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Abstract

In this note, we are interested in solving the minimization problem with equality con-
straints, with non-convexity assumptions. To solve this problem, we consider the primal-
dual algorithm that was studied by Armand and Omheni. But in our approach, we con-
sider the Pseudo-Huber function for the case of equality constraints, and not the quadratic
penalty function.

1 Introduction and Basic Results

We consider the nonconvex nonlinear programming problem (NLP) as follows

(P ) min
x∈Rn

f(x), subject to c(x) = 0, (1.1)

where f : Rn → R and c : Rn → Rm are continuously differentiable functions and not necessarily
convex. Inspired by the Primal-Dual algorithms studied in work [1] and work [2], we propose an
approach similar to that studied in the mentioned works, but considering a Huber function. We
denote by g(x) ∈ R the gradient of f at x and by A(x) ∈ Rn×m the transpose of the Jacobian
matrix of c at x. Let y ∈ Rm and w = (x, y). By define

F (w) =

(
g(x) + A(x)y

c(x)

)
, (1.2)

the first-order optimality conditions of problem (1) are F (w) = 0. For an iterate wk = (xk, yk) ∈
Rn+m, k ∈ N.
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1.1 The Pseudo-Huber Primal-Dual Algorithm (PHPDA)

We define the Pseudo-Huber Augmented Lagrangian Function (PHALF) as, LH : Rn × Rm
++ ×

R++ → R, as

L(x, λ, σ) = f(x) +
m∑
i=1

λici(x) +
m∑
i=1

1

σ

(√
ci(x)2 + 1− 1

)
= f(x) +

m∑
i=1

λici(x) +
m∑
i=1

1

σ
h (ci(x)) , (1.3)

where h : R → R is defined as
h(t) :=

√
t2 + 1− 1.

For more details on the Pseudo-Huber function, see work [3]. This function has the following
properties:

(a) h(0) = 0,

(b) h′(0) = 0,

(c) h′(t) = t√
t2+1

, with −1 < h′(t) < 1, ∀t ∈ R,

(d) h′′(t) = 1√
(t2+1)3

, with 0 < h′′(t) ≤ 1, ∀t ∈ R.

We can notice that the h function has properties similar to the hyperbolic function (work [4]
and [5]). In the function L, the penalty parameter is σ > 0 and λ ∈ Rm is the Lagrange
multiplier. The first-order optimality conditions for minimization LH(·, λ, σ) are

∇L(x, λ, σ) = ∇f(x) +
m∑
i=1

λi∇ci(x) +
m∑
i=1

1

σ

(
ci(x)√

ci(x)2 + 1

)
∇ci(x) = 0, (1.4)

factoring properly, we have that

∇L(x, λ, σ) = ∇f(x) +
m∑
i=1

(
λi +

1

σ

ci(x)√
ci(x)2 + 1

)
∇ci(x) = 0, (1.5)

or, equivalently

∇L(x, λ, σ) = ∇f(x) +∇c(x)⊤
(
λ+

1

σ
h′(c(x))

)
= 0, (1.6)

where
h′(c(x)) =

(
h′(c1(x)) h′(c2(x)) . . . h′(cm(x))

)⊤ ∈ Rm, for x ∈ Rn. (1.7)

We introducing the dual variable y ∈ Rm defined by

yi = λi +
1

σ

ci(x)√
ci(x)2 + 1

, i = 1, . . . ,m.

Let us note the following:
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(A1) By (c), we have −1 < ci(x)√
ci(x)2+1

< 1, then σ |yi − λi| < 1, i = 1, ...,m.

(A2) By (d), we have 0 < 1
σ

1√
(ci(x)2+1)3

≤ 1
σ
.

The optimality conditions can be reformulated as

Φ(w, λ, σ) :=

(
g(x) + A(x)y

F (x)c(x) + σ(λ− y)

)
= 0, (1.8)

where F (x) = diag

(
1√

c1(x)2+1
, 1√

c2(x)2+1
, . . . , 1√

cm(x)2+1

)
∈ Rm×m is the diagonal matrix, i.e.,

F (x) =


1√

c1(x)2+1
0 · · · 0

0 1√
c2(x)2+1

· · · 0

...
...

. . .
...

0 0 · · · 1√
cm(x)2+1

 .

The function Φ in the optimality conditions (1.8) can be rewritten under the following form

Φ(w, λ, ρ, σ) :=

(
g(x) + A(x)y

h′(c(x)) + σ(λ− y)

)
, (1.9)

where h′(c(x)) is defined in (1.7).
In this case, the regularized Jacobian matrix J of the function Φ with respect to w is defined

by

Jσ,θ(w) =

(
Hθ(w) A(x)

D(x)A(x)⊤ −σI

)
, (1.10)

where

D(x) =


1√

(c1(x)2+1)3
0 · · · 0

0 1√
(c2(x)2+1)3

· · · 0

...
...

. . .
...

0 0 · · · 1√
(cm(x)2+1)3

 (1.11)

=


h′′(c1(x)) 0 · · · 0

0 h′′(c2(x)) · · · 0
...

...
. . .

...
0 0 · · · h′′(cm(x))

 (1.12)

= diag (h′′(c1(x)) h
′′(c2(x)) . . . h

′′(cm(x))) . (1.13)

It is worth noting that the matrix D(x) is positive definite for all x ∈ Rn.
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The second order derivative of the function LH with respect to x is

∇2LH(x, λ, σ) = ∇2f(x) +
m∑
i=1

yi∇2ci(x) +
m∑
i=1

1

σ

1√
(ci(x)2 + 1)3

∇ci(x)∇ci(x)
T . (1.14)

The primal-dual merit function used in our work is given as below

φλ,σ,ν(w) = LH(x, λ, σ) +
ν

2σ
∥h′(c(x))− σ(λ− y)∥2 , (1.15)

where λ ∈ Rn is an estimate of the Lagrange multiplier, σ > 0 is the penalty parameter and
ν > 0 is a scale parameter to balance between two terms in the merit function.

The main of outer and inner iterations is to apply a Newton-type method to solve the
nonlinear system (1.8). Hence, at each iteration of these algorithms, algorithms tend to solve
the following linear system

Jσ,θ(w)d = −Φ(w, λ, σ), (1.16)

where Jσ,θ and Φ are respectively defined in (1.10), (1.9) and d =
(
dx dy

)
∈ Rn+n is the direction.

This system is equivalent to

H(θ)dx + A(x)dy = − (g(x) + A(x)y) (1.17)

D(x)A(x)⊤dx − σdy = − (h′(c(x)) + σ(λ− y)) , (1.18)

which implies

g(x) = −H(θ)dx − A(x)(y + dy) (1.19)

y + dy −
1

σ
h′(c(x))− λ =

1

σ
D(x)A(x)⊤dx. (1.20)

From this fact, we have the following results about the descent direction of the merit func-
tion (1.15).

Lemma 1.1. Let w ∈ Rn+m, λ ∈ Rn, σ > 0, and ν > 0. If d = (dx dy) is the solution of the
linear system (1.16), then

∇φλ,σ,ν(w)
⊤d = −dx

(
H(w) +

1

σ
A(x)D(x)A(x)⊤

)
dx −

ν

σ

∥∥D(x)A(x)⊤dx − σdy
∥∥2 . (1.21)

If H(w)+(1/σ)A(x)D(x)A(x)⊤ is positive definite and Φ(w, λ, σ) is nonzero, then d is a descent
direction of the merit function φλ,σ,ν at w.

Proof. By taking the gradient of φλ,σ,ν , we then have

∇φλ,σ,ν(w) =

(
g(x) + A(x)λ+ 1

σ
A(x)h′(c(x)) + ν

σ
A(x)D(x)(h′(c(x)) + σ(λ− y))

−ν(h′(c(x)) + σ(λ− y)).

)
(1.22)
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This implies that

∇φλ,σ,ν(w)
⊤d = g(x)⊤dx + λ⊤A(x)⊤dx +

1

σ
h′(c(x))⊤A(x)⊤dx

+
ν

σ
(h′(c(x)) + σ(λ− y))

⊤
D(x)⊤A(x)⊤dx − ν(h′(c(x)) + σ(λ− y))⊤dy

= g(x)⊤dx +
1

σ

(
h′(c(x)) + σλ⊤)A(x)⊤dx

+
ν

σ
(h′(c(x)) + σ(λ− y))⊤

(
D(x)⊤A(x)⊤dx − σdy

)
.

By substituting (1.19), (1.18) to the above formula with noting that D(x) = D(x)⊤ and H(w) =
H(w)⊤ and then using (1.20), we get

∇φλ,σ,ν(w)
⊤d = (−H(w)dx − A(x) (y + dy))

⊤ dx +
1

σ

(
h′(c(x)) + σλ⊤)A(x)⊤dx

+
ν

σ
(D(x)A(x)⊤dx − σdy)

⊤ (D(x)A(x)⊤dx − σdy
)

= −d⊤xH(w)dx −
(
y + dy −

1

σ
h′(c(x))− λ⊤

)⊤

A(x)⊤dx

− ν

σ
(D(x)A(x)⊤dx − σdy)

⊤ (D(x)A(x)⊤dx − σdy
)

= −d⊤xH(w)dx −
(
1

σ
D(x)A(x)⊤dx

)⊤

A(x)⊤dx

− ν

σ

∥∥D(x)A(x)⊤dx − σdy
∥∥2

= −d⊤x

(
H(w) +

1

σ
A(x)D(x)A⊤(x)

)
dx −

ν

σ

∥∥D(x)A(x)⊤dx − σdy
∥∥2 .

The proof is then complete.
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