47/��hbh:nl y	�|bh>�850A)H/v4e69bh>�890A+,bh:;yn0"�MB90|>n0|yo0�� 65b7y	#1p?lv4
>o}7bf8903cEl189bh>�4| �476 yowil��f0iy�47/ _$� � � *0<��b��qbh: � � "�"  _

�&6Ej bh:!�q47/��|0?6 yn07#�4|l=8�&ilv4ml=69l1p?l=47/s890u��b��qb7:4� � "�"  �?><-/*&'b#<8ABX#��E-/HI-/*�� ��0?:n4 �h0i:o47:�B��
p?bh:�yo0
4�a947:;ynl=:*89b�47:n:;0?89b7698�4��|0?6 yob�l=6 yn0?l=:;bDbhk5yol189bD890"B��q4�/1l=69C�4 � 69b�r47k5/=0�4eB<89b�� &3yob{89b
	El��|a9/=0 2��f4e>n>nb{p?l=478�4 4 B��q4 ce47:nlkq�ch0?/�k(q7>;l=p?4 j :o47pil=bh6]q7:nl=4T894 >nbh/1B9~�}eb

x
8�4 �D0?/=4 2547~�}eb

! l1690�4e:A)"! 890S)H� _�J�b7yn0W�MB907#D8�4e89b B�� ch03yobh:
λ ∈ � m

+

#D4 890?>;l��hB947/=8�4e890
{x ∈ � n

+ :

bλAxc ≤ bλbc}
&<cpq7/1l=8�4fa�47:n4 )H� _���bh:'�A47/��q0i6 yo07#�65b � &3yob{89bA850`)H/v4765bh>�890m+,bh:;yn0?>�890

��b��|bh: �h#^890?>;0)�n4 LO>n0(bhk5yn0?:<B�� ch0iynbh:`890Ap?b{0 ��pil=0?6 yn0?>
λ
y 47/ �MB90

bλAxc > bλbc
_��">�yo0i>

p?bh:�yo0?>D>n}7bq850?69b��|l=694789bh>D+,b7:;yo0i>�850u��b��|bh:4�7_
^0?b7:nl=p?4��|0?6 yo0e#Pbh>`4e/��hbh:;l1y!�qbh>�k947>n0?4789bh>`0���)"/=4769bh><890(+,b7:;yo0A890(��b��|bh:4�Tpibh6 ch0?:IL

�h0�� � c70)�n4 � "�"  �3#gl=>�yob &7#�47a � >�4ql16 yo:nb{89B9~?}7bA850uB�� 6 ���|0?:nb`��69l yobA850up?b7:;yo0i>?#s4A>nbh/1B9~�}eb
8�4�p?bh:;:n0i>nagbh69890i6Myn0���0i/v4 2547~?}7bS!*l=690?47:`:;0?>nb7/1ch0(bSa5:nbhk9/10��q4�bh:;l��hl16�47/
)H� _HF��[032E0��|a9/1b
k�0�� >nB9pi0?89l189b'894�4ea9/=l1p�47~?}7b(8�4(y	&?pi69l=p?4�850q)H/=4769bh>�890q+,bh:�yo0fa�47:n4�>;0q:;0?>nb7/1ch0i:�a9:nbhk5/=03L

�



�A47>r890���ynl��|l=w?47~�}7b�+,b��`k9l16�4ey � :nlv4Dj bhl9890i>npi:nl1yo4�a�bh:
��l=/=l1b7yol1> � ���  #M47b�yo:n4ey 4e:Pb%)":;bhk9/10��q4
89b +@47l 2E0?l1:nb���lv4 �n476 yn0�	El�� &iyn:nl=pib � )
+����3_"J�4p�{B50?/=0 yn:o47k947/=C9b5#Hp?b��|b"�=qSbhk9>n0i:;ce4789b 476EL
yo0?:;l=bh:'�q0i6 yo07#rbS47B5ynbh:u>n47/=l10?6 yobhB �{B507#"6�4�a9:=qeyol1p�45#�bh>m47/��hbh:nl y	�|bh>�k�47>;0�4789b7>`0��[)H/v4769b7>
890<+,bh:;yn0%850u��b��|bh:4�Aa�b{890�� 47a9:;0?>n0i6 y 47:Da9:;bhk9/=0��A4e>�6{B � &i:nl=pibh>D890?pibh:n:;0?6 yo0i>�85bqpi:n0?>;p?l L
�q0i6Mynb�03254��h0i:o4789b�89b7>Hp?b{0 ��pil=0?6 yn0?>
89bh>Hp?b7:;yo0i>?#{47b�/=b76��hb�8�4�47a5/=l=p?47~�}eb9_r)^bh:H0?>�yo0 �|b7yol chb9#
a�bh:@47/��hB � yo0��qagb9#E032El=>�yol=B�B��q4`p?0i:;yo4|890i>npi:n0?65~�4q894fpib��`B965l=8�47850�p?l=0i6 y	# �9p�4`0��W:n0?/=47~�}eb
[ a9:o4 yol=pil=8�4e890A8�4�BEyol=/1l=w?47~�}7b�8�4'y!&?p?65l=p�4�850�)"/=4769bh><890�+,bh:�yo07#Hpib��|b�B���l=69>�yo:nB �q0i6Mynb
0ij 0iynl1c7b|a947:o4m:n0i>nbh/ ch0i:�)H:nb7k9/=0��A47>,890<��ynl��|l=w?47~�}7bu�&6Myn0?l1:o45_

�H>�yo0 �MB�4789:;bmp?b��|0?~ibhB�4 �`B58�47:d�MB�4e6989bf69b ce47>,y	&ip?69l1p�47>,a�47:o4<l=890i6Mynl ��p?47~�}eb`890�890i>nl L
�hB�47/18�47890i> cpq7/1l=8�4e>�a�47>;>o47:n4�� 4�>;0?: 0��|a9:;0�� 478947> >nl=>�yo0��A4eynl=p?4��q0i6 yo07_^�&65j bh:'�A4e/��|0?6 yo0e# 0?>;yn0
a9:nb{p?0i>n>nb �=q%C94 c{l=4�>;l=89b%l=65l=p?l=4789b�pib��Xb<47/��hb7:nl1y!�qb�890�)H/=4769bh>"890�+,bh:�yo0�890� �476 yow?l��<03y�47/ _
� � �  _A�H>;y 4e>%y!&?p?65l=p�4e>?# j B9698�4��|0?6 yo478�47>�69b�0?>;ynB989b�8�47>"BX#<8&5oe�U]3�RoBh3hBX#<8aRS5O%G#=3�*?#<8 %G#<><#<8<8 
�j
*&563/8�a�4e:o4�p�47:n47piyn0?:;l=w�4e:

conv(PI)
#hl=6�4eB��hB9:;bhBmB��q4�69b c74gq7:;0�4�890�0?>�yoB985b<0��V��yol��ql1w�47~?}7b

�&6Myn0?l1:o4m0<+,b��`k9l16�4ey � :nlv4E#E890i69b��|l=6�4e8�4 !$-/H��V5O%C3�' � *K563 �;-/RS57P=B�*K57>=37_
��bhkX�;0iynl1c7b a9:;l��|bh:n89l=47/�890?>�yo0?>�0?>�yoB989b7>'p?b769>nl1>;yo0 0�� p?47:o4epiyo0i:nl1w�47:�476�4e/=l1ynl=p?4��q0i6 yo0

p?/v4e>n>n0i>�890m890?>;l��hB947/=8�4e890?>�cpq7/1l=8�47> +.-/*K')#<8�a�47:n4�)"� _�)r47:n4(j 4ep?l=/1l1yo47:�4(pib��qa5:n0?0i69>o}eb�850?>;yn0
p?bh69pi0?l yob9#9pibh69>;l=890i:n0%47>D890 �969l=~�
E0i>�>;0��hB5l=6 yo0i>?_

� $ � �K������� �� S �JD^TVUX5ON/3�R �&%G>&563 ��� #�� 3�H D1 = {x ∈ � n
+ : πtx ≤ π0}

#
D2 = {x ∈ � n

+ :

γtx ≤ γ0}
B�U]3/8IBX#<8&5oe�U93�RoBh3hBX#<8`-/%CBX#

π, γ ∈ � n
#

π0, γ0 ∈ � # _m5��/#&HI-�8`TVU(#
D1

#
D28 �X-�#=TVUn5ON/3�Rk#&%('b#<8 � 8�#a# ) 5k8&'b#

u > 0
'73�R TVU,#

π = uγ
#

π0 = uγ0 #
��k9>;0?:�ch0a�MB90e# �h0ib��|0iyo:;l=p?4��q0i6 yo07#589B�47>�890?>;l��hB�4e/=8�47850?>D>o}7bq0V�MB9l c74e/=0?6 yn0?>�>n0%l=6989B5w?0��

b �|0?>'�qbf>;B9k�0i>na�4e~?bA850 � n
_

� $ � �K������� �� ' �J_a-/H 5O%���%G>&563 � !$-/%98&56BX#&*<#
D1

#
D2

BX#���%(56Bh3/8A3�%(')#&*K57-/*KHI#&%('b# # D1

BX-/j
H 5O%C3 �4-/U P H`3�5k8 +.-/*K')#ATVU(# � D2

8�#
	

� # D1

#
D2

%!�X-a8 �X-�#=TVUX5ON/3�Rk#&%(')#<8��
� # # ) 5k8&')#

u > 0
'c3�R TVU(#

π ≥ uγ
#

π0 ≤ uγ0 #
�D0?pibh:n:;0?6985b 69b ce4��|0?6 yo0�4T47:'�hB��|0?6 yobh> �h0ib�� &iyo:;l=pibh>?#"bhk9>;0?:�ch0��{B507#,>;0

D1

89b��|l=6�4

D2

#9yo0��|bh> �MB90
{x ∈ � n

+ : πtx ≤ π0} ⊂ {x ∈ � n
+ : γtx ≤ γ0}

_
��> a9: � 2El��A47>|890&��69l=~�
E0i> 69bh>A47BE2El=/1lv4�� 4 0?>�y 47kg0?/10?p?0i:(4 :;0?/=47~�}7b 890�89b��ql16(l769pilv4T0

0V�MB9l1ce47/ \?69pilv4`890�890i>nl��hB�47/18�47890i>�0�� :;0?/v4e~�}7b|4mB�� agbh/=l10?89:;b9_

� �



� $ � �K������� �� � ����3X><# � _m5��/#&HI-�8aTVU,#
SD

BX#���%G#��4-/U 5O%CB�U�� � UnH`3 + 3X><# BX#AUnH 1(-/RS57#=B�*?-
S � 8�#

SD = {x ∈ S : πx = π0}
193�*43�3�R e�UnH`3ZBX#<8&5oe�U93�RoBh3hBX#

D = {x ∈ � n
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D = {x ∈ � n
+ : πtx ≤ π0}

� N 
�RS56Bh3g193�*43
-;1(-/RS57#=B�*?-

S � 5O%CB�U�� UnH`3^+ 3X><#&'73
SD

BX#
S � 8�#m#;8�-/HI#&%(')#F8�#

SD

5O%CB�U�� UXH`3 + 3X><#�1C* � 1C*K563
BX#

S
# 8�#

dim(SD) = dim(S)− 1 #
� /1B9w�89bh>�pibh69pi0?l1ynbh>�47a9:;0?>n0i6 y 4789b7>�4 y	&�4��MB9l #9a�b{890��qbh>,89l=wi0?: �MB90�bfbhkX�;0iynl1c7b|a5:nl��|beL

:nlv4e/*0�� +,b��`k9l16�4ey � :nlv4f)^bh/=l�&?89:;l=p�4fp?b769>nl1>;yo0<0�� p�47:n47piyn0?:;l=w�4e:�j 4�� #=/1lv47>,890u890i>nl��hB�47/18�47890i>
�{B50�l16989B9w?4�� j 47pi0iyo47>m890

conv(PI)
_ �H>;yo47>?#�a�bh:m>;B�4Sch0?we#,>n}7b 4e> �969l=p?47>f890i>nl��7B�47/=894 L

890?>�650?p?0i>n>=q7:nl=47>�a�47:n4A890i>np?:;0ic70?:
conv(PI)

_�R�B�4e/k�MB90?:�bhB5yn:o4A890i>nl��hB�47/18�47890�cpq7/=l18�4fa�47:o4
conv(PI)

�MB90@l16989B9w?4�B��q4�j 47pi0�850,89l��q0i69>o}7b�l=65j 0i:nl1bh: 4
dim(conv(PI))−1

&�89b��|l=6�4e8�4
a�bh:�B �A4mp?b��`k9l=6947~�}7bm/1l=690?47:@890�890i>nl��hB�47/18�47890i> �{B50<l16989B9w?4fB �A4`j 47pi0iy 4m890

conv(PI)
_

�H8��|bh6985> � ��" # � �E# � � �p?b�� >;B�47>|890?>;p?:;l=~�
{0?>q/=l1690�47:;0?>m890�l��|a�b7:;y 4e6Myn0?>ma9:;bhk9/10��q47>?#
a�bh/1l=69b��ql=47l=>i#*890���yol��|l=w?47~�}eb�+,b��uk9l=6�4 y � :;lv45#^a�b{890 >;0?:mpibh69>nl1890?:n4789bSpib��qb'b�a9:nl169p?l1a�47/
:n0?>;a�b769>?q�ch0i/Pag0?/v4|89l=>;>n0��ql16�47~�}ebA8�4(+,b��`k9l=694ey � :;lv4f)�b7/=l�&i89:nl1p�45_��H6 yo:;0iy 4e6Mynb9#s0�� �7:o4769850

���



a�47:;yn07#$b|:?q7a9l189bf890?>;0?6 chb7/1c{l��|0?6 yobA890?>�y 4Iqe:n0�4E#�k�0�� p?b��|bq>;B�4A4ea9/=l1p�47~?}7bmk�0�� >nB9pi0?89l18�4
0�� cpq7:;l=bh>Ha9:;bhk9/10��q47>H890���ynl��|l=w?47~�}7b��&6Myn0?l1:o45#M:n0i>nB9/ y 4�� 89b%yn:o47k947/=C9b�a5l=bh690il=:;b�890���:��eyo>�L
p C90?/{0@)�4789kg0?:!� � " ({# " �  #h)r4e89k�0i:!��0@��:��7yo>;p C90?/ � � � "  # +,:;b � 890?:P0�)r4e89k�0i:!���x��� {0,)r4789kg0?:'�
0<N�bh6��%� � �h�  65b|0i>;ynB989bA85b|agbh/1l=0?85:nbm89b|)
+��`_

)�47:o4Dl=850?6 yolo��p�47:*B �A4D890?>;l��hB947/=8�4e890Pcpq7/=l18�4
D
ag0?:�yo0i69p?0i6Myn0@4�B��q4�pi/v47>;>n0

D
#/�MB90�pibh:;yn0

B��A4q:n0��7lv}7bq890uc{lv47k5l=/=l18�47890�8�4e8�4 a�b7:�B��q4 �D0?/v4d294e~�}7bA! l1690�4e:�890m)H� # &u690?pi0?>n>=q7:nl1b �MB90
B�� 1C*<-��VRk#&H`3ZBX#g8�#b193�*43��	�X-�>n0b�n4 :n0?>;bh/1c{l189b9_� �l=wi0��|bh>��MB90`B � 3�R eX-/*K5O'6HI- BX#g8�#b193�*43��	�X-
a�47:o4

D
&%03254eynb9#�>;0<yo47/r4e/��hbh:;l1y!�qb & � 47:n476 yol=894��q0i6 yo0�p�47a947wu890<0?69pibh6 yo:n47:?#gp�47>;b 032El1>;y 4E#

B��A4�890i>nl��7B�47/=8947890DcEl1bh/v4e8�4 � 0��
D
�"ag0?/=4%>;bh/=B9~?}7bu894u�D0?/v4d294e~�}7b<!*l=690?47:"0�� �A}ebh>?_"+@4e>nb

p?bh6 yo:=q7:nl1b9# &�890i69b��|l=6�4e89bmB��q4fC50?B9:'#=>;ynl=p?4f850%>;0?a�4e:o47~?}7b9_
)�47:o4 �MB90%bqB9>;bA890�B��q4fp?/v4e>n>n0�890%890i>nl��7B�47/=8947890?>�cpq7/1l=8�47>,>n0)�n4|0ij 03yol1c7bq0�� B�� 47/��hbeL

:nl1y!�qb|890f)H/v4e69bh>�850f+,bh:;yn0 &`690ip?0i>n>?qe:nl=b�89l1>nagbh:�850m47/��7bh:nl y	�|bh>�890m>n0ia�47:n47~�}7b(0&��p?l10?6 yo0i>
� l=>�yob�&e#�p?B/�;bfyo0��qagbf890�032E0?piB9~�}7bq>n0b�n4|agbh/=l169b��|lv47/ �r07#�a9:;0ij 0i:n0?65p?lv4e/��|0?6 yo0e#9:?q7a5l=89bh>i_

F��A4A47a9/=l1p�47~?}7bAl��qagbh:�y 476 yo0%89bh>�47/��hb7:nl1y!�qb7>�850m)H/v4769b7>�890f+,bh:�yo0e# �MB90m89l=w<:n0i>nag0?l1ynb
47bh>Da9:nb7k9/=0��A47>@yn:o4eyo4789bh>�650?>;yo4q^0?>;07# &<4f>n0��hB9l16Myn07_
��>;>nB��q4`�MB90%B��q4`j bh:!�`B5/v47~?}7bmp?bh6{L
yo0?6589b(B��q4qp?/=47>n>;0`p?b�� 0 25agbh690i69p?l=47/��|0?6 yn0 �`B9l y 47>�:n0i>;yo:;l=~�
E0i>�>n0b�n4 8�478�4Aa947:o4 B�� )H:nb L
k9/=0��A4�850���ynl��|l=w�4e~�}7b�+,b��`k9l16�4ey � :nlv4E_�J�4eyoB5:o47/��q0i6Myn07# [ �|0?89l18�4 �MB90Dp?:;0?>npi0�4�89l��q0i69>o}eb
8�47>rl169>;y?l769pilv47>�89b�a9:;bhk9/=0��A4E# ynbh:n6�4dL&>n0,l=6 c{l q�ch0i/{yn:o47k�4e/=C�47:^p?b�� �D0?/=4 2547~�
{0?>r! l1690�4e:n0?>2�MB90
032Ea9/=l1p?l y 4��|0?6 yo0�l169p?/1B�4��WynbE8947>�0i>n>n47>�:n0i>;yn:nl=~�
E0i>?_DJ�bA0?6 yo476 yob9#g89lv4e6Myn0<850<B�� 47/��hbh:;l1y	�|b
890(>n0ia�47:o4e~�}7bT47850V�MB�4789b � a�47:o4S4�pi/v47>;>n0(890A:n0?>�yo:;l=~�
{0?>��|0?65p?l=b76�478�4�4ep?l��q4�� & a�b7>n>!# ch0i/
p?bh69pi0?kg0?:`B � 47/��hbh:;l1y	�|b(890()H/=4769bh><890�+,bh:�yo0I�MB90(65bh>u/10ich0 4'B��q4'�D0?/v4d294e~�}7bS!*l1690�47:
8�4��MB90?/=4`j bh:!�`B5/v47~?}7b9_

� >n0��7B9l=:i#M47a9:n0i>n0i6Myo4��|bh>HbhB5yn:o4�y!&?p?65l=p�4�k�4e>;y 4e6Myn0�B5yol1/=l1w�478�4D6�4�>nb7/=B9~?}7b�890D)H:nb7k9/=0��A47>
890<��ynl��|l=w?47~�}7b<�&6 yo0?l1:o45_

� 	�� � � ����� ������� �/���� �����
�*�����

� � /=l169C�47> �70?:o4el=>?#94m��0i/v4 2547~?}7bf! 4��h:o4e6��h0�4e6�4�&�B�� � &iynbE89bm850%850?p?b��qagbh>nl1~�}7b �MB90�69b7>
a�0i:!�|l1yo0m0 2Ea9/=bh:n47:�0?>�yo:nBEyoB9:n47>u0i>nag0?p?l=47l=>�0i69p?bh6 yn:o478�4e>u6�4(j bh:!�uB9/v47~?}7b�89b�a9:nbhk5/=0��q4 �MB90
>n0F�MB90?:":n0i>nbh/ ch0i:?_H�H>;yn0�a5:nb{p?0?>;>nb%890�890ip?b��|a�b7>nl=~?}7b�p?bh65>nl=>�yo0D0��\l=890i6 yol �9p�47:HB�� p?bh6/�;B56Mynb
890�:n0?>�yo:;l=~�
{0?>fpibh69>nl1890?:n478�47>WB�5 +
	7><#&5k83#
4789l1p?l=b76(q L&/=47> � bhB 89B�47/1l=wVq L&/=47> � [ j B965~�}7b bhkX�;03yol1c7b
4eyo:n4 c�&?>%890�� UXRS'J5 1CRS57>=3hBX-/*?#<8"BX# Y 3�e�*43�%XeX#�0q:;0?>nb7/1ch0i:<b�a9:;bhk9/=0��A4(:;0��q47690?>;p?0i6Myn07#r4��hbh:n4
�q0i69bh>H:n0i>;yn:nl1ynb9#M890 �969l=89b�>;bhk9:n0DB��q4�0?>�yo:nBEyoB9:n4u4eyn:o470i6Myn07_H� �U4e/��hB��q47>rj b7:!�`B9/=47~�
{0?>i# 0?>IL
yo:nBEyoB9:n47>D4eyo:n470?6 yn0?>�>o}ebq4ea�47:n0i6 yo0?> [ a9:;l��|0?l1:o4<c{l=>�y 45_"� � bhB5yo:;bh>�p�4e>nbh>i#9a�47:n4 �MB90�>;0)�n4��

�d�



l=890i6Mynl ��p?478�47>i#�j 47w3LO>n0%690?pi0?>n>=q7:nl1b 4|:n0ij b7:!�`B9/=47~�}eb|85bAa9:;bhk9/=0��A4E_@J�0i>;yo4(	E0?~?}7b9#�yo:n4ey 4 �qbh>
8�4A47kgbh:;8�4��h0�� +,/ q7>;>nl=p?4q890u��0i/v4 2547~?}7bq!^4 �h:o476 �h0�476945_D)�bh:a3 �&-/*4Bh3�eX#&H >&R�
/8<8&57>=37#�0?6 yo0i6EL
890��|bh>mB��q4T47a9/=l1p�47~?}7b�bh65890�b 6 ���|0?:;b 850�850?>nl��hB�47/18�47890i>mp�476589l=8�4 y 47> [ 89B�4e/=l=w?47~�}eb &
B��A4�j B569~�}7b�agbh/=l169b��|lv47/ 894%89l��q0i69>o}eb�89b�a9:nbhk5/=0��q4�4�>n0i:H:n0?>;bh/1c{l189b�0�bh69890�4�89B�47/1l=w?47~�}7b
&%:;0�47/1l=w?478�4u890�j bh:'�A4`0i>;y?qeyol1p�45#�B��q4 �969l1p�4`ch0iw7_

��bh:'�A4e/��|0?6 yo0e# p?bh69>;l=890i:n0E�{B50�>n0�890?>;0)�n4u:;0?>;bh/1c70?:,b<a9:nb7k9/=0��A4%)H� #54��7bh:o4�890 �969l=89b<a�b7:

z =
�|l=6
{ctx : Ax ≤ b, Cx ≤ f, x ∈ � n

+},
� �E_  �

p?b��
A ∈ � m×n, C ∈ � m2×n, b ∈ � m, f ∈ � m

2 , c ∈ � n
_

��>n>;B��A4"�{B50m)H� #�6�4A47B9>=\i69p?l=4A8�47>�:n0i>;yo:;l=~�
E0i>
{Ax ≤ b}

>;0)�n4A890%j6q7p?l1/ :n0?>;bh/=B5~�}7b9#g69b
>n0?6 ynl=89b�890 �MB90D0 25l1>;yo4�B � 47/��hbh:;l1y	�|b�a�bh/1l=69b��ql=47/ � 0&��p?l10?6 yo0 �rp�47a�4ew�890�:n0i>nbh/ c \3LO/=b � bhB �MB90
0?>;yn0�a9:nb7k9/=0��A4u>;0)�n4A1(8�#&U9BX-/jk1(-/RS5O%G-/H 563�R #{pib��|b�&�bfp�47>;bm89b|)":;bhk9/10��q4u8�4f��b{p C9l=/=4

0− 1
�t���{# ���� #�bhB�4ey	&��|0?>'�qb �MB90�>n0b�n4

NP
L&89l j #=p?l1/ # �q47>�890 �`B9l yobmag0V�MB90?694q89l��q0i69>o}7b��3_"	E0b�n4

ai ∈ � n
B��Wc70iyob7:�/1l=69C�4`894 �q4eyo:;l=w

A
_�	E0u4e>n>nb{p?l=47:!�|bh> [ p�4e8�4|B �A4m8�47>D890i>nl��hB�47/18�47890i>
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&�p?b��qa9/10iyo4��q0i6 yo0�p�47:n47piyn0?:nl1w�4785bma�0i/v47>�890?>;l��hB�4e/=8�47850?>�� � _����&L � � _ (��
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�&6Ej bh:!�q47/��|0?6 yn07#r85l=w?0��qb7>A�MB90(p?b76/�;B96 yobh>
H ⊆ V

0
T ⊆ δ(H) ⊆ E

� B9>nB�4e/��|0?6 yo0
890?69b��ql16�4789bh>�890I@93�%CB9Rk#�0�'b#<#&' @{#s:n0?>;a�0ipiynl1ce4��|0?6 yo0 ��l=6989B5w?0�� B��q4 890?>;l��hB947/=8�4e890`G,/1bh>�L
>nb���_ �H>;yo4��qb7>|a947:;ynl=p?B5/v47:'�q0i6Myn0 l=6 yn0?:n0i>n>n4789bh>f0�� a�47:n0i>

H, T
a947:o4Sbh> �MB�47l1>|4T>;b��q4

b(H) + u(T )
>;0)�n4 #��|a�47:i#s0��uk�bh:n4 4 ce47/=l18�47890%8�47>�890i>nl��hB�47/18�47890i>�G,/=b7>n>nb�� 6�}7b(>;0m:n0i>�L
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x(E(H)) + x(T ) ≤
b(H) + |T | − 1

2193�*=3
b(H) + |T |
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|H|

890i>nl��hB�47/18�47890i>�0�� � � _����@0u4f>nb��A4f8�47>
|T |

47:n0i>;yo47>
0�� � � _ (��3#7bhB`>n0b�n45�

2x(E(H))+x(δ(H)) ≤ b(H)
0

x(T ) ≤ |T |
#e:n0?>;a�0ipiynl1ce4��|0?6 yo0e_H	Eb��|0

0?>;yo47>�89B�4e>�890?>;l��hB947/=8�4e890?>�0ubhk5yo0i69C�4
2x(E(H)) + x(δ(H)) + x(T ) ≤ b(H) + |T |

_�Q q
�{B50

xe ≥ 0
#ryn0��|bh>A�MB90

2x(E(H)) + 2x(T ) ≤ b(H)) + |T |
_�� �hb7:o4�85l1c{l=8�4�a�b7:u89bhl1>

0�4ea9/=l �{B50(47:n:;0?89b7698�4��|0?6 yob l=6 yn0?l=:;b9#Hbhk5yn0?6985b9�
x(E(H)) + x(T ) ≤

⌊

1
2
(b(H) + |T |)

⌋

.+,b��qb
b(H) + |T |

& #��|a�47:?#Ebf:n0?>;B9/1yo4789bf>n0��hB90e_
��k9>;0?:�ch0^�MB90@B �A4D>nbh/1B9~�}eb�c{l q�ch0i/Ea947:o4�b�)������ &,B�� �VjbH`3�'b><@X5O%Xe � j p�47a�4ep?l1yo4789b�p?b��yobhagbh/=b��hlv4�890mq7:�chbh:;07_
� �WB��q4`a�0i:n>;a�0ipiyol ce4 �q47l1>@4��|a9/v4E#Ebfp?b76/�;B96 yobf8�47>Fqe:;chb7:n0?> �h0i:o4 L

89bh:o4e>�890
G

�MB90u>o4eynl=>;j 4ew?0�� 47>�:n0i>;yo:;l=~�
E0i>�890 �7:o47B�p?bh:;:n0?>;a�b769890�� 47bh>Dc�&i:;yol1p?0i>�p?b��`B569>
890u89b7l=>�agbh/1l1yob7a�bh>Dl16Myn0?l1:nbh>i�@b agbh/=l yobhagb

AGM(n)
8�4e> q7:;c7bh:n0i> �h0i:o4789b7:o47> � � � r0ub a�b7/=l L

yobhagb
CM(n, b, � )

� bh69890
� := (1, . . . , 1)t

890i69b7yo4%B��Xc70iynbh:
|E|

89l��q0i69>nl1bh6�47/E890 ���x>	�"85bh>
kEL �q4eyop C5l=6�� �iLOp�47a947p?l y 4789b7> � ��" # � �  _q	E0)�n4�0?6 y }eb

P2(n, b) := AGM(n) ∩ CM(n, b, � )
#

4Al=6 yo0i:n>;0?~�}eb(890?>�yo0?>�85bhl=>�agbh/1l=0?85:nbh>�l=6 yo0il=:;bh>?_�	{0`890 �969l=:'�qbh>
PARG(n, b) :=

p?bh6 c
{x ∈

 |E| : x ∈ P1(n, b)}
� bmagbh/=l yobhagb`47>;>nb{p?l=4789b [ 0?6 chb7/1y � :nlv4<p?bh6 ch0 254q89b7>@ch0iynbh:n0i>Dp�47:n47piyn03L

:!#=>�yol1p?bh>�8�4e>�q7:�chbh:;0?>��h0?:n4789bh:n47>D890
G

�MB90<>o4eynl=>�j 47w?0�� [ >D:n0?>�yo:;l�
{0?>�890 �7:o47B � #�yo0��|bh>F�MB90
PARG(n, b) ⊆ P2(n, b)

_'+,b��qb�ch0i:n0��|bh>`694�	E0i~�}7bS4�>n0��7B9l=:i#rb�pibh6/�;B96 yob'890qc�&?:;ynl=pi0?>
89b�a�bh/1l=0i89:nb

P2(n, b)
a�b{890myo0i:%agbh6 yob7>%0 2{yo:n0��qb7>%85l=>;ynl=6 yob7>�8�4��MB90?/10?>�a9:;0?>n0i6 yo0?><0�� B��
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)�47:o4]0i69p?0i:n:o4e:S0?>;yo4�	E0?~?}7b9#`l1890?6 ynl ��p?4��qb7>'B�� p�47>;b �MB90 l1/=B9>�yo:n4
�MB90
P2(n, b) ⊂

P1(n, b)
_ J�4 ��l��hB9:n4 � _ �h# /1b��hb 4 >n0��7B9l=:i# l=6989l1p�4��|bh> B�� a�b76Mynb 032{yn:n0��|b

x ∈ P1(n, b)
y 47/��MB90

x 6∈ CM(n, b, � )
a�47:n4 b

4
L&)������f_ J�b7yn0 �{B50 4

890?>;l��hB�4e/=8�47850 G,/=bh>;>nb�� l=6985B9w?l18�4 a�0i/=bh> pibh6/�;B96 yob7>
H = {1, 2, 3}

0
T =

{(1, 5), (1, 6), (1, 12), (3, 4), (3, 8), (3, 11), (2, 7), (2, 9), (2, 10)}
&<c{l1bh/v47894|0��

1
2

# �=q`�MB90
x(E(H)) = 11

2

#
x(T ) = 9

#
b(H) = 12, |T | = 9

_�J�}7b &`85l1j #=pil=/�c70?:nlo��p�4e:?#sagbh:�l=69>;a�0i~�}7b9#
�{B50%69}7bfC(qA	E��+,>Dc{l=bh/=478�47>,a�bh:

x
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n
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V
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x ∈ P1(n, b), x 6∈ CM(n, b, � )

a�47:n4|b
4
L&)������f_

p?B9>�yob9_ F�� p?l1p?/=bTN�4��|l=/1ynbh69l=4769b &(B � p�4��|l=65C9bS0��
G

�{B50�l169l=pilv4'0(yn0?:!�|l=694�0�� B��
�q0i>!�|b|c�&?:;ynl=pi07#g69bI�MB�47/ yob{89bh>�bh>�890��q47l1>�>n}7bqc{l=>;l1yo4789bh>DB��q4��965l=p�4mch0iw7_��'4eyn0��q4eyol1p�4 L
�q0i6Myn07#�b|)
+���a�b{890�>n0i:Dj b7:!�`B9/=4789bmpib��qb

�|l=6 {∑
e∈E

cexe : x ∈ H1(n) ∩ � |E|

}

,
� � _ ��� �

bh69890
H1(n)

&�4|:;0��hl=}7bmagbh/=l10?89:n47/s890&��69l18�4ma�bh:i�

x(E) = |V |,
� � _�� ���

x(E(S)) ≤ |S| − 1, ∀S ⊂ V, S 6= ∅,
� � _ � � �

x(δ(i)) = 2, ∀ i ∈ V,
� � _ �  �

xe ≥ 0, ∀e ∈ E.
� � _�� " �

+,b��qb �|bh>;yn:o47:;0��|bh>S4 >;0��hB9l1:?#u47/��hB �A47>�890?>;l��hB947/=8�4e890?>�cpq7/1l=8�47>�a�47:n4 b agbh/1l1yob7a�b

PCV (n) :=
p?bh6 c
{x ∈  |E| : x

l=6589B9w�B�� pil=p?/1bfN�4��|l=/ yobh65lv4769b%890
G},

a�b7>n>nB50�� p?b76EL
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PARG(n, b)
_P� a9:;l��|0?l=:n4�890?>�y 47>@850?>nl��hB�47/18�47890i>�pibh6EL

>nl=850?:o4e8�47>�4p�{B5l�>n}7b(47>I!$-/H��&83#�a9:;bhagbh>;yo47>�a�4e:o4qb )�+�� a�b7:���:��7yn>np C90i/r0`)�4789kg0?:'� � " (  _
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�{B50�j b7:o4�� bh:nl��hl=6�4e/��|0?6 yo0�a9:nbhagbh>�y 47>�agbh:���:��7yo>;p C90?/*0%)HB9/1/=0 �{k9/=476 � �x�h�  _

.� .� ���� � $ 1 � �7�2�!6��2�!�2$%1OF9�7� <>1
� $ � �K������� .��� � #�� 3�H H, Tj, j = 1, ..., k

><-/% �KUX%('b-�8IBX#IN�P&*K'657><#<8IBX#
V # _ 5��/#&HI-�8"TVU,#

H, T1, ..., Tk
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� # |H ∩ Ti| ≥ 1, ∀ i ∈ {1, 2, ..., k}
�

� # |Ti \H| ≥ 1, ∀ i ∈ {1, 2, ..., k};

� # |Ti ∩ Tj| = ∅, ∀i, j ∈ {1, 2, ..., k}, i 6= j;

� # b(H) + k
P 	OH�193�* #

 �0�j bh:'�A4�476(qe/=b�� 4 [ >
890i>nl��7B�47/=8947890?>�G,/1bh>n>;b���# b<p?bh6 �;B96 yob
H

&�850?69b��|l=694789ba@93�%CB9Rk#
0�bh>�p?bh6 �;B96 yobh>

Tj

� 4��7bh:o4`890&��69l189bh>D0�� yo0?:'�qb7>�890�c�&?:�yol1p?0?>D0�6�}eb �q47l1>@890�47:;0?>;yo47> �@>n}7b
p C�4��q4789bh>�890 'b#<#&' @`8�4m890?>;l��hB947/=8�4e890%+,b��`k�_
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8ABX#<8&5oe�U93�RoBh3hBX#<8`!$-/H��m5O%CB�U��V56Bh3/8^1(-/*

H, Tj : j = 1, ..., k

x(E(H)) +

k
∑

i=1

x(E(Ti)) ≤
k
∑

i=1

|Ti|+

(

b(H)− 3k − 1

2

)

,
� � _ � ���

TVU,# 8V3�'65k8 + 3 �/#&H �/8 ><-/%CB�5�����#<8mBh3 _a#���%(5��	�X- � #�� � 8 �X- N 
�RS56Bh3/8^193�*43"�
�
:�� #

:9
� B"�� � a9:;bdce4%8�4%ce47/1l=8�47850�8�47>�+,b��`k9>
a�47:o4%b`)g����� >;0��hB90�4��MB90?/=4<47a5:n0?>;0?6 y 4e8�4u0��
J�0��|C�47B5>n0?:�0 � bh/=>;0 � � � �  Ha�4e:o4(b(p�47>;b�85b�)
+��u_^	Eb��|0m47>�890i>nl��7B�47/=8947890?> � � _  ��a�47:n4
yob{89bh>�bh>�c�&i:;ynl=p?0i>�0��

H
0 �`B9/1ynl=a9/1lk�MB90�a�b7:

1
2

#5bhk5yo0i6989b

x(E(H)) +
1

2
x(δ(H)) ≤

b(H)

2
.

F��q4uch0?wg�MB90
xe ≥ 0, ∀e ∈ E

#5>n0��7B90 �MB90

x(E(H)) +
1

2

k
∑

i=1

∑

e∈δ(H) ∩E(Ti)

xe ≤
b(H)

2
.

� � _ � ���

� �hbh:n4��`B9/1ynl=a9/1lk�MB90�47>�	5�
+,>

x(E(Ti)) ≤ |Ti| − 1, i = 1, ...k,

x(E(Ti ∩H)) ≤ |Ti ∩H| − 1, i = 1, ...k,

x(E(H \ Ti)) ≤ |H \ Ti| − 1, i = 1, ...k,
a�bh:

1
2

0�>nb��|0�p?b�� � � _ � ��� #5a�47:n4|b7k5yo0i:

x(E(H)) + 1
2

k
∑

i=1







∑

e∈δ(H)∩E(Ti)

xe +
∑

e∈E(Ti)

xe +
∑

e∈E(H∩ Ti)

xe +
∑

e∈E(Ti\H)

xe







≤

1
2

(

b(H) +

k
∑

i=1

(|Ti|+ |H ∩ Ti|+ |Ti \H|)− 3k

)

.
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F��q4uch0?wg�MB90
∑

e∈δ(H)∩E(Ti)

xe +
∑

e∈E(H∩ Ti)

xe +
∑

e∈E(Ti\H)

xe =
∑

e∈E(Ti)

xe

0

|H ∩ Ti|+ |Ti \H| = |Ti|,

yo0��|bh> �MB90

x(E(H)) +
k
∑

i=1

∑

e∈E(Ti)

xe ≤
k
∑

i=1

|Ti|+
1

2
(b(H)− 3k).

� � _ ��(��

+,b��qb�b�/v4785b�0i>=�MB90i:n89b�850 � � _��*(�� &ql16 yo0?l1:nb�0
b(H) + k

& #��|a�47:?#*agb{890��|bh>�>nB9k5>;yol yoB9l1:
1
2
(b(H)− 3k)

agbh:
b 1

2
(b(H)− 3k)c = b(H)−3k−1

2
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890?>;l��hB�4e/=8�47850?>mG,/1bh>n>;b���_ J�4'ch0?:;8�47890e#@4��uk�47>`>n}7b
{0, 1

2
}
LOp?bh:�yo0i>m890�+,C c�q y 47/ L���b��qb7:4�

� ��� ��MB90�89l1j 0i:n0��Wag0?/v4<l=6 yo:;bE89B5~�}7bm890�850?>nl��hB�47/18�47890i>�	5�
+,> � � _ � ��69bf>;l=>;yn0��q4`/=l1690�47:$�MB90
�h0?:n4qb pibh:;yn0u890`+,CMcpqeyo47/ LI��b��qbh: �h_DJ�b7yo0�y 4��uk &�� �MB90uB��A4f890i>nl��7B�47/=8947890m+,b��`k'agbE850
yo0?:fpibE0&��p?l10?6 yo0

2
0��MB90�47>q+,b��`k5> �h0i690?:n47/=l1w�4�� 47>|G,/=b7>n>nb�� 6�4 �q0i89l=8�4S0�� �{B50�B��

yob{b7yoC�agbE890�l16989B9wil=:@B �A4mp?/1lk�MB90�pib�� �q47l=>@850%B �A4f47:;0?>;yo45_
+,b769>nl1890?:;0�4��hb7:o4 b a�b7/=l=0i89:nb

P3(n, b) := {x ∈ � |E| : x ∈ P2(n, b) ∩ (3.16)}
0

b�a�b76Mynb�032{yn:n0��|b
x
l16989l=p?4789b�6�4��rl��hB9:o4 � _t�E_��D0?a�4e:n0I�MB90

x
c{l1bh/v4�4S+,b��`k l=6989B5w?l=894

a�0i/=bh>qp?bh6/�;B56Mynbh>
H = {1, ..., 6}

#
T1 = {4, 9, 10}

#
T2 = {5, 7}

0
T3 = {6, 8}

a�47:o4

b := [2, 1, 2, 3, 2, 2, 2, 2, 2, 2, 3, 1]
_�J�b7yo0g�MB90

b(H) + k
& #��|a�47:,0 �MB90%bf/v4789bf89l1:n0il1yobf890

� � _ � ����ce47/=0 (�0?69�{B9476 yob�b�/=4789b�0i>=�MB90i:n89b�>;b��A4
81

2

_PJ�}7b�0 25l1>;yn0���890?>;l��hB�4e/=8�47850?>PG�/=bh>;>nb��
cEl1bh/v4e8�47>,agbh:

x
#9l1>;ynb�&7#

x ∈ P2(12, b)
_H� p?0i:;yolo��p�4e~�}7bf890�l=65032El=>�y?\?65p?lv4`850�890?>;l��hB�4e/=8�47850?>

G,/=bh>;>nb��Xc{l1bh/v478947>Ha�b7:
x
j b7l9j 0?l1yo4%pib��Ub`4e/��hbh:;l1y!�qb�0 254eyob`850�!*0iynp C5j bh:;8 0iy,47/ _ � (h�  � c70)�n4

b|��a \i6989l1p?0%G$�3_
� >;0��hB5l=:�yo:n4ey 4 �qbh>s890HB��q4D850?>nl��hB�47/18�47890P47l=69894 �A47l1> �h0i:o47/ �MB90
47>^+,b��`k9>?#e47>^+,/1lk�MB903L

�:;0?0?>i_

.� .� �� � � $ 1 � �7�2�!6��2�!�2$%1OF 6���� �2$ � � 
8$D$%1
� c74e/=l=8947890�8�4e>�850?>nl��hB�47/18�47890i>�+,/=l �{B503L&^:n0i0?>�p?b�� :n0i/v47~?}7b 47b a�b7/=l1ynbhagb

PCV (n)
j b7l

0?>;yo47kg0?/=0ip?l18�4<agbh:,��:��7yo>;p C90?/�0�)HB9/=/10 �{k9/=476 � � �h�  _"�H>;y 4e>,890i>nl��7B�47/=8947890?>�>o}7b<890 �969l=8�4e>,0��
yo0?:'�qb7>,890A@93�%CB9Rk#<8

Hi, i = 1, ..., r
#C')#<#&'O@

Tj, j = 1, ..., s
0�890�a�4e:?l��|0iyn:nbh>

tj, j = 1, ..., s�{B50%850iyo0i:!�|l=6�4 �Wbf6 ���q0i:nb|890�C�476985/=0?>F�MB90�p�4e8�4fynbEbeyoC
Tj

l=6 yo0i:np?0ia5y 4E_

� �



T1

T2

7

6

T3

H

1
2

1

5

11

8

1

2

3

9

12

10

4

�rl��hB9:o4 � _z�E�"F�� agbh6 yobf032{yo:;0��|b
x ∈ P2(12, b)

�{B50�c{l1bh/v4`B��q4m890?>;l��hB947/=8�4e890�+,b��`ks_

� $ � �K������� .� � �^3�*43Z- �
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∑

i=1

x(E(Hi)) +
s
∑

j=1

x(E(Ti)) ≤
s
∑

j=1

(|Tj − tj|) +
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r
∑

i=1

b(Hi)− s− 1
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∑
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∑
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∑
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∑
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|Tj|+
∑

Tj∈C2
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∑
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|Tj|+ |T |
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Tj∈C1
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Tj∈C2

tj =
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∑

i=1
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sz(C1) + sz(C2) =
∑

Tj∈C1

|Tj|+
∑

Tj∈C2

|Tj| −





∑

Tj∈C1

tj +
∑

Tj∈C2

tj



 +

1
2

(

∑

Hi∈C1

b(Hi) +
∑

Hi∈C2

b(Hi)− s(C1)− s(C2)− 2

)

=

r
∑

j=1

(|Tj| − tj) +
1

2

(

∑

Hi∈C1

b(Hi) +
∑

Hi∈C2

b(Hi)− s(C1)− s(C2)

)

+ |T | − 1 =

sz(C) + |T | − 1.
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∑
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∑
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∑
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(|Tj| − t′j) +
1
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∑

Hi∈Cy

b(Hi)− s(Cy)− 1









=
k
∑

y=1

s(Cy)
∑

j=1

|Tj| −
k
∑
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s(Cy)
∑

j=1

t′j +
1

2

k
∑
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∑

Hi∈Cy

b(Hi)− s(Cy)− 1





=

s
∑

j=1

|Tj| −

(

s
∑

i=1

tj − k

)

+
1

2

(

r
∑

i=1

b(Hi)− b(H)− s(C)− k
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=

s
∑
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(|Tj| − tj) +
1

2

(

r
∑
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b(Hi)− s(C)− 1

)

+
1

2
−

1

2
k + k −

1

2
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= sz(C)− 1
2
b(H) + k+1

2
.

�rl=6�4e/��|0?6 yo0e#gagb{890��|bh>�4ea9:n0i>n0?6 yo47:�b :n0i>nB9/ y 4785b(a9:nl169p?l1a�47/ 890?>�y 4�	E0i~�}7b5#*4()H:nbhagbh>nl1~�}7bA4
>n0��7B9l=:i_

:9
�=35�71*�����"� .� . �
�
%!
�Rk-=eX-"3X- �C#<-/*<#&H`3 � #�� #&H �

���
� � � 8ABX#<8&5oe�U]3�RoBh3hBX#<8 ! RS56TVU,#&j �9*?#<#<8

� � #�� � � 8 �X- N 
�RS56Bh3/8^193�*43
PARG(n, b) #

� �



:9
� B"��� � a9:;bdce4 &�k�47>;0�47894u0��Vl=6589B9~�}ebu69b<6 � �q0i:nb`890m@93�%CB9Rk#<83_H	E0�4`+,/1lk�MB90��:;0?0�69}7b
a�bh>;>nB9l�C�476985/=0?>�� p�4e>nbmk�47>;0�� #9032El=>�yo0�4ea�0i6�47>@B��Vyob{b7ynC 0�0?6 yo}7bf4m+,/=l �MB90�^:n0?0�:n0?>;B��|03L&>;0
4�B��q4�	5�
+�#�p?B/�n4�c74e/=l=8947890 &Ap?b769C90?pil=8�4E_�+@47>;b�p?b76Myn:?q7:;l=b�>nB9agbh69C94W�MB90 � C5l=a � yo0i>n0A850
l=6989B5~�}7b ��47>�+,/1lk�MB90`^:n0i0?>�>o}eb c�qe/=l=8947>�a947:o4

r
� bhB �|0?65bh> ��C9476989/10?>�0m4e>n>nB �A4��MB90

C
&

B��A4%+,/1lk�MB90D�:;0?0�p?b�� C�476989/10?>
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C1, C2, ..., Ck
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C
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_,+,bh69>nl1890?:;0u4el=698�4 �MB90
Ci

p?bh6 yo0i69C�4
Ti

#
i ∈ {1, 2, ..., k}

0
�{B50

s =
∑k

i=1 s(Ci)
_

+@4e8�4�B��q4�8947>
C1, ..., Ck

+,/1lk�MB90
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_`)�47:o4(p�4e8�4(B��A4E#�>n0b�n4��
Ci
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�

Ci) = sz(C)−
1

2
b(Hr+1) +

k + 1

2
−

r
∑

k=1

|Hr+1 ∩ Ti|.
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∑

i=1

x(E(Hi)) +
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∑
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x(E(Tj))

)

≤

k
∑

i=1

(
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�

ai x + x(E(Hr+1 ∩ Ti))
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+
∑
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k
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�
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+ b(Hr+1) =
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x ∈ P2(20, b)

�MB90 c{l=bh/=4 4 +,/=l �{B503L&^:n0i0 bhkEyol=894 �MB�476589b
b =

[2, 2, 1, 2, 2, 2, 3, 1, 3, 3, 2, 1, 2, 3, 2, 2, 2, 1, 3, 2]
#
s = 5

#
r = 2

#
H1 = {2, 3, 4, 5, 6, 7}

#

H2 = {11, 12, 13, 14, 15, 16}
#
T1 = {4, 7, 10, 11, 14}

#
T2 = {13, 17}

#
T3 = {16, 18}

#

T4 = {5, 6, 8, 9}
#
T5 = {1, 2}
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H2, T6 = {10, 11, 14}, T2, T3

0
H1, T7 = {5, 6, 9}, T5, T8 = {4, 10}
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kPARG(n)
890

PARG(n, b)
#Pa947:o4'b �MB�4e/

bi = k ≥ 3, ∀i ∈ V
_S��b
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bi ≥ 2
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bi = 1
69bq0i>;ynB989bAagbh/1l=0?85:o47/
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bi = k
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(a, a0) ∈ � |E|× � � bhBm0 �MB9l1ce47/10?6 yo0��q0i6Myn0

{x ∈ � |E|
+ : ax ≤ a0}
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kPARG(n)
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G(a) =

(V, E(a))
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E(a) := {e ∈ E : ae 6= 0}
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 �l=wi0��|bh>m�{B50
(a, a0)
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(a, a0)
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kPARG(n)

#p�MB90@>n0i:?q�B5>o4789b�47b�/1bh6��hb
890?>�y 4q	E0?~?}7b9_

� $%���M.� . � #�� 3 (a, a0) ∈ � |E|× � � a 6= 0
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{x ∈ � |E|

+ : (µ1 � + a)x ≤ µ1(|V | − 1) + a0}
_�J�b7yo0 �MB90

âf = 0
0
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0
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9 HV;LH��>@�N�@²z~?FNQ?F��@J=�EOCFM<\V=LE�=>HV;LM<CRGI@ 7 GIH 9 @-\VEJCAb<H2?RGT@ 9 @ONQ@ 9 H2?A=I@~�
�gN�@�;>?FNQP<CF?Fw^\V@J|��YE 9 H�EG= 9 HVN�P<=>X2GI?F\�@�@ 9 E:GI@ 9 @�HVN pxq'�~q:E ���²u���M<H$GI@JNU��iVN�@ 9 E:GT@²�

NQEG;c@J��M<?�i[@y;>H2vGM<? 7 G>HJ�S¢KNU��EG=I@y@�´ EG=>NyM<CZ@J|V�JE�¤ �~�xqm¦8�{¤ �~�xq' ¦ 7 EG; 9 ��ª^H{z~?A�<?FCA? 9 @ 9 H�P^@J=>@U@
? 7 ;BGT@JCA@J|��JE 9 HgM<NQ@ 9 H 7 GI=LH
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G>?AP�EG; 9 H*G>HV\ 7 EGCAEJvG?Z@[HVN�M<NQ@�CAEh\�@JCF? 9 @ 9 H
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E
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i2E~H2N

vGHV=>@JC EKNUM:?RGIE0PRH2�hM:H 7 E<� B�=LHV��M<H 7 G>HVNOH 7 GIH2Ee@JP�H 7 @J; 9 M^@J;cG>HV\ 7 EGCAEJvG?Z@J;�;I�JE�H2NQP<=LHVv @ 9 @J;V�
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 � ���T±�H�± � �	� ��� �I±�� 4 ; G>EG=>=LHV;IE N�@Y?A;�\�@J=>@J;@E ;>�JEkNQ@J?A;�@ 9 HV��M^@ 9 @Y;UP^@J=>@0CAEh\�@J?F;�_ 7 vG=L?ANOHV;
H�P�E 9 H2N GI=>@ 7 ;>P�EG=BGT@J=yGIEG=>@J; 9 H�NQ@ 9 HV?F=I@J;�P�EG=�vG=I@ 7:9 HV; 9 ?A;BGTj 7 \2?Z@J;�¤�@^GIi

1000
NOHIGI=LEG;T¦{�

�[;�; ��? 9<9 HV=L;@EKP�EG=�EGM�G>=>E0CA@ 9 E.E©;I�YE0M�G>?ACA?F��@ 9 EG;�HVN�CAEh\�@Y?A;�N�@Y?A;�P<CZ@ 7 EG;�HQ;LHVM M<;LEki�=LHV;��
GI=>?�GIE @ 9 ?A;JGIj 7 \2?Z@J;UNOH 7 EG=>H2;�¤�@2G>i

300
NQH6GI=>EJ;T¦��¡¢KN G>HV=>NOEG;UP:=IX2G>?A\VEJ;@EKHVN ´ M 7 |V�JE 9 @J;

\�@J=>@J\IG>HV=>_F;JG>?A\�@Y;§vJHVEGvG=>XYw^\V@J; 9 @�=>H2vG?Z�JE[ª^EJ=>HV;BGT@JCqE~igP�EG;>;L_FWGH2CR;>@J��HV=@E:@�P:=>?AEJ=>? E ��M^@YCRigExG>?AP�E
9 H�GIHV\ 7 EGCFEGvG?Z@QN�@J?F;[@ 9 H2��M^@ 9 @	@/\V@ 9 @�CAEh\�@YCA? 9 @ 9 HyH2N

T
� 4 ;>;L?AN!;LH 7<9 E.E©@ 7 E2GT@J|V�JE

T k

;>HV=>X0H 7 GI�JE @J��EGCA? 9 @:� 4 ;>;LM<NQ?FNQEJ;y@J;L;>?FN ��M<H
T
9 H 7 E2GT@0E	\VE 7 �LM 7 G>EXGIE2GT@JC 9 H.P�EG;L;>_FWJHV?F;

PRE 7 G>EG; 9 H[? 7 ;JGT@YCZ@J|V�JE 9 H�NQ@J��M<? 7 XY=>?AE�H��hM:H:E^P^@J=>@U\�@ 9 @
j
HVN

T
E^@YPRH 7 @J;dM<NQ@ 9 @J; 9 M<@J;

GIHV\ 7 EGCFEGvG?Z@Y;ei�? 7 ;BGT@JCA@ 9 @:�
B^H2?RGT@Y;eHV;BGT@J;�\VE 7 ;>? 9 HV=>@J|V}hHV;IE�@J;>;LE~\2?Z@JNOEG;e@YEQ�S�S¢§£�M:N�vG=I@²´ E 7 �JE 9 ?F=>HV\2?AE 7 @ 9 E

G =

(V, E)
E 7<9 H

V = M ∪ T ∪ N ∪ {s}
� ¢S;BGIH�vG=I@²´ E.ES\VEGN M<N \VE 7 �LM 7 GIE 9 H�@J=>H2;JGI@J;

EiSGI?FP<?A\V@JNQH 7 GIH�NyM<?RG>EkHV;LP^@J=>;LE.Eo�>Xk��M<H/@J;-H�zYG>=>HVNO? 9 @ 9 HV; 9 H�;>M^@Y;�@J=>H2;JGT@Y;-=>HVP:=>HV;LH 7 GT@YN
CAEh\�@JCF? 9 @ 9 HV;���M<H�;L?RGIM<@JN�� ;>HUP:=>��z~?ANQ@J;@E�M<NQ@J; 9 @Y;[EGM�GI=>@J;V� 4 CAi2N 9 ?F;JGIE�E @J;>;LM<NQ?FNQEJ;]��M<H
7 �JEOb^XQ@Y=>HV;BGT@

e ∈ E
��M<H�PREG;L;>M^@OM<NQ@�H{zYGI=>H2NQ? 9 @ 9 H�H2N

M
H�EGM�GI=>@-HVN

M ∪N ∪ {s}
E

?A;JG>Eki:E§@J;-\2iVCFM<CZ@J;U@k;>HV=LHVN \2EGCAb:? 9 @J;�;>��P�E 9 H2N ;LH�\VE 7 HV\IGI@J=-\VEJN�P�EG;>;L_FWGH2?A;-P�E 7 GIEG; 9 H
CAEh\�@JCF?A��@Y|��JE 9 H�NQ@J��M<? 7 XY=>?AE:� 4 ; 9 H2N�@Y?A;§@J=>H2;JGI@J; 9 H

G
P�EG;>;LM<HVN6@JNy�^@J;�@J;�H{zYGI=>H2NQ? 9 @ 9 H2;

HVN
T ∪ N ∪ {s}

� 4 ;L;>?FN ;>H 7:9 E.E@Y;>;>M:NQ?FNQEG;���M<HUEQ\VE 7 �LM 7 GIE 9 H�@J=LHV;JGI@J;
E = E1 ∪ E2

i�P^@Y=JGI?F\V?FE 7 @ 9 E�H2N
E1 = {(i, j) : i ∈ M, j ∈ T}

H
E2 = {(i, j) : i, j ∈ N ∪ T ∪ {s}}

�
l�E:G>H[�hM:H

E1 ∩ E2 = ∅
�

�];�\VM<;BGIEG;�H�=>H2\VHV?�GT@J;�H 7 WJEGCFWh? 9 EG; 7 EG; 9 EG?A;[NOE 9 HVCFEG;[;I�JE�EG;�;>H2vGM<? 7 G>HV;2� 4 ;L;>Eh\V?Z@YNQEG;
M<N�\2M<;JG>E[w:z~E

fj ≥ 0
@YEG;DWGi2=JG>?A\VH2;KHVN

N∪T
�D¢S;BGIHd\2M<;JG>E�ic\VE 7 GT@Y�<?ACF?A��@ 9 E.E²PREG=�H�z~HVNOP<CFE.E

;>H[Eh\VEG=L=>HV=e@y? 7 ;BGT@JCA@J|��YE 9 H]NQ@J��M<? 7 XJ=>?FEyHVN
j ∈ T

���gN \2M<;JG>EUw:z~E
ce ≥ 0

i[@2G>=>?F�<M<_ 9 EU@
\�@ 9 @Q@J=>H2;JGI@

e = (i, j) ∈ E1 ��¢K;BGIHU\2M<;JG>E.i�\2E 7 GT@J�:?ACA?F��@ 9 EO;LHxG>E 9 @Q@Q\2EGCAb<H2?RGI@ 9 @O\Vi2CAM<CA@
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i ∈ M
iy´ H2?RGI@�@2G>=I@�WGi2; 9 @�CFE~\V@JCA? 9 @ 9 H

j ∈ T
� �]@.NOHV;LN�@�´ EG=>NQ@�E�@2G>=>?A�:M<_ANOEG;�M<N \VM<;BGIE

w:z~E
de ≥ 0

@�\�@ 9 @¡@J=LHV;BGT@
e = (i, j) ∈ E2 �¥¢S;BGIH/WY@JCAEG=y=>HVP:=>HV;LH 7 GT@¡E¨? 7 WGHV;BGI?FNQH 7 G>E

7 HV\2HV;>;>XJ=>?FE�P^@Y=I@Q\2E 7 ;BGI=>M:?A=gEVG>=>HV\Tb:E
(i, j)

9 @Q=>H 9 H 9 H�H2;JGI=>@ 9 @J;2�g�D@J=>@.£ �8E�M<NQ@�=>HV\2HV?�GT@
ri

i'GT@JNU��iVN�@J;>;LE~\2?Z@ 9 @-@YEG;dWGiV=BGI?F\VHV;
i ∈M

�
B�? 7 @JCFNQH 7 GIH:E2�LM:;JGI?xw^\�@YNQEG;§@JvJEG=I@ 7 EG;>;>@y@Yw<=>NQ@2GI?xWJ@ 9 H���M<H]@�?ANOPREG;L?A|V�JE 9 H�M:N �<7 ?A\2E

PRE 7 G>E 9 H]H 7 G>=I@ 9 @ ��;I@J_ 9 @
s
7 �JEyi]=>H2;JGI=L?RG>?FWY@�P^@Y=I@-£¡q[EJM.P^@J=>@-£ �~�§f~H]@JEU\VE 7 G>=IXJ=L?AE 9 H

M<N�@ �<7 ?F\�@yH 7 G>=I@ 9 @�E:M<N�\2E 7 �LM 7 GIE
S
9 H]PREJ;>;>_xWGH2?A;cH 7 GI=I@ 9 @J;@E:\VEGN

|S| > 1
E:i 9 ?A;LPRE 7 _FWJHVC E

PRE 9 HVNOEG;cG>=I@ 7 ; ´ EG=>NQ@J=UE�P<=LEG�<CFHVNQ@�EJ=>?AvJ? 7 @JC 7 EG;�P<=LEG�<CFHVNQ@J;U? 7:9 ?A\V@ 9 EG;-P�EG=O£¡q�H	£ �
9 @�;LHVvGM:? 7 GIH�´ EG=>NQ@:� 4 \V=LHV;L\VH 7 GI@JNQEJ;yHVN

G
M<N WGi2=JG>?A\VHQ@J=BGI?Fw<\V?Z@YC

0
E HVN�\2E 7 �LM 7 GIE	\VEGN

@J=>H2;JGT@Y;S@J=JG>?Fw^\2?Z@J?F;
{(0, i) : i ∈ S : d(0,i) = 0}.

4d9 ?F\V?AE 7 @JCANOH 7 G>H:EJ? 7 GI=>E 9 M<�2?ANOEG; H2N
N
EG;

WGiV=BGI?F\VHV;SH2N
S
� ��H2;JGI@�´ EG=LN�@8EJ\VE 7 HV\6GT@J=SE]WGi2=JG>?A\VH

0
³Y;K\ViVCFM<CZ@Y;K@];>H2=>HVN�\VEGCFb<? 9 @Y;�¤ WJiV=JG>?A\2HV;

HVN
M
¦S;>�yigP�EG;>;L_FWGH2Co@^GI=I@�WJiV; 9 H�@J=LHV;BGT@J;c@J=JG>?Fw^\2?Z@J?F; \VEGN�\2M<;JG>E 7 M<CAE:�Kl�E:G>H���M<H�E�WJiV=BGI?A\2H

@J=JG>?Fw^\2?Z@JC
0
´ M 7 \2?AE 7 @UH{z:@2GT@JNOH 7 G>H�\2EGNOE-M<N �<7 ?A\VE-WJiV=JG>?A\2H 9 H[H 7 GI=>@ 9 @�P^@J=I@-@Uª^EJ=>HV;BGT@�H

�hM:H:E:P�EG=S\VE 7 ;JG>=>M<|V�JE.E:E�\VM<;BGIE 9 @yXJ= WGEG=LH 7 EyvG=I@Y´ E�H�z~P^@ 7<9 ? 9 Ey?AvJM^@JCZ@[E�\VM<;BGIE 9 @�ª^EG=LHV;JGI@
EG��GI? 9 @-@JE�;>H�=>H2NQEtWJHV=g@J;�@J=LHV;JGI@J;�@J=JG>?Fw^\2?Z@J?F;V�
l�@.P<=>��z~?ANQ@.fhHV|��YE.E�@JP<=LHV;LH 7 GT@JNOEG;�´ EJ=>NUM<CA@J|V}hHV; 9 H-�K=>EJvG=I@JNQ@J|V�JE 587 GIH2?A=>@.P^@J=I@.£¡q

Hy£��~�
� ��� ��� � ��
 � ��������� ��� ��� ! 
"� ��
 �#� ������� $&��
���� 
 � ��� 
�� �� � � � ��� ��

��
"��� � ��
 ��
��	�
�	 � 	 � �����������,����������3,��:, ���
4�7 GIH2; 9 H�@JP:=>HV;LH 7 GT@Y=>NOEG;O@�P:=>?ANOHV?F=I@	´ EJ=>NUM<CA@J|��YE 9 H��S=LEGvG=>@JN�@Y|��JE 587 G>HV?A=>@¨P<@J=I@¨£¡q�E
;I@JCF?AH 7 GI@JNQEJ; ��M<H�@Y;SWY@J=L?ZX�WGH2?A; 9 H 9 H2\V?F;I�JE�HVNOP<=>H2v @ 9 @Y;�@Y�hM:? E

x
H

y
E�@J;>;LM<NOHVN%;L?Av 7 ?xw^\�@ 9 E

9 ?A;BGI? 7 G>E 9 @J��M<H2CAH.M8GI?ACF?A�V@ 9 E�HVN ¤ �~�xqm¦8�{¤ �~�xq' ¦{� 4 ;>;>?FN ;LH 7<9 E.ESHVNOP<=>H2v @JNOEG;U@J;�WY@J=>?AXtWJHV?F;
{yi ∈ {0, 1} : i ∈ T ∪ N}

P^@J=>@kHV;>\2EGCAb:HV=-EG;UWJiV=JG>?A\2HV; 9 H�fYG>HV? 7 HV= 7 @k;>EGCFM<|��JE:�"!GX @J;
WJ@Y=>?ZX�WJHV?A;

{xe ∈ {0, 1} : e ∈ E}
;I�YEkM<;I@ 9 @J;UP^@Y=I@0H2;>\VEJCAb<H2=U@J;-@Y=>HV;BGT@J; 7 @kXJ= WGEG=LHJ� 4

´ EG=>NUM:CZ@J|V�JEUi 9 @ 9 @-P�EG=V�
NO? 7

w =

{

∑

e∈E1

cexe +
∑

e∈E2

dexe +
∑

j∈T∪N

fjyj : (x, y) ∈ H1 ∩ ( # |E|, # |T |+|N |)

}

,

¤ �~�xq�·�¦
E 7<9 H�@-=>H2vG?Z�JE-P�EGCF?Ai 9 =>?A\V@

H1
i 9 H�w 7 ? 9 @-\VEGNOE<�
∑

e∈E

xe =
∑

j∈T∪N

yj + |M |,
¤ �h�Fqm¶J¦
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∑

e∈δ(i)

xe = 1, i ∈M,
¤ �~�Fq�s ¦

∑

e∈E(S)

xe ≤
∑

j∈S∩(T∪N)

yj + |S ∩ (M ∪ {s})| − 1, S ⊆ V, S ∩ (M ∪ {s}) 6= ∅,
¤ �~�xq
�G¦

∑

e∈E(S)

xe ≤
∑

j∈S\{i}

yj, i ∈ S, S ⊆ V, S ∩ (M ∪ {s}) = ∅,
¤ �~�xq�� ¦

0 ≤ xe ≤ 1, ∀e ∈ E,
¤ �~�Fq � ¦

0 ≤ yj ≤ 1, ∀j ∈ N ∪ T.
¤ �~�	��� ¦

4 ´ EG=>NUM:CZ@J|V�JE.¤ �~�xq�·�¦§i�M<N�@�@ 9 @JP8GT@J|V�JE 9 @y´ EG=LNUM<CA@J|��JE�? 7 G>=>E 9 M<�V? 9 @�H2N p ¶&�E � �8E � ¶²u
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M ∪ {s}
HUEG;

WGiV=BGI?F\VHV; 9 HyfYGIH2? 7 H2=�;LHVCAH2\V?FE 7 @ 9 EJ;V� 4 ; � f:¢§`c;-¤ �h�Fq
�J¦dH�¤ �h�Fq��G¦dvG@J=I@ 7 G>HVN ��M<HU@O;>EGCFM<|��YE
i�CF?FWh=>H 9 H�\V?A\2CAEG;2����HV;L?Av 7 @JNQEJ;�¤ �~�xq�·�¦�\2EGNOEQ@U´ EG=LNUM<CA@J|��JE � f:¢§` 9 Hy£¨qG�

�gN�@�´ EJ=>NUM<CA@J|��YE�@JCRG>HV= 7 @2GI?xWY@QP^@J=>@�£¡q�PRE 9 H-;>H2=[EG��G>? 9 @�@2G>=I@�WGi2; 9 @/@ 9 @JP�GI@J|��YE 9 @
´ EG=>NUM:CZ@J|V�JE 9 H�«�® � ± ��� ±D? 7 G>=>E 9 M<�V? 9 @�P^@Y=I@�E��§f � P�EG= 4�7 H8�>@Op �mu��Sf~M<@]HV;JG>=>M�G>M<=I@[P�EGCA?FH 9 =>@JC
´ EG?�HV;BGIM 9 @ 9 @�P�EG=�`cb<EGP<=>@QH ��@JE	p �&8E �Y·Ju H�HVCA@�´ EJ?©M8GI?ACF?A�V@ 9 @UHVN ?FNQP:CAHVNOH 7 GI@J|V}hHV;d\2EGN��
P<M�GT@Y\V?AE 7 @J?A;dP�EG=�`cb<EGP:=I@QH6G]@YC ��p	� �mu�H ��Eh\Tb0Hy£0@J=BGI? 7 p �G¶²u�� 4 ´ EG=>NyM<CZ@J|V�JE�@JC�GIHV= 7 @2G>?FWY@�E
@J��M<? 9 H 7 EJNQ? 7 @ 9 @ 9 H�´ EG=>NyM<CZ@J|V�JE�` ����P<@J=I@�£¡q�Eh�^@J;LHV?Z@m�8;>H�H2N M<N 9 ?AvJ=I@Y´ E

D = (V, A)EG��GI? 9 E.@.P<@J=JG>?A= 9 E�vG=I@²´ E
G = (V, E)

E 9 H�w 7 ? 9 E/@ 7 GIHV=L?AEG=LNQH 7 GIHJ� 4 \VE 7 ;JGI=LM<|��YE 9 H
D
@

P^@J=JG>?A= 9 H
G
i]´ HV?RGI@ 9 @-;>HVvJM<? 7 GIH[´ EG=LN�@~�

•
\�@ 9 @Q@Y=>HV;BGT@

e = (i, j) ∈ E1 E9GT@JC���M<H i ∈ M
H

j ∈ T
E 9 XQEJ=>?AvJHVN @�M<N @J=L\VE

[j, i]HVN
A
E<\VEJN�\VM<;BGIE

c[j,i] = c(i,j)

�

•
\�@ 9 @U@J=LHV;JGI@

e = (i, j) ∈ E2
9 XUEG=>?FvGHVN 9 EJ?A;e@Y=>\VEJ;eHVN

A
E
[i, j]
H

[j, i]
�§�D@Y=I@

[i, j]
E

GIH2NQEG;d��M<H
c[i,j] = d(i,j) + fj

� 4�7 @JCFEGv @JNOH 7 GIH2E:P^@Y=I@
[j, i]

E
c[j,i] = d(i,j) + fi

�
��@J=I@k\V@ 9 @ @J=L\VE

a ∈ A
ES@J;>;LE~\2?Z@JNOEG;�M<N�@�WJ@Y=>?ZX�WJHVC 9 H 9 HV\2?A;>�JE

0 − 1
E
ha

EK��M<H�@J;��
;>M<NOH�WJ@YCAEG=

1
Ec\V@J;>E¨Ea@Y=>\VE¨P�HV=JG>H 7 |V@¡@�M<NQ@ ;>EGCFM<|��JE 9 E¡�S�S¢�£ E�EGM

0
E§\�@J;LE¡\2E 7 GI=>X²�

=>?AE:�%��H�w 7 ?FNQEG;�E�\2E 7 �LM 7 G>E 9 H�@Y=>\VEJ; 9 H
A
�hM:Ha±V°���� 9 H¨M:N \VE 7 �LM 7 GIE 9 H WGi2=JG>?A\VH2;

W ⊂ V
\2EGNOE

δ+(W ) := {[i, j] ∈ A : i ∈ W, j ∈ V \ W}
� 4�7 @JCAEGvG@JNQH 7 GIH:E

9 H2w 7 ?ANOEG;0E�\2E 7 �LM 7 G>E 9 H�@J=L\VEG;0�hM:H «�� ��� °�� @ M<N \VE 7 �LM 7 GIE 9 H¡WGiV=BGI?F\VHV;
W ⊂ V\VEGNOE

δ−(W ) := {[i, j] ∈ A : i ∈ V \ W, j ∈ W}
� f~?ANO?ACA@J=>NOH 7 G>H:E 9 H 7 E:GI@JNOEG;UP�EG=
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h(M) :=
∑

a∈M ha

Eo@O;>EGNQ@ 9 @Y;�WY@J=>?AX�WGHV?F; 9 H 9 H2\V?A;>�JE
h
@J;L;>Eh\V?A@ 9 @J;�@�M<N \VE 7 �LM 7 GIE 9 H

@J=>\2EG;
M ⊆ A

�
¢K;BGT@JNOEG;g@JvGEG=>@UHVN�\2E 7<9 ?F|��JE 9 H�@JP:=>HV;LH 7 GT@Y=�@U´ EG=LNUM<CZ@Y|��JEO` �g� P^@J=>@O£¡q�\2EGNOE<�

NQ? 7
w =

{

∑

a∈A

caha : h ∈ H2 ∩ # |A|

}

,
¤ �~�	�~qm¦

E 7<9 H�@-=>H2vG?Z�JE-P�EGCF?Ai 9 =>?A\V@
H2

i 9 H�w 7 ? 9 @-PREG=2�

h(δ+(W )) ≥ 1, ∀W ⊂ V, s ∈ W, (V \W ) ∩M 6= ∅,
¤ �~� �&�G¦

h(δ+(i))







= 0,
;>H

i = s
= 1,

;>H
i ∈M

≤ 1,
;>H

i ∈ (T ∪N)
,

¤ �~�	�& ¦

h(δ−(i)) ≤ h(δ+(i)), ∀i ∈ (T ∪N),
¤ �~�	�Y·�¦

h(δ−(i)) ≥ ha, ∀a ∈ δ+(i), i ∈ (T ∪N),
¤ �~�	�G¶G¦
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