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The Edge Clique Cover Problem (ECCP) seeks to find the minimum number of
cliques that cover all edges in a given graph. Despite its fundamental importance
in combinatorial optimization and many applications such as computational geom-
etry and network analysis, etc., ECCP remains computationally challenging due
to its NP-hard nature and its resistance to polynomial-time approximation. This
thesis presents a comprehensive investigation of Set Covering Problem formulations
for ECCP, developing both advanced heuristic frameworks and novel exact solution
methods. Part I introduces conceptual frameworks for algorithm design through sys-
tematic clique sampling, developing the Clique Sampling Heuristic (CSH), Reduced-
Cost Sampling Heuristic (RCSH), and Local Search enhanced RCSH (LS-RCSH)
that generate high-quality restricted formulations and significantly outperform tra-
ditional ECCP heuristics. Part II addresses fundamental limitations preventing
robust exact algorithms by introducing a branch-and-price framework based on sys-
tematic graph transformation from ECCP to equivalent Vertex Clique Cover Prob-
lems (VCCP), enabling adaptation of branching strategies, from the Graph Coloring
Problem, while preserving Maximum Weight Clique Problem structure throughout
enumeration trees. Additionally, we develop a novel representative-based VCCP for-
mulation that serves as both a standalone method and benchmark for the branch-
and-price approach. Extensive computational experiments across diverse instance
classes reveal distinct performance regimes where smaller and sparser instances re-
main tractable for exact methods while larger and denser graphs present significant
challenges. The heuristic frameworks demonstrate robust performance across the en-
tire test spectrum, with LS-RCSH achieving a reasonable balance between solution
quality and efficiency, while the exact branch-and-price method successfully provides
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meaningful bounds on some instances where direct SCP formulations fail. The con-
tributions extend beyond specific algorithms to include methodological insights into
clique-based optimization, systematic SCP formulation techniques, and principled
branching strategy adaptation that establish foundations for future research in this
challenging combinatorial optimization domain.
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O Problema de Cobertura de Arestas por Cliques (ECCP) busca encontrar o
número mínimo de cliques que cobrem todas as arestas de um grafo dado. Ape-
sar de sua importância fundamental em otimização combinatória e em muitas apli-
cações tais como geometria computacional, análise de redes, etc., o ECCP permanece
computacionalmente desafiador devido à sua natureza NP-difícil e à sua resistên-
cia ao desenvolvimento de algoritmos aproximativos em tempo polinomial. Esta
tese apresenta uma investigação abrangente de formulações do Problema de Cober-
tura de Conjuntos (SCP) para o ECCP, desenvolvendo tanto estruturas heurísticas
avançadas quanto métodos exatos de solução inovadores. A Parte I introduz estru-
turas conceituais para projeto de algoritmos através de amostragem sistemática de
cliques, desenvolvendo a Heurística de Amostragem de Cliques (CSH), a Heurística
de Amostragem por Custo Reduzido (RCSH), e a RCSH aprimorada com Busca
Local (LS-RCSH) que geram formulações restritas de alta qualidade e superam sig-
nificativamente heurísticas tradicionais para ECCP. A Parte II aborda limitações
fundamentais que impedem algoritmos exatos robustos introduzindo uma estru-
tura branch-and-price baseada em transformação sistemática de grafos do ECCP
para Problemas de Cobertura de Vértices por Cliques (VCCP) equivalentes, per-
mitindo adaptação de estratégias de ramificação, proveniente do Problema de Col-
oração de Grafos, enquanto preserva a estrutura do Problema de Clique de Peso
Máximo ao longo das árvores de enumeração. Adicionalmente, desenvolvemos uma
formulação VCCP novel baseada em representantes com estratégias de redução sis-
temática que serve tanto como método independente quanto benchmark para a
abordagem branch-and-price. Experimentos computacionais extensivos através de
diversas classes de instâncias revelam regimes de desempenho distintos onde instân-
cias menores e mais esparsas permanecem tratáveis para métodos exatos enquanto
grafos maiores e mais densos apresentam desafios computacionais significativos. As
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estruturas heurísticas demonstram desempenho robusto através de todo o espectro
de testes, com LS-RCSH alcançando equilíbrio entre qualidade de solução e eficiên-
cia, enquanto o método branch-and-price exato fornece com sucesso limites significa-
tivos em algumas instâncias onde formulações SCP diretas falham. As contribuições
estendem-se além de desenvolvimentos algorítmicos específicos para incluir insights
metodológicos em problemas de otimização baseados em cliques, técnicas sistemáti-
cas de formulação SCP, e adaptação principiada de estratégias de ramificação que
estabelecem fundações para pesquisas futuras neste domínio desafiador da otimiza-
ção combinatória.
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Chapter 1

Introduction

The Edge Clique Cover Problem (ECCP) represents one of the fundamental chal-
lenges in combinatorial optimization, requiring the identification of the minimum
number of cliques necessary to cover all edges in a given graph. Despite its seemingly
straightforward formulation, ECCP exhibits remarkable computational complexity,
being both NP-hard (ORLIN, 1977; KOU et al., 1978) and resistant to polynomial-
time approximation algorithms (LUND e YANNAKAKIS, 1994). This inherent
difficulty, combined with the problem’s diverse applications spanning computa-
tional geometry (AGARWAL et al., 1994), compiler optimization (RAJAGOPALAN
et al., 2000), complex network analysis (CONTE et al., 2016), and bioinformatics
(BLANCHETTE et al., 2012), has motivated decades of algorithmic research aimed
at developing both practical heuristic approaches and theoretically rigorous combi-
natorial solution methods.

The computational intractability of ECCP stems from its fundamental relation-
ship to the structure of graph cliques, complete subgraphs that represent the densest
possible connectivity patterns within networks. While small instances can be solved
through exhaustive enumeration of all maximal cliques, this approach quickly be-
comes computationally prohibitive as graph size and density increase. The exponen-
tial growth in the number of maximal cliques, particularly in dense graphs, creates a
formidable barrier to scalable exact algorithms and necessitates sophisticated algo-
rithmic frameworks that can navigate the combinatorial explosion while maintaining
solution quality.

Current approaches to ECCP can be broadly categorized into two complemen-
tary research directions. The first focuses on heuristic methods that sacrifice op-
timality guarantees in favor of computational tractability, enabling the treatment
of large-scale instances within reasonable time constraints. These approaches typi-
cally employ greedy strategies, local search techniques, or sampling-based methods
to construct feasible solutions without exhaustively exploring the solution space.
While such methods prove invaluable for practical applications involving massive
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networks, they provide limited theoretical insights into problem structure and offer
no guarantees regarding solution quality relative to the optimal value.

The second research direction pursues exact algorithms that guarantee optimal
solutions through systematic exploration of the complete solution space. Traditional
exact approaches for ECCP have relied primarily on specialized search tree algo-
rithms with sophisticated data reduction techniques (GRAMM et al., 2006; HEVIA
et al., 2023), achieving remarkable success on very sparse instances but struggling
with moderate-to-high density graphs. The development of more robust exact meth-
ods requires addressing fundamental algorithmic challenges, including the design of
effective branching strategies, the integration of powerful bounding techniques, and
the management of exponentially large solution spaces.

This thesis contributes to both research directions through a comprehensive in-
vestigation of Set Covering Problem (SCP) formulations for ECCP, where the prob-
lem is reformulated as covering all graph edges using a minimum number of maximal
cliques. This reformulation perspective enables the application of well-established
techniques from integer programming and column generation theory (DESROSIERS
e LÜBBECKE, 2011; LÜBBECKE e DESROSIERS, 2005) while revealing new
structural properties that can be exploited algorithmically. The SCP formulation
framework provides a unifying lens through which both heuristic and exact ap-
proaches can be systematically developed, analyzed, and compared.

The research presented in this thesis is organized into two distinct yet comple-
mentary parts that collectively address the spectrum of algorithmic approaches for
ECCP. Part I focuses on conceptual frameworks for algorithm design through sys-
tematic clique sampling and restricted formulations, building upon our published
work (PICCIANI e LUCENA, 2025). This investigation demonstrates how clever
sampling strategies, including random selection, linear programming reduced cost
criteria, and local search enhancement, can generate computationally tractable re-
stricted formulations while maintaining high solution quality. Through the develop-
ment of techniques such as the Clique Sampling Heuristic (CSH), the Reduced-Cost
Sampling Heuristic (RCSH), and the enhanced Local Search Reduced-Cost Sampling
Heuristic (LS-RCSH), this part establishes that column generation approaches com-
bined with sophisticated sampling can yield high-quality solutions for challenging
instances where traditional heuristics (CONTE et al., 2016) fail.

Part II explores alternative approaches to exact ECCP algorithms by investi-
gating a branch-and-price framework based on graph transformation. The approach
converts ECCP instances into Vertex Clique Cover Problems (VCCP) through graph
transformation and develops direct solution methods for VCCP formulations, rep-
resenting an unexplored research direction in the current literature.

The branch-and-price framework is complemented by the development of a novel
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VCCP formulation based on representatives, which provides an alternative math-
ematical perspective that enriches the comparative analysis while emphasizing the
inherent computational complexity of the problem. This representative-based formu-
lation, combined with systematic reduction strategies and cutting plane generation
techniques, enables comprehensive benchmarking of the proposed exact methods
across diverse instance classes.

The experimental evaluation encompasses systematic computational studies de-
signed to assess both the practical performance and theoretical properties of the
proposed algorithms. For the heuristic frameworks in Part I, the evaluation focuses
on solution quality, computational efficiency, and scalability characteristics across
varying graph structures and densities. The exact methods in Part II are evalu-
ated through rigorous comparison with the natural baseline approach of solving the
complete SCP formulation using all maximal cliques, emphasizing both optimality
achievement and computational tractability boundaries.

The contributions of this thesis extend beyond the specific algorithms devel-
oped to include methodological insights into the design of effective optimization
approaches for clique-based problems. The systematic investigation of SCP formu-
lation techniques, the integration of column generation with local search, and the
principled adaptation of branching strategies from related problems provide a foun-
dation for future algorithmic development in this challenging domain. Furthermore,
the comprehensive experimental analysis reveals important characteristics of prob-
lem difficulty across different instance classes, providing guidance for practitioners
and researchers working with clique cover problems in various application contexts.

The remainder of this thesis is structured to present these contributions in a
logical progression that builds from foundational concepts to sophisticated exact
methods, culminating in experimental validation and analysis of all proposed ap-
proaches.
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Part I

Conceptual Clique Sampling
Frameworks for ECCP
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Chapter 2

Introduction to Part I

Let G = (V,E) be an undirected graph with a set of vertices V and a set of edges
E. Denote by E(C) the subset of edges of E with both end vertices in C ⊆ V and
by G[C] = (C,E(C)) the subgraph of G induced by C. A clique is a nonempty
set of vertices C ⊆ V for which |C| ≥ 4 applies and G[C] is a complete graph.
For convenience, we will extend this definition to also include complete induced
subgraphs G[C] with |C| ∈ {2, 3}. In doing so, an Edge Clique Cover (ECC)
(JOHNSON e GAREY, 1979) is defined as a covering of all edges ofG with subgraphs
induced by cliques. The smallest cardinality possible for an ECC is denoted by κ

and is known as the ECC number of G. Finally, the ECC Problem (ECCP) asks for
an ECC of G with cardinality κ.

In the literature, ECCP is also known as the R-Content Covering Problem OR-
LIN (1977), the Keyword Conflict Problem KOU et al. (1978), the Covering by
Cliques Problem GAVRIL (1972) and the Intersection Graph Basis Problem JOHN-
SON e GAREY (1979). It originates from some fundamental Set Theory questions
posed by BOOLE (1952) and finds applications in widely scattered areas such as
Computational Geometry AGARWAL et al. (1994), Compiler Optimization RA-
JAGOPALAN et al. (2000), Applied Statistics PIEPHO (2004); GRAMM et al.
(2007), Artificial Intelligence MARKHAM e GROSSE-WENTRUP (2020), Com-
plex Networks CONTE et al. (2016); GUILLAUME e LATAPY (2004) and Biology
BLANCHETTE et al. (2012). Finally, the ECC number of a graph is also called its
Intersection Graph (IG) number ROBERTS (1985); ERDÖS et al. (1966); MCKEE
e MCMORRIS (1999). Accordingly, any reference to the IG number of a graph also
qualifies as a reference to ECCP.

ECCP is known to be NP -hard, as proved by ORLIN (1977) and KOU et al.
(1978). Furthermore, as indicated by LUND e YANNAKAKIS (1994), ECCP is hard
to approximate efficiently. In more detail, the authors proved that there exists an
ϵ > 0 such that ECCP is not approximable within a factor of |V |ϵ, unless P = NP .
Additionally, in tune with this result, HERMELIN et al. (2012) show that ECCP is
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hard to approximate even for biconnected graphs of degree 7.
As far as exact solution ECCP procedures are concerned, two algorithms are

currently available in the literature, GRAMM et al. (2006) and HEVIA et al. (2023).
Both of them are of the Search Tree type and are very much dependent on data
reductions implemented over the input graph G = (V,E) (see GRAMM et al. (2006);
HEVIA et al. (2023) for details on these reductions). The algorithm in HEVIA et al.
(2023), on top of implementing the reduction procedures suggested in GRAMM et al.
(2006) also benefits from some additional ones, suggested in HEVIA et al. (2023),
and appears to have an edge over its counterpart.

In order to perform empirically well, the algorithm in HEVIA et al. (2023) re-
quires input graphs that are amenable to the reduction tests it implements. Candi-
date graphs are typically required to be very sparse. However, this condition alone
does not ensure a good empirical performance for it. The authors tested their proce-
dure on: (a) 70 Erdős-Rényi graphs with |V | ranging from 64 to 2048 and densities
d ranging from 1.4% to 10% and (b) 36 very large real world graphs of extremely
low densities. As an example, the smallest graph in (b) involves 5, 242 vertices
and 14, 484 edges, which amounts to d = 0.0105440470%. The largest one, on the
other hand, involves 1, 965, 206 vertices, 2, 766, 607 edges and d = 0.0000143270%.
Relying on a computer with 1.5 terabytes of RAM and using a single thread, the
algorithm managed to solve all Erdős-Rényi instances extremely fast (45 of them
by reduction tests alone), with two single exceptions: namely, one corresponding
to a graph with |V | = 64 and d = 2%, the other to a |V | = 64 and d = 3.7%.
For solving these instances 2,646 and 457 CPU seconds were respectively required.
Conversely, for their real world graphs, a CPU time limit of 24 hours was imposed
on any run of the algorithm and 27 out of the 36 test instances were solved to proven
optimality: 14 in under 1 CPU second, 6 in between 1 and 10 CPU seconds, 2 in
respectively 20 and 36 CPU seconds, two in respectively 569 and 982 seconds and
the final 3 in respectively 6,754, 10,728 and 12,967 CPU seconds. Furthermore, 16
out of these 27 instances were solved by reduction tests alone. The algorithm in
HEVIA et al. (2023) thus qualifies as a very valuable contribution to an important
niche application of ECCP.

Given the ECCP hardness to approximation, if optimality requirements are
dropped, heuristics then become the option of choice for solving the problem.
Recently, CONTE et al. (2016) and ABDULLAH e HOSSAIN (2022) introduced
fast ECCP heuristics, geared into applications involving massive (complex network)
graphs. The heuristic in CONTE et al. (2016) is characterized by a running time
that is almost linear in |E| and an O(|V | + |E|) memory space requirement. The
algorithm also possesses some additional attractive features. For instance, it is easy
to adapt to objective functions other than the standard one, which asks for the
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minimum number of ECCP cliques. Furthermore, based on our own computational
experience with it, in addition to running fast, the algorithm is also competitive (in
terms of solution quality) with the other existing ECCP heuristics in the literature,
i.e., RAJAGOPALAN et al. (2000); GRAMM et al. (2006); PIEPHO (2004). Com-
putational experiments in HEVIA et al. (2023), comparing the heuristics in CONTE
et al. (2016) and ABDULLAH e HOSSAIN (2022), resulted in a larger number of
best solutions being attained by the latter heuristic. Nevertheless, they also show
that the heuristic in ABDULLAH e HOSSAIN (2022) appears less robust than the
one in CONTE et al. (2016): namely, for some instances in the test bed it attains
much worse results than its counterpart while the reverse never occurs. All previous
considerations taken into account, we then opted for using the heuristic in CONTE
et al. (2016), within some of the ECCP heuristics we propose here and also for
comparison purposes.

The investigations in this thesis are centered on ECCP algorithms, exact or
heuristic, based on the Set Covering Problem (SCP) BORNDÖFER (1998) formu-
lation of the problem. More precisely, we focus on attempting to identify relevant
aspects that should be taken into account in the design of new algorithms for solving
this type of ECCP formulation.

The SCP formulation of ECCP is defined by the set of all distinct maximal
cliques of G = (V,E), our input graph. We denote it the SCP-ECCP formulation
of ECCP and stress that it is aimed at finding a covering of the edges of E with
the edges of a minimum number of subgraphs induced by maximal cliques of G. A
maximal clique, one should note, is a clique that is contained in no larger clique.

Our option for the SCP-ECCP formulation is motivated by the fact that similar
formulations for problems that are conceptually close to ECCP, such as the Vertex
Coloring Problem (VCP) MEHROTRA e TRICK (1996), for instance, typically
attain Linear Programming Relaxation (LPR) bounds that are relatively close to
optimal solution values. Depending on the type of algorithm one has in mind, the
massive number of cliques involved might be dealt with in various different ways. For
example, in an exact ECCP Branch-and-Price (BP) algorithm they would be dealt
with implicitly, by resorting to a Pricing Problem (PP) that generates cliques only
as they become necessary (see DESROSIERS e LÜBBECKE (2011), for BP and PP
details). On the other hand, when the focus is on the design of ECCP heuristics,
one might restrict oneself to a small set of attractive maximal cliques of G. These
cliques would then give rise to a Restricted SCP-ECCP (R-SCP-ECCP) formulation
which might fail to contain an optimal solution to ECCP. The driving idea here,
however, is to aim for an R-SCP-ECCP formulation with an optimal solution value
that is hopefully close to κ.

In order to identify attractive maximal cliques for an R-SCP-ECCP formulation,
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one might resort, for instance, to a PP based implicit column generation scheme. Al-
ternatively, one might make multiple calls to a fast ECCP heuristic, such as CONTE
et al. (2016), under different initialization conditions. This may be understood as an
explicit column generation scheme. Either way, once the R-SCP-ECCP formulation
is established one would then solve it, exactly or heuristically, and thus obtain a
feasible solution to ECCP.

To establish the R-SCP-ECCP formulations investigated in this thesis, we re-
sorted to implicit and explicit column generation schemes. Furthermore, in addition
to solving these formulations and thus heuristically obtaining solutions to ECCP,
we also explore a somewhat novel approach where we combine PP based column
generation with Local Search (LS) STÜTZLE (1998). In this case, LS is carried
out around a good quality feasible ECCP solution, obtained from the R-SCP-ECCP
formulation in hand. Furthermore, when used recursively, LS tends to generate
a sequence of improving ECCP solutions. Finally, the approach is quite general
and is easily adapted to other problems solvable via PP based column generation
algorithms.

To have an idea of how close our heuristic solutions come to κ, we initially
generate SCP-ECCP formulations for all instances in our test set and attempt to
solve them to proven optimality. To do so, we use the Bron-Kerbosch algorithm
(BKA), as refined in TOMITA et al. (2006), to enumerate all maximal cliques of G
and thus have access to the formulations. Next, we submit them to the Mixed Integer
Programming (MIP) solver Gurobi, version 11. Rounded up LPR values for these
formulations define a lower bound on κ and thus provide us with a baseline value
for evaluating the quality of our heuristic solutions. Furthermore, κ values, when
accessible to us, i.e., when Gurobi manages to solve the SCP-ECCP formulations to
proven optimality, are clearly the best baseline values one may have. As one shall
see, we only managed to obtain them for our less challenging to solve test instances.
However, as one will also see, upon reaching our imposed run time limit, Gurobi
runs frequently return feasible ECCP solutions that improve upon those obtained
by procedures that rely on the heuristic in CONTE et al. (2016).

Apart from this introduction, the Part I of this thesis contains five additional
chapters. Chapter 3 addresses the generation of baseline values for evaluating our
ECCP heuristics. Next, in Chapter 4, we focus on experiments to obtain and solve
R-SCP-ECCP formulations that are based on the heuristic in CONTE et al. (2016).
Still focused on the generation of R-SCP-ECCP formulations, Chapter 5 investigates
the use of PP based column generation schemes. Next, the results obtained in
Chapter 5 are then attempted to be improved, in Chapter 6, with our proposed
LS procedure. Finally, Part I is closed in Chapter 7, with some conclusions for
the transition to Part II of this thesis. For better readability, a Table of Acronyms
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is provided in Appendix B, while Appendix C organizes the data results for each
Chapter of Part I into detailed tables.
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Chapter 3

Baseline Values for Evaluating
ECCP Heuristics

A very straightforward Integer Programming (IP) approach to ECCP is to generate
and solve the SCP-ECCP formulation to the problem. In more detail, a formulation
that associates a column (variable) to every distinct maximal clique of the input
graph G = (V,E) and a row to every distinct edge of E. For our empirical investi-
gations, the set C = {Cj ⊂ V : j ∈ J}, J = {1, ..., n}, of all maximal cliques of G is
generated by the BKA variant suggested in TOMITA et al. (2006), as implemented
by us. For every clique Cj ∈ C thus obtained, the edges of G which are covered by
Cj are those in the subgraph of G induced by Cj, i.e., the edges E(Cj) of subgraph
G[Cj] = (Cj, E(Cj)).

Resorting to BKA to generate all maximal cliques of G imposes some obvious
computational limitations. Among others, the most obvious ones are those associ-
ated with processing time and computer memory requirements. However, our main
intent here is to have direct access to as good as possible lower and upper bounds
on κ, for every instance in our test bed, no matter the CPU time required. In our
particular case, we managed to generate all maximal cliques in C for any of our test
graphs. As a result, SCP-ECCP formulations for any of these instances are thus
available to us. However, as one shall see, the amount of RAM at our disposal is
not sufficient to upload some of them into Gurobi.

With the exception of SCP-ECCP formulations for two of our test graphs, we
managed to generate LPR bounds for all remaining ones. Better still, in some
cases, we also obtained proven optimal solutions for them. As previously indicated,
we relied on the Mixed Integer Programming (MIP) solver Gurobi, version 11, to
generate LPR bounds and also to eventually find proven optimal solutions for our
SCP-ECCP formulations.
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3.1 The SCP-ECCP formulation to ECCP

Given a graph G = (V,E), associate a variable xj ∈ [0, 1] with every maximal clique
Cj ∈ C. Additionally, identify by Je ⊆ J those cliques (variables) of C that cover
edge e ∈ E, i.e., cliques that simultaneously contain both end vertices of e. Finally,
consider a polyhedral region R1, defined as∑

j∈Je

xj ≥ 1, e ∈ E (3.1)

xj ≥ 0, j ∈ J. (3.2)

The SCP-ECCP formulation to ECCP is then given by

minimize

{∑
j∈J

xj : x ∈ R1 ∩ Zn

}
, (3.3)

and its corresponding LPR is defined as

minimize

{∑
j∈J

xj : x ∈ R1

}
, (3.4)

where variables x need not be further restrict with constraints

xj ≤ 1, j ∈ J, (3.5)

as we explain next. In more detail, note that (3.3) is a minimization problem
with nonnegative objective function coefficients, only. Accordingly, the feasibility
enforced by xj = 1, j ∈ J , is no different from the one enforced (at a higher cost) by
xj ∈ N, xj ≥ 2. Hence, (3.5) is naturally implied by the objective function in (3.4).

Let us now attest the validity of (3.3). For any input graph G = (V,E) and
e ∈ E, recall, from the definition of C, that there must exist at least one maximal
clique Cj ⊆ C such that G[Cj] contains e. In conjunction with this, note that
inequalities (3.1) enforce that every edge of E must be covered by at least one of
these cliques (variables). Finally, observe that the objective function in (3.3) asks
for a minimum number of cliques to cover all edges of E.

3.2 The CGM heuristic

We denote by CGM the ECCP heuristic introduced in CONTE et al. (2016) and
will describe its main features in the sequel. CGM is initialized with an input graph
G = (V,E). Next, it randomly selects an yet uncovered edge {u, v} ∈ E, thus
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defining a clique C of size 2. This clique is then progressively expanded, one vertex
a time, up to a point where it becomes a maximal clique of G. Throughout this
process all edges entering G[C] are labelled “covered”. Next, the procedure iterates,
provided any edge of E remains to be covered. As before, this is done by randomly
selecting an yet uncovered edge to initialize a new clique, to be expanded into a
maximal one. CGM comes to an end when no more uncovered edges of G exist.
Algorithm 1 is a pseudo-code for CGM while Algorithm 2 is a pseudo-code for the
function findACliqueOf, which is part of CGM.

Algorithm 1 CGM
Require: G = (V,E)
Ensure: An ECC ecc for G
1: Mark all edges in E as uncovered
2: ecc ← ∅
3: while there are uncovered edges do
4: (u, v)← SelectAnUncoveredEdge()
5: C ← FindACliqueOf(u, v)
6: ecc ← ecc ∪ C
7: Mark all edges of C as covered
8: end while
9: return ecc

In order to give a flavour on how function findACliqueOf operates, we will firstly
indicate the main structures it relies on: namely, open and uncovered open neigh-
borhoods for the vertices of V . We denote by N(u) = {v : {u, v} ∈ E} the open
neighborhood of vertex u ∈ V . Additionally, we denote by U ⊆ E the set of yet
uncovered edges of E and by NU(u) = {v : {u, v} ∈ U} the uncovered open neigh-
borhood of u, defined by all vertices v ∈ N(u) for which {u, v} ∈ E is still uncovered.
Function findACliqueOf takes as an input a yet uncovered randomly selected edge
{u, v} ∈ E that initializes a vertex set R ⊆ V with its end vertices, u and v. Out of
this initial clique of size 2, the function then attempts to enlarge R into a maximal
clique that not only covers edge {u, v} but, hopefully, will also cover as many yet
uncovered edges of E as possible. This goal is attempted in a greedy fashion by
the extract_node function, which selects the next vertex to enter R. This vertex,
provided it exists, is that vertex i ∈ V \ R for which E(R ∪ {i}) maximizes the
number of yet uncovered edges of E.

Two features of CGM are of special interest to us. The first one is the fact
that multiple calls to CGM might generate distinct ECC solutions. Accordingly,
one may call it multiple times and keep the best ECCP solution thus obtained, as
we will do later on in this section. The other is that it expands its cliques with
vertices that maximize the covering of yet uncovered edges. In combination with
the previous feature we mentioned, this makes CGM an attractive instrument for
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sampling cliques for R-SCP-ECCP formulations, as we will do in Chapter 4.

Algorithm 2 findACliqueOf
Require: A graph G = (V,E) and an uncovered edge {u, v} ∈ E
Ensure: A maximal clique containing the vertices u and v
1: R← {u, v}
2: P ← N(u) ∩N(v)
3: z ← ExtractNode(P )
4: while z ̸= null do
5: R← R ∪ {z}
6: P ← P ∩N(z)
7: z ← ExtractNode(P )
8: end while
9: return R

3.3 The experimental framework

We will now describe the framework we used for carrying out the computational
experiments reported in this Chapter and also in additional Chapters of the Part I
of this thesis. Due to the absence of a consolidated repository of benchmark instances
for ECCP, we opted for conducting our experiments over the randomly generated
connected graphs G = (V,E) introduced in LUCENA et al. (2010). These graphs
contain a number of vertices |V | ∈ {30, 50, 70, 100, 120, 150, 200}, and, barring an
odd case where an intended graph could not be generated for |V | = 30, percentage
densities d ∈ {5, 10, 20, 30, 50, 70}. Every test graph G = (V,E) is identified as
vA_dB, where A and B respectively denote |V | and the percentage density of G.
Our option for these graphs was simply to avoid extreme situations where graph
densities are either very low or very high, as implied by niche applications to ECCP.

Apart from the Gurobi procedures, all the other ones we use were implemented
by us, in the C programming language. GCC version 11.2 was used to compile them,
under optimization flags –O3 and –march=native. Experiments were conducted on
a computer equipped with an Intel Core i7-11700K processor of 8 physical cores and
64GB RAM. The operating system used was Ubuntu 20.04 LTS.

Finally, the main metric we use to compare the performance of our algorithms
is solution quality, the smaller the ECCP solutions they produce the better. Run
time, as one will note, is a metric that is only used very marginally here.

3.4 Baseline results

Run time limits are imposed on the two algorithms we will describe next and are
respectively defined in either CPU time, for single thread runs, and wall time, for
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multi thread runs. The algorithms are:

• CGM-X: the CGM heuristic is repeatedly called, throughout a 1,800 CPU
seconds span, and the best ECCP solution obtained is kept.

• Bron-Kerbosch-Gurobi (BKG): solver Gurobi takes as an input the SCP-ECCP
formulation for G = (V,E) (set C generation by BKA), and attempts to solve it
to proven optimality. Every run of Gurobi is restricted to no more than 3,600
wall time seconds. The solver is allowed to run over 15 threads, under its
aggressive pre-solving and aggressive cutting-plane generation options. BKA
runs demanded relatively little CPU time (always much less than 3,600 CPU
seconds) are not taken into account here.

3.4.1 Table and Figures

Computational results for the CGM-X and BKG are displayed in Table C-C.1. The
first three columns in the table show test graph details. Under the heading “instance”,
instance names, vA_dB, appear in the first column and identify the input graph
G = (V,E), with A = |V | and B standing for the percentage density of G. The
number of edges of G appears in the second column, under the heading “|E|”, while
the number of distinct maximal cliques for it is shown in the third column, under
the heading “|C|”. Two additional blocks of information then follow in Table C-
C.1, under the headings “CGM-X” and “BKG”, respectively. A description of them
follows.

The CGM-X block contains three columns. Under the heading “best”, the first
column displays the cardinality of the best solution obtained by CGM-X, in its mul-
tiple calls to CGM. The second one brings, under the heading “# of runs”, the total
number of CGM calls carried out, under our imposed CPU time limit. Finally, the
third column displays, under the heading “time(s)/iterations”, the average number
of CPU time seconds spent in each of these CGM calls.

The final four columns in Table C-C.1 are devoted to BKG results. They respec-
tively appear under the headings (a) “v(R1)”, for the LPR bounds of the SCP-ECCP
formulation, (b) “v+(R1)”, that identifies what we shall call the “enumeration tree
LPR” (ET-LPR) and corresponds to either the optimal solution value (when the
Gurobi run is not aborted) or the smallest LPR bound available at any Gurobi
enumeration tree node that is still open (when the run is aborted), (c) “v(R1)”, for
the best upper bound attained by Gurobi, under our imposed run time limit, and
(d) “time(s)”, for BKG wall time. An entry ∼ for v(R1), v+(R1), v(R1) or time(s)
indicates that the corresponding value could not be computed due to hardware lim-
itations. An entry “-” under the heading time(s) indicates that the run was aborted
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due to run time limit. Finally, note that v(R1) either corresponds to κ, when BKG
run time limit is not exceeded or else to an upper bound on that value, when it
happens otherwise.

Formulation SCP-ECCP for any of our test graphs G = (V,E) involves |E| rows
and |C| columns. Accordingly, they range from |E| = 44 and |C| = 40, for instance
v30_d10, to |E| = 13, 930 and |C| = 87, 326, 813 for v200_d70. Accordingly the
ECCP instances we address range from very small to massive ones. As one will note,
our test instances quickly become very challenging to Gurobi, with the increase of
|V | or the increase of graph density.

In order to make it easier for the reader to compare the results displayed in Table
C-C.1, we rely on Figure 3.1, which is displayed in the main text body. The figure
gives a pictorial indication of how fast the performance of CGM-X and BKG degrades
with the increase of |V | or the increase of graph density. The outer semicircle in
it corresponds to "best" CGM-X values. Inner semicircles contain radius that are
multiples of 10% smaller than the outer semicircle radius. Additionally, a distinct
ray is associated in the figure to every different instance in our test set and values
v(R1) and v(R1) are displayed for them over their corresponding rays. It should be
noted that κ ≥ ⌈v(R1)⌉ necessarily applies. Furthermore κ must be less or equal to
the minimum between v(R1) and the best solution attained by CGM-X. Boldface
instance names in Figure 3.1 indicate that BKG obtained certified optimal solutions
for the corresponding instance.

3.4.2 Evaluation of CGM-X and BKG results

The multiple CGM calls implemented by CGM-X returned optimal or near optimal
solutions for instances with density below 20% or fewer than 70 vertices. However,
as Figure 3.1 indicates, poor quality solutions are returned by the procedure for
instances that do not comply with these requirements.

Figure 3.1 shows that BKG failed to find certified optimal solutions for 17 out
of our 41 test instances. Furthermore, values ⌈v(R1)⌉ and v(R1) for 14 of these 17
instances came out too far apart from each other and therefore little can be said
about their optimal solution values. These 17 instances are our most challenging
ones and this fact is also highlighted by the relatively poor performance CGM-X
attains for them. A conclusion that stems from the fact that the BKG upper bounds
for these instances, v(R1), clearly dominate their CGM-X counterparts. Finally note
that Gurobi could not find any feasible solution to instances v120_d70, v150_d70
and v200_d70. The SCP-ECCP formulations for them are so large that not enough
RAM was available to upload them to Gurobi.
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Figure 3.1: ECCP baseline results.
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Chapter 4

Clique Sampling Heuristic (CSH)

The computational experiments presented in Chapter 3 reveal a clear performance
dichotomy in SCP-ECCP formulations. These formulations demonstrate computa-
tional tractability for smaller instances and those with sparse edge densities, while
presenting significant algorithmic challenges as graph size and density increase. In
terms of number of vertices, graphs with up to 50 vertices appear to define the
limit for what one may call an empirically easy to solve instance in our test bed,
even so instance v50_d70 could not be solved to proven optimality by Gurobi in
our imposed run time limit. As for graph density, the denomination would apply
to instances with densities of 30% or less. Additionally, one may also suggest that
Gurobi’s feasible solution values for the largest and densest instances that remain
unsolved, i.e., the upper bounds on κ they define, although better than those at-
tained by CGM-X, are likely to be loose. A justification for that stems from the
relatively small number of nodes the solver managed to enumerate for them, within
our imposed run time limit for it.

The experiments in Chapter 3 also indicate that CGM-X has a somewhat sim-
ilar behaviour to BKG, attaining very good quality solutions, i.e., optimal or near
optimal ones, for the instances Gurobi attains certified optimal solutions and loose
ones for those that Gurobi fails to do so, looser still than Gurobi’s. On the bright
side, however, we also noticed that CGM-X, in its multiple calls to CGM, managed
to generate all (or almost all) different cliques of C, for every single instance in our
test bed. Such a performance appears to indicate that CGM qualifies as an at-
tractive clique sampling instrument for designing R-SCP-ECCP formulations. With
that objective in mind, we then decided to set CGM-X to make respectively 3, 30,
300 and 3000 distinct calls to CGM and generated R-SCP-ECCP formulations de-
fined by all distinct maximal cliques identified in each of these CGM-X runs. These
R-SCP-ECCP formulations (a) involve a relatively small number of variables, (b)
are more likely to be solved to proven optimality by Gurobi and (c) will hopefully
return better quality ECCP solutions than the best overall ECCP solution directly
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obtained by CGM-X or by Gurobi, when the solver fails to return proven optimal
solutions. This section is essentially devoted to exploring and testing this idea.

We call the Clique Sampling Heuristic (CSH) our combination of CGM-X, used
as a clique sampling instrument, and Gurobi, for solving the R-SCP-ECCP formula-
tions generated via CGM-X. As before, every run of Gurobi is restricted to no more
than 3,600 wall time seconds and the solver is allowed to run over 15 threads, under
its aggressive pre-solving and aggressive cutting-plane generation options.

4.1 R-SCP-ECCP Formulations

Our R-SCP-ECCP formulations originate from subsets of maximal cliques C ′ ⊆ C,
sampled for G = (V,E) by CGM-X, as previously defined. Given that CGM returns
feasible solutions to ECCP, C ′ is thus guaranteed to contain feasible solutions to the
problem.

Let J ′ ⊆ J and J ′
e ⊆ Je be sets of indices that are in a one-to-one correspondence

with the cliques of C ′ and those cliques C ∈ C ′ for which G[C] contains edge e ∈ E,
respectively. Ideally, as previously indicated, n′ = |C ′| should be made conveniently
small.

To distinguish SCP-ECCP formulation (3.3) from the R-SCP-ECCP formula-
tions we will now describe, clique variables y ∈ Rn′ are associated with the latter
ones. We also associate to them a polyhedral region R2, described as follows:∑

j∈J ′
e

yj ≥ 1, e ∈ E (4.1)

yj ≥ 0, j ∈ J ′. (4.2)

A R-SCP-ECCP formulation to ECCP is then defined as

minimize

{∑
j∈J ′

yj : y ∈ R2 ∩ Zn′

}
, (4.3)

with a corresponding LPR given by

minimize

{∑
j∈J ′

yj : y ∈ R2

}
. (4.4)

4.2 Computational Results for CSH

Computational results for CSH are displayed in Table C-C.2. The table essentially
follows the same nomenclature that applies to Table C-C.1. However, given that
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four R-SCP-ECCP formulations are available for every test instance, statistics and
results for each of them are presented in sequence, from the smallest to the largest
formulation, separated by “/”. In more detail, the number of cliques for each for-
mulation appears under the heading |C ′| and the upper bounds Gurobi attains for
them appear under the heading v(R2). Bearing in mind the fact that Gurobi fails to
find certified optimal solutions for various of ours R-SCP-ECCP formulations, the
entries under the heading v(R2) will be defined so as to highlight this fact. Accord-
ingly, two entries “b-c” are then used for these instance-formulation pairs, b standing
for the formulation’s rounded up ET-LPR bound and c for the best upper Gurobi
attained for it. Note, in this case, that an optimal solution for the pair is an integer
in the range [b, c]. Otherwise, when Gurobi attains a certified optimal solution to
the formulation, a single entry “a”, would identify its value.

As in Section 3.3, we also present here a pictorial illustration of the results
obtained. They appear in Figure 4.1, follow the same nomenclature that applies
to Figure 3.1 and, apart from bounds v(R1), contain all other results displayed in
Figure 3.1. A difference here is that the outer semicircle in Figure 4.1 does not
correspond to “best” CGM-X values, as it applies to Figure 3.1. Indeed it has a
radius 10% larger than it and is necessary because a few of our instance-formulation
pairs either have optimal solutions values (or Gurobi upper bounds on these values)
that are above their corresponding CGM-X values. This applies, in particular, to
R-SCP-ECCP formulations that originate from CGM-X runs involving 3 CGM calls,
only. Finally, we will denote our different versions of CSH as CSH-3, CSH-30, CSH-
300 and CSH-3000, where CSH imposes CGM-X runs involving respectively 3, 30,
300 and 3000 calls to CGM.

As one may appreciate from the results displayed in Figure 4.1, CSH appears to
be a good compromise solution between the almost invariable massive SCP-ECCP
formulations of Chapter 3, that could not be properly addressed by Gurobi, and
empirically more tractable R-SCP-ECCP formulations. In particular, they appear
to indicate that CGM is a very attractive sampling instrument for setting-up R-
SCP-ECCP formulations.

For only 11 out of our 41 test instances, optimal solution values for 3-CGM-calls
R-SCP-ECCP formulations are above their CGM-X counterparts in Section 3.3.
The corresponding figures for the {30,300}-CGM-calls R-SCP-ECCP formulations
is 2. Additionally, for only one of our 3000-CGM-calls R-SCP-ECCP formulations,
optimal solution values are above their corresponding CGM-X values in Section 3.3.
Furthermore, optimal values for R-SCP-ECCP formulations originating from 30 plus
CGM calls, frequently proved competitive with BKG upper bounds. Finally, with
the increase of graph density, R-SCP-ECCP formulations become massive, already
for 30 or 300 CSH calls. Accordingly, Gurobi returns poor quality upper bounds for
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them.
As a concluding note for this section, note that, although it is more likely to

happen, there is not guarantee that a R-SCP-ECCP formulation associated with
CSH-x, for x=A, has a better optimal solution value than its counterpart for x=B,
where A>B. Take the v70_d50 instance as an example. CSH-300 returns an ECCP
solution of value 126 for it while CSH-3000 returns one of value 127. However, for
this particular instance, Gurobi fails to find certified optimal solutions for any of
our 4 CSH generated R-SCP-ECCP formulations. Therefore, we can not conclude
that the CSH-300 R-SCP-ECCP formulation has a better optimal solution value
than its CSH-3000 counterpart. In addition, this example also highlights the fact
that, for the instances in our test bed, R-SCP-ECCP formulations originating from
CSH-x fast become far too hard for Gurobi. Accordingly, any fine tuned CSH
heuristic is bound to require a good quality SCP heuristic for solving R-SCP-ECCP
formulations, instead of relying on a MIP solver for that purpose.

Figure 4.1: CSH results.
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Chapter 5

Reduced-Cost Sampling Heuristic
(RCSH)

The computational analysis in the previous chapter demonstrates the fundamental
trade-off between formulation completeness and computational tractability in SCP-
ECCP approaches. This chapter advances beyond the idea of using clique sampling
to generate R-SCP-ECCP formulations. In particular, we will describe clique sam-
pling conducted through the standard Column Generation Approach (CGA), as
implemented in BP algorithms (DESROSIERS e LÜBBECKE, 2011), to achieve
more principled selection of maximal cliques.

In accordance with CGA, an initial, small, R-SCP-ECCP formulation is estab-
lished out of SCP-ECCP formulation to ECCP and additional variables are added
to it, only as they become necessary, via an auxiliary problem. The term “neces-
sary” applies here to any of the exponentially many variables in the SCP-ECCP
formulation that (a) are currently absent from the R-SCP-ECCP formulation and
(b) have the potential for improving its LPR solution, if appended to it (i.e., have
a negative reduced cost for that LPR solution). Therefore, clique sampling under
CGA is reduced cost oriented and is ideally carried out up to the point where no
attractive variable remains outside the R-SCP-ECCP formulation. Upon reaching
this point, one then attempts to solve the resulting R-SCP-ECCP formulation to
proven optimal integrality and thus obtain a feasible ECCP solution, hopefully of
good quality. We call this overall procedure the Reduced Cost Sampling Heuristic
(RCSH).

As suggested in the previous paragraph, RCSH involves three basic steps that
must be carried out in sequence, with the sequence defined by the first two steps
possibly iterating. In the first step an optimal solution is obtained for the LPR
of the R-SCP-ECCP formulation in hand. In the second, the optimal dual values
thus obtained are used to identify, provided they exist, attractive columns(variables)
that are currently absent from the R-SCP-ECCP formulation. An attractive vari-
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able, in this case, is one which belongs to the SCP-ECCP formulation and has a
negative reduced cost, under the dual values available. These variables are typically
identified by solving an auxiliary problem, called the Pricing Problem (PP), which
corresponds, in the ECCP case, to the Maximum Edge Weight Clique Problem
(MEWCP) PARK et al. (1996). In doing so, the variable with the most negative
reduced cost, provided one exists, is then selected to enter the R-SCP-ECCP formu-
lation. This two-step ordered sequence should iterate up to the point where either
no more attractive columns exist or else a run time limit is exceeded. Finally, RCSH
moves on to its third and final step, where the R-SCP-ECCP formulation one is left
with is attempted to be solved to proven optimality.

For the computational results reported in this chapter, PP is solved by simple
inspection. This results from our use of BKA to enumerate, beforehand, all maximal
cliques in C. Proceeding in this way fits in well with the objective of the Part I of this
thesis, which is essentially to identify research opportunities in the design of exact
and heuristic procedures for solving ECCP, under the SCP-ECCP formulation to
the problem. Fine tuning these procedures into competitive algorithms will be left
as a suggestion for future work.

The chapter follows with a formal description of PP and the computational
experiments carried out for RCSH.

5.1 The Pricing Problem

Ignoring for the moment the fact that SCP-ECCP formulation (3.3) is only solved
exactly for the smallest or sparser graphs G = (V,E) in our test bed, assume that
{αe ≥ 0 : e ∈ E} are the dual variables associated with the inequalities in (3.1).
The dual problem corresponding to (3.4) is then formulated as

maximize

{∑
e∈E

αe : α ∈ R3

}
, (5.1)

where polyhedral region R3 is defined as∑
e∈E(Cj)

αe ≤ 1, j ∈ J (5.2)

αe ≥ 0, e ∈ E. (5.3)

Now assume that an optimal solution x is available for (3.4), i.e., to the LPR of
(3.3), with optimal values α applying to its corresponding dual variables. A reduced

22



cost rj, for variable xj, j ∈ J , is then computed as

rj = 1−
∑

e∈E(Cj)

αe (5.4)

and, given that x and α are assumed to be optimal, rj ≥ 0 must then hold for (5.4).
Faced with the exponentially many cliques of C, attempts to obtain an optimal

solution, (x,α), to (3.4), would normally involve the use of CGA (see LÜBBECKE
e DESROSIERS (2005), for details). To implement it, assume that a suitable R-
SCP-ECCP formulation is available for G. Namely, a formulation which originates
from a conveniently small subset of maximal cliques C ′ ⊆ C and contains at least one
feasible ECCP solution for G. In addition, assume that its LPR, i.e., (4.4), is solved
and y is an optimal solution for it. Additionally, assume that β are the optimal
dual values for the inequalities in (4.1).

Moving forwards with CGA, a properly defined PP (see LÜBBECKE e
DESROSIERS (2005), for PP details) should now be formulated and solved. Such
a problem asks for the identification of a clique C∗ ∈ C with

∑
e∈E[C∗] βe as large

as possible (respectively, LPR reduced cost (1−
∑

e∈E[C∗] βe) as small as possible).
Accordingly, it corresponds to a Maximum Edge Weight Clique Problem (MEWCP)
defined over G = (V,E), under edge weights{βe : e ∈ E}. A problem that is, in gen-
eral, hard to solve (see HOSSEINIAN et al. (2017), for complexity results associated
with MEWCP).

In order to formulate PP, associate variables {hi ∈ [0, 1] : i ∈ V } with the
vertices of G = (V,E) and variables {ze ≥ 0 : e ∈ E} with its edges. Additionally,
consider a polyhedral region R4, defined as

hi + hj ≤ 1, e = {i, j} ̸∈ E (5.5)

ze ≤ hk, e = {i, j} ∈ E, k ∈ {i, j} (5.6)

ze ≥ hi + hj − 1, e = {i, j} ∈ E (5.7)

0 ≤ hi ≤ 1, i ∈ V (5.8)

ze ≥ 0, e ∈ E. (5.9)

A formulation for PP, i.e., a formulation for MEWCP, is then given by

maximize

{∑
e∈E

βeze : (h, z) ∈ R4 ∩ (Z|V |,R|E|)

}
. (5.10)

After solving PP, assume that (1−
∑

e∈E[C∗] βe) is negative, i.e., that under dual
values β, C∗ corresponds to a clique with the most negative reduced cost. Note in
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this case that C∗ must necessarily belong to C \ C ′. Accordingly, one should then
update C ′ := C ′ ∪ {C∗} and enlarge the R-SCP-ECCP formulation with a variable
corresponding to C∗. Next, in a new round of our previous operations, the LPR for
our updated R-SCP-ECCP formulation, (4.4), should be solved and variables with
negative reduced costs should be sought for it, via the solution of a new PP.

Conversely, if (1 −
∑

e∈E[C∗] βe) results non negative, one must then conclude
that there exists no clique in C whose corresponding variable might further reduce
the LPR value in (4.4). Accordingly CGA would then come to a halt and y, after
a proper mapping to the variables in x, is guaranteed to correspond to an optimal
LPR solution to SCP-ECCP formulation (3.4). Additionally, if y is also integer, it
would imply an optimal (integral) solution to ECCP. Finally, if y is optimal for (4.4)
but is not integer, one should then devise a branching rule that, in combination with
PP, results in BP algorithm for solving ECCP exactly.

As we generate beforehand all maximal cliques C for every graph G = (V,E) in
our test bed, we opted for solving any PP we come across in our experiments, via
inspection. Accordingly, no PP is explicitly formulated and solved as a MEWCP.
In practice, this is not the path one would normally follow in a BP algorithm for
solving ECCP but it suffices for the purposes of this thesis.

5.2 Computational experiments for RCSH

As indicated previously, RCSH implements CGA and then attempts to solve to
proven integer optimality the R-SCP-ECCP formulation that thus results. Columns
for this formulation are generated by firstly solving its corresponding LPR, with
Gurobi’s Simplex Algorithm. Instead of carrying out CGA up to the point where no
attractive column remains outside the R-SCP-ECCP formulation, we impose a wall
time limit of 2, 000 seconds for this clique sampling phase of RCSH. Upon exiting
from a CGA run, the R-SCP-ECCP formulation one is left with is then attempted
to be solved to proven optimal integrality with MIP solver Gurobi. Every run of the
MIP solver is restricted to no more than 3,000 wall time seconds and it is allowed
to run over 15 threads, under its aggressive pre-solving and aggressive cutting-plane
generation options.

Computational results for RCSH are displayed in Table C-C.3 and the nomen-
clature it uses is partially borrowed from Tables C-C.1 and C-C.2. Therefore, we
will only present here the additional nomenclature that remains to be described.

Every RCSH run starts with a call to CGM and a R-SCP-ECCP formulation
that originates from the columns (variables) in the ECCP solution thus obtained.
The number of variables in this formulation is displayed in Table C-C.3, under the
heading “|C ′|”. Additional variables are then generated for it, via CGA, and the
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number variables in our final R-SCP-ECCP formulation appears under the heading
“|C ′+|”. The ET-LPR bounds attained by the R-SCP-ECCP formulations with |C ′+|
variables appear under the heading v(R+

2 ). Complementing this information, if this
number is accompanied by the symbol “∗”, it indicates that the CPU time limit
was hit by CGA and therefore attractive variables (columns) still remain outside
the formulation. As an example, the v(R+

2 ) entry for instance v100_d70 is 83.6∗

and variables with reduced costs at least as small as -0.386, which was its last most
negative reduced cost obtained, are left out of the formulation. We also display the
optimal value for our initial R-SCP-ECCP formulation, generated out of the CGM
solution, under the heading “v(CGM)” (note, in this case, that v(CGM) entries
invariably correspond to the number of cliques in the CGM solution).

The CPU time CGA spends on any of our test instances is displayed under
the heading “CGA(t)”. In complement to it, the wall time Gurobi spends (while
attempting to solve the very last R-SCP-ECCP formulation generated by CGA) is
displayed under the heading “R-SCP-ECCP(t)”. In either case, whenever the respec-
tive run time limit is hit prior to fully accomplishing the intended goal, an entry “-”
is used to indicate this outcome. For the instance v100_d50, for example, note that
“-” appears under the heading “R-SCP-ECCP(t)” but not under the “CGA(t)” one.
Therefore no attractive column remains outside the very last R-SCP-ECCP formu-
lation generated by CGA. However, Gurobi fails to find a proven optimal solution
for it, under our imposed wall time limit. Given the duality gap that remains to be
closed by Gurobi, at the moment the run was aborted, an optimal solution value
for this particular R-SCP-ECCP formulation falls within the [163, 215] range and is
quite likely to be much smaller than 215.

As for our previous tables, results in Table C-C.3 are also pictorially displayed
in an auxiliary figure, Figure 5.1, in this case. As one may conclude from the
information displayed in Figure 5.1, RCSH performs better than CGM-X but worse
than BKG and the best CSH output. In particular, out of our 41 test instances,
BKG generates better ECCP solutions than RCSH for 11 of them, with the reverse
occurring for 6 instances (mostly, extremely large instances for which BKG could
barely cope with). The two algorithms generate the same upper bounds for the
remaining 24 instances. Corresponding figures for the best CSH outputs and RCSH
are respectively 17, 1 and 23.

The relatively weak performance of RCSH against BKG and CSH stems primarily
from its focus on improving LPR bounds for R-SCP-ECCP formulations via the
reduced cost criterion. Its R-SCP-ECCP formulations can be divided into two types:
(a) those for which CGA was successfully completed, i.e., no column with a negative
reduced cost was found, and (b) those for which CGA was interrupted by time limit.
For most of the type (a) formulations where the optimal solution is close to the
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lower bound, i.e., the gap between the LPR solution and the upper bound solution
is reasonably low, the columns RCSH generates are likely to be part of an optimal
solution. In these cases, the solutions that RCSH reaches are either optimal or
near-optimal. On the other hand, for the type (a) formulations with larger gaps,
it is possible that optimal solution values might not be close to LPR bounds and,
when this is indeed the case, the columns RCSH generates are unlikely to be optimal
ones. Despite producing significantly fewer columns than BKG and even less than
CSH-{≥ 30}, RCSH seems to generate low quality columns, i.e., column that are
not part of any ECCP optimal solutions. Accordingly, the optimal solution values
for the R-SCP-ECCP formulations RCSH would then assemble are bound to be
loose. For the case of type (b) formulations, RCSH is severely affected by hardware
limitations, when dealing with some of the instances with density higher than 30%
and 100 plus vertices, thus preventing it from successfully completing its CGA runs.
Consequently, their R-SCP-ECCP formulations end up with fewer columns than
desired (despite being already large, in terms of computational tractability) and
optimal or near optimal ECCP solutions are bound to be absent from them. This
combination of factors creates a scenario where RCSH performs poorly, sometimes
even yielding worse results than CGM-X.

Figure 5.1: RCSH results.
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Chapter 6

Enhancing RCSH with Local Search

Having established the RCSH in the previous chapter, we now extend this approach
through the integration of a Local Search (LS) procedure. The resulting framework,
termed LS-RCSH, is implemented, as one shall see, considering LS as a column
generation procedure. In doing so, LS attempts to generate additional attractive
columns to R-SCP-ECCP formulations, past the point RCSH, as implemented in
Chapter 5, allows. By enlarging these formulations with columns that are LS wise
attractive, we will not improve their LPR values but, due to the larger number of
variables they end up containing, will stand a better chance of obtaining improved
optimal integral solutions for them.

As indicated in Chapter 5, CGA generates a R-SCP-ECCP formulation defined
over variables {yj : j ∈ J ′}, with no (reduced cost wise) attractive variable remaining
outside it, i.e., belonging to {yj : j ∈ J \ J ′}. An optimal or near optimal solution
to this formulation is then computed and defines the output for RCSH. We will
call this solution the RCSH Baseline Solution (BLS). For our LS procedure we
will further restrict this R-SCP-ECCP formulation with a BLS implied soft fixing
inequality (SFI), thus obtaining what we will call a SF-SCP-ECCP formulation.
More specifically, SFI enforces that a given percentage of the BLS variables must be
part of any feasible solution to the SF-SCP-ECCP formulation and, consequently,
to its LPR as well. Furthermore, optimal solutions to this LPR formulation allow
us to resume CGA, targeting, this time, at the neighborhood SFI defines around
BLS. Variables identified in this way are then appended to J ′, giving rise to an
enlarged R-SCP-ECCP formulation. Finally, optimal or near optimal solutions for
this enlarged R-SCP-ECCP formulation might result better than BLS.

6.1 A detailed description for LS-RCSH

Assume that the final R-SCP-ECCP formulation assembled by RCSH corresponds
to (4.3) and, consequently, that its LPR is given by (4.4). Assume as well that an

27



optimal or near optimal solution is attained for (4.3) and {yj : j ∈ J∗}, J∗ ⊆ J ′, are
the nonzero variables in it. Out of J∗ one then defines a SFI∑

j∈J∗

yj ≥ ⌈ζ ∗ |J∗|⌉, (6.1)

ζ ∈ [0, 1], which is appended to the R-SCP-ECCP formulation to obtain a SF-
SCP-ECCP formulation. It should be noted that any feasible solution to this SF-
SCP-ECCP formulation contains at least ⌈ζ ∗ |J∗|⌉ variables indexed by J∗. As an
example, setting ζ to 0.9 ensures that least 90% of the variables in {yj : j ∈ J∗} are
contained in any feasible solution. A description of the SF-SCP-ECCP formulation
is presented next.

Let R4 be a polyhedral region defined as follows:∑
j∈J ′

e

yj ≥ 1, e ∈ E (6.2)

∑
j∈J∗

yj ≥ ⌈ζ ∗ |J∗|⌉ (6.3)

yj ≥ 0, j ∈ J ′. (6.4)

A SF-SCP-ECCP formulation is then given by

minimize

{∑
j∈J ′

yj : y ∈ R4 ∩ Z|J ′|

}
(6.5)

and its LPR is defined as

minimize

{∑
j∈J ′

yj : y ∈ R4

}
. (6.6)

Let us now go back to (4.3), the R-SCP-ECCP formulation that gave rise to (6.5).
Given that (4.3) is assumed to be the final R-SCP-ECCP formulation assembled by
RCSH, no variable in {yj, j ∈ J\J ′}, is, by definition, attractive for its corresponding
LPR. However, they might be attractive to (6.6), the LPR of (6.5). We will then
attempt to identify attractive columns to (6.6), via CGA, as previously carried out
for RCSH. In order to do so, assume that an optimal solution y = y is available
for (6.6). Additionally, assume that (β, γ)T = (β, γ)T is a dual optimal solution
for it, where β ≥ 0 and γ ≥ 0 are the dual variables respectively associated with
inequalities (6.2) and (6.3). Reduced costs for variables yj, j ∈ J∗, are then defined
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as
rj = 1− γ −

∑
e∈E(Cj)

βe (6.7)

and must be all non negative, as ensured to any variable in {yj : j ∈ J ′} by the
optimality of (y,β, γ). Conversely, reduced costs for variables yj, j ∈ J \ J ′, which
are not directly affected by γ, are defined as

rj = 1−
∑

e∈E(Cj)

βe (6.8)

and might eventually be negative. Therefore, if one keeps γ aside and formulates
MEWCP just exactly as we have done in (5.10), i.e., relying only on dual values β, it
would suffice to identify negative reduced cost variables in {yj : j ∈ J \J ′}, provided
they exist. If this is the case, the procedure should iterate, carrying out a new CGA
round. In order to do so, J ′ is firstly enlarged with the indices for the negative
reduced cost variables one has identified. Accordingly, SF-SCP-ECCP formulation
(6.5) is thus updated and optimal dual values for its LPR, (6.6), must then be
computed. Out of these optimal duals, attractive columns for SF-SCP-ECCP are
then attempted to be identified once again. CGA rounds like the one we have just
described should be carried out, recursively, for as long as they are successful in
enlarging J ′. In the two paragraphs that follow we will describe how LS-RCSH
deals with the two possible outcomes for these recursive CGA runs: namely, (a) J ′

is enlarged and (b) J ′ remains, otherwise, unaltered.
If J ′ is enlarged, R-SCP-ECCP formulation (4.3) should be updated with it.

Next, it should be solved to optimal or near optimal integrality. If the ECCP
solution thus obtained improves upon BLS, BLS should be updated with it and LS-
RCSH is resumed with a new SFI and its corresponding SF-SCP-ECCP formulation.
Alternatively, assume that J ′ increases but BLS remains unaltered. One should then
reduce the right-hand-side (rhs) term in (6.1). In doing so the search neighborhood
imposed by this updated SFI is made larger than before. For instance, one may
initialize a CGA round with ζ = 0.9 and reduce its value in 0.05 steps, whenever re-
quired. If ζ = 0 results from these ζ value reductions, LS-RCSH is then exited, since
SFI would thus become redundant for SF-SCP-ECCP formulation (6.5). Otherwise,
CGA is resumed, under the conditions imposed by the updated value ζ. In doing
so, one would be essentially moving back to the scenario described in the previous
paragraph.

Now assume that J ′ remains unaltered. As such, CGA is necessarily carried out
for just a single round and fails to find negative reduced cost variables in {yj : j ∈
J \ J ′}. One should then simply reduce the rhs term in (6.1), as described in the
previous paragraph. In doing so, LS-RCSH should be resumed, implementing a CGA
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round from the updated SF-SCP-ECCP formulation that thus results. Accordingly,
this would take us back to the scenario described in the paragraph immediately
before the previous one.

As one should note LS-RCSH is required to solve, to optimal or near optimal
integrality, R-SCP-ECCP formulations with an increasing number of variables. How-
ever, for the larger or denser graphs in our test bed, these R-SCP-ECCP formulations
fast become exceedingly large to be solved exactly by Gurobi. For the computational
experiments in the following subsection we then decided to settle for a compromise
solution. Namely, an alternative in which R-SCP-ECCP formulations are replaced
with restricted forms of them. Solving these restricted R-SCP-ECCP formulations
will still provide us with valid ECCP solutions and they should be, in practice,
less demanding for Gurobi to solve. In summary, we will be betting on attaining
better ECCP feasible solutions by solving looser formulations, hopefully to proven
optimality, as opposed to poorly solving tighter ones.

To describe the idea, assume we have just finished a sequence of CGA rounds
where |J ′| increased. Additionally, let ζ be the ζ value for our final SF-SCP-ECCP
formulation. The R-SCP-ECCP formulation one must then solve is the one that
directly applies to J ′ or, in an alternative description, is equivalent to the SF-SCP-
ECCP formulation with ζ set to 0, thus making its SFI redundant. Accordingly,
setting ζ to a value in (0, ζ) gives rise to a constrained version of R-SCP-ECCP
formulation we will attempt to solve. For our computational experiments, we settled
for using ζ = ζ − 0.1. In doing so we gain access to a restricted version of R-SCP-
ECCP that might contain ECCP feasible solutions for which ⌈(ζ − 0.1) ∗ |J∗|⌉ ≤∑

j∈J∗ yj < ⌈|J∗|⌉ applies and that, hopefully, improve upon the ECCP solution
defined by J∗.

The LS-RCSH procedure just described in this section is summarized in Algo-
rithm 3, providing the reader with a clear and concise overview of its key steps.
Historically, a similar algorithm to LS-RCSH was first proposed in the year 2008
by Abilio Lucena and Carlos Henrique Sabóia, in a research project for CEPEL,
the Research Center of Eletrobras, the Brazilian government company in charge of
electricity generation and transmission. It was suggested in connection with a formu-
lation with exponentially many variables for the long term planning of the expansion
of power generation and transmission. This procedure became publicly available in
the doctoral thesis of Carlos Henrique Sabóia SABÓIA (2013), supervised by Abilio
Lucena. More recently, since the year 2021, Abilio Lucena has been investigating
the Domatic Number Problem (DNP) CHANG (1994) and devised a BP algorithm,
a LS-RCSH heuristic and a formulation by representatives CAMPÊLO et al. (2005)
for the problem.
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Algorithm 3 LS-RCSH Algorithm for SF-SCP-ECCP
Require: Graph G = (V,E), initial parameters.
Ensure: Final solution to the R-SCP-ECCP formulation.
1: Initialize J ′ and BLS using CGM(G) solution
2: Execute RCSH for J ′ to update both J ′ and BLS
3: ζ ← 0.95
4: while ζ > 0 do
5: repeat
6: Solve SF-SCP-ECCP LPR for J ′ with SFI(BLS, ζ)
7: Obtain the optimal dual solution (β, γ)
8: Formulate MEWCP using dual values β and solve it
9: Add the variables j ∈ J \ J ′ with negative reduced costs to J ′

10: until No negative reduced cost variables were found
11: if New variables were added to J ′ then
12: Solve SF-SCP-ECCP to optimal integrality for J ′ with SFI(BLS, ζ−0.1)
13: if Solution improves BLS then
14: Update BLS
15: else
16: ζ ← ζ − 0.05
17: end if
18: else
19: ζ ← ζ − 0.05
20: end if
21: end while
22: return BLS

6.2 Computational results for LS-RCSH

In our computational experiments for LS-RCSH, every run of the procedure was
restricted to 20,000 wall time seconds, divided as follows: (a) every CGA round is
limited to up to 2,000 wall time seconds and, (b) whenever J ′ increases, Gurobi is
allowed up to 1,200 wall time seconds for attempting to solve our proposed restricted
formulation for the resulting R-SCP-ECCP formulation, i.e., its corresponding SF-
SCP-ECCP formulation with ζ value set to ζ−0.1. The solver is allowed to run over
15 threads with its “aggressive presolve” and “aggressive cutting plane generation”
options activated. PPs within CGA rounds are solved by inspection, with at most
one attractive variable in {yj : j ∈ J \ J ′} allowed into J ′, for every PP solved.
Finally, every CGA round is initialized with a SFI for which ζ = 0.95 applies and,
whenever necessary, ζ values are reduced by 0.05 at a time.

The computational results attained by LS-RCSH are presented in Table C-C.4.
Part of the nomenclature which applies to this table was already discussed for pre-
vious tables and, therefore, we will limit ourselves to explaining the missing parts.

For every test graph G = (V,E), columns labeled |C1|, |C2|, and |C3| respectively
indicate the number of maximal cliques (subset of variables of {yj : j ∈ J}) for three
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relevant R-SCP-ECCP formulations associated with LS-RCSH: (a) an initial one
defined by a CGM solution, (b) the one for which the LPR of SCP-ECCP is hopefully
attained (i.e, when no more attractive variables remain for it in {yj : j ∈ J \ J ′}),
and (c) the very last one assembled by LS-RCSH.

For case (a) in the previous paragraph, it should be noted that |C1| also cor-
responds to the number of cliques (variables) in the ECCP solution returned by
CGM. On the other hand, upper bounds on the optimal R-SCP-ECCP formulation
values for cases (b) and (c) are respectively displayed in columns labeled “ v̄1(R2)”
and “ v̄2(R2)”. Additionally, the column labeled “v(R2)” displays LPR values for
the final R-SCP-ECCP formulations attained by RCSH and is borrowed from Table
C.3. Furthermore, when entries for column labeled v(R2) are followed by *, this
indicates that CGA rounds were interrupted by time limit and attractive variables
yj, j ∈ J \ J ′, might still exist for the instance. In turn, entries under the heading
“i1” indicate the number of times BLS is improved by LS-RCSH. Finally, comple-
menting this information, entries under the label “i2” indicate the total number of
LS-RCSH enforced ζ reductions.

Likewise previous tables, a pictorial representation of the results in Table C-C.4
are also displayed in an accompanying figure, Figure 6.1, in this case. For comparison
purposes, this figure also displays CGM-X, BKG, and CSH results. In particular
these CSH results correspond to the best ones attained by either CSH-3, CSH-30,
CSH-300 or CSH-3000 and appear in the figure under the label “CSH_min”.

Prior to discussing the quality of the results obtained by LS-RCSH, it is worth
mentioning that, as it also applies to BKG and RCSH results, they are affected by
the fact that some of the R-SCP-ECCP formulations (or relaxed versions of them)
LS-RCSH must solve, fast become out of reach for Gurobi. For the 10 graphs in our
test bed with |V | ≤ 50 and graph densities equal or bellow 50%, where this is less
of a problem, LS-RCSH lagged behind BKG and CHS_min for 2 instances, drawing
with them for the other 8 instances. However, for these 2 particular instances, i.e.,
v30_d70 and v50_d50, the LS-RCSH solution is only 1 unit above the optimal.

For the remaining 14 easier to solve instances, i.e., those with certified optimal
solutions available for them, they all have |V | ≥ 50 and graph densities not above
30%. LS-RCSH matched the performances of BKG and CSH_min for them and
generated optimal solutions in all cases.

The 17 harder to solve instances in our test bed, i.e., those for which certified
optimal solutions are still unavailable, all have |V | ≥ 50 and densities that are
not bellow 20%. For 4 of them the LS-RCSH performance lagged behind the one
which applies to one of their competitors. For 12 of the remaining 13 instances, the
reverse occurred. Finally, for the final remaining instance, LS-RCSH matched the
best performance attained by its competitors.
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Of particular interest to us is the LS-RCSH performance for the v100_d20 in-
stance. One should note that RCSH, which may be understood as a preliminary
phase of LS-RCSH, generates 625 columns for it. The optimal LPR value for the
R-SCP-ECCP formulation implied by these columns is 328.2 while the optimal in-
tegral value for the formulation is 330. Therefore the optimal ECCP solution for
this instance must be either 329 or 330. One must stress that no better solution
than 330 is capable of being raised from the current R-SCP-ECCP formulation.
Proceeding from this R-SCP-ECCP formulation, LS-RCSH updates it with 29 SF-
SCP-ECCP-wise attractive columns and brings the optimal integral solution for the
resulting updated R-SCP-ECCP formulation to value 329. Accordingly, the ECCP
upper bound returned by LS-RCSH is thus certified as optimal for the instance.
This example is quite illustrative of the benefits LS-RCSH brings about.

Figure 6.1: LS-RCSH results.
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Chapter 7

Conclusions and Transition to Part II

The Part I of this thesis is focused on frameworks for designing algorithms, exact or
heuristic, for solving SCP-ECCP, the SCP formulation to ECCP. Our aim was not
so much on offering fine tuned algorithms for solving this formulation. Rather than
doing that, we investigated some of the algorithmic opportunities and challenges
that come with that formulation.

The computational experiments we conducted reveal that SCP-ECCP formula-
tions are empirically easy to solve for the smaller or sparser instances in our test
bed. The reverse occurs for those instances with a larger number of vertices or
higher densities. As graph complexity increases, two main obstacles emerge that
appear to limit the effectiveness of direct SCP approaches for ECCP.

So far, no exact solution BP algorithm exists for ECCP and devising one is
certainly a very interesting research proposition. From the results obtained in this
investigation, it appears quite evident that at least two main obstacles must be
overcome to devise an empirically effective algorithm of this type. One is that the
heuristics currently available for ECCP, used as a stand alone module, do not look
very attractive. This remark is supported by the results we obtained with the CGM-
X procedure, tested in Part I. For some of the harder to solve instances in our test
bed, the best ECCP solution returned by CGM-X (even after performing thousands
of calls to the CGM heuristic of CONTE et al. (2016), the current option of choice
for an ECCP heuristic at the time of this writing) was quite poor. Indeed CGM-
X lagged well behind all other ECCP heuristic frameworks we investigated here,
including CSH-30x, which uses CGM-X as a clique sampling device to generate
small attractive R-SCP-ECCP formulations.

The other obstacle we envisage stems from the empirical evidence we got, in-
dicating that duality gaps between LPR bounds for SCP-ECCP formulations and
optimal ECCP solutions appear to increase very fast with the increase of graph size
or density. In this case, the formulation would require the use of cutting planes, to
reinforce it and thus reduce the implicit enumeration effort. However, no obvious
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cutting plane candidates appear to exist.
Despite these challenges, our investigation reveals some promising directions for

exact algorithm development. Out of the results we obtained for LS-RCSH, this
heuristic appears particularly suitable to become part of an ECCP BP algorithm.
This conclusion stems from the fact that, throughout BP implicit enumeration, an
ECCP BP algorithm would store all distinct maximal cliques it generates and, as a
result of that, increasingly attractive R-SCP-ECCP formulations thus become avail-
able to LS-RCSH. Indeed, the preliminary results the first author already obtained
with a BP algorithm that implements this idea to DNP, strongly supports its use
for other problems.

Turning the focus once again to heuristics, one should note that although we
tried to prove optimality to all distinct IP problems we come across in our frame-
works, there is ample space to solve them via heuristics. For example, the PPs (i.e.,
MEWCPs) one is required to solve, within the RCSH and LS-RCSH frameworks,
might be left in charge of MEWCP heuristics. Likewise the solution of R-SCP-ECCP
formulations, as demanded by all frameworks we considered, might be carried out
by unit-cost SCP heuristics.

It is worth noting that within the matheuristic landscape for MIP, the Relax-
ation Induced Neighborhood Search (RINS) by DANNA et al. (2005) represents an
important development, which uses the intersection of incumbent and continuous
relaxation solutions to define promising neighborhoods for local search within MIP
solvers. While our LS-RCSH approach shares the principle of using the information
from the best incumbent solution to guide neighborhood construction, it specifically
addresses the challenge of maintaining column generation consistency throughout
the search process. We were not aware of RINS at the time of developing LS-RCSH,
and this parallel development represents an independent convergence toward effec-
tive neighborhood definition strategies in MIP. Interestingly, incorporating RINS-
style neighborhoods into the LS-RCSH framework would be straightforward to test
and could potentially yield interesting hybrid approaches, though this remains a
topic for future investigation.

Finally, the CSH framework proved quite effective in assembling small R-SCP-
ECCP formulations that contain good quality ECCP solutions. The best trade-off
in that respect coming from the CSH-30x version of it. Accordingly, one might then
consider the use of it as a warm starter to RCSH and LS-RCSH. Namely, to generate
good quality initial R-SCP-ECCP formulations for them.

The insights gained from Part I establish both the potential and the limitations
of heuristic approaches based on SCP formulations. While these methods achieve
good performance on a significant portion of practical instances, the fundamental
scalability challenges revealed by our analysis motivate the development of more
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theoretically robust exact methods. The rapid growth in formulation size, the de-
teriorating quality of linear programming bounds, and the absence of obvious cut-
ting plane strategies collectively point toward the need for fundamentally different
algorithmic approaches that can maintain tractability across the full spectrum of
problem difficulty.

Part II addresses these limitations by departing from direct SCP formulations
in favor of a graph transformation approach that enables the application of branch-
and-price methodology with theoretically sound branching strategies. By converting
ECCP instances into equivalent Vertex Clique Cover Problems through systematic
graph transformation, we overcome the structural obstacles that prevent effective
branching in direct SCP formulations while maintaining the column generation ad-
vantages identified in Part I.
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Part II

Branch-and-Price Algorithm for
ECCP via Graph Transformation
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Chapter 8

Introduction to Part II

Part I established the effectiveness of sampling-based approaches for generating
high-quality restricted SCP-ECCP formulations while simultaneously revealing fun-
damental limitations that prevent the development of robust exact algorithms using
direct SCP formulations. The rapid deterioration of linear programming relaxation
bounds with increasing graph complexity, combined with the absence of effective cut-
ting plane strategies, necessitates a fundamentally different algorithmic approach for
exact solution methods.

Part II addresses these limitations by introducing a novel branch-and-price
framework based on systematic graph transformation. Rather than working directly
with edge covering formulations, we convert ECCP instances into equivalent Vertex
Clique Cover Problems (VCCP) via this transformation. This resolves a critical
structural obstacle that has prevented effective branch-and-price implementations
for ECCP: traditional variable-based branching strategies destroy the pricing prob-
lem structure throughout the enumeration tree, creating heterogeneous subproblems
that cannot be solved efficiently using a unified pricing algorithm (DESROSIERS e
LÜBBECKE, 2011).

The graph transformation approach enables the adaptation of proven branching
strategies from the graph coloring literature, specifically the branching framework
developed by MEHROTRA e TRICK (1996). By reformulating ECCP as VCCP, we
preserve the Maximum Weight Clique Problem structure in all pricing subproblems
across the entire enumeration tree, ensuring algorithmic coherence and maintaining
the theoretical foundations necessary for effective branch-and-price implementation.

While VCCP could theoretically be approached through graph coloring tech-
niques applied to complement graphs, we develop the VCCP formulation directly to
explore previously unexamined theoretical territory. This approach yields two dis-
tinct algorithmic contributions: a complete branch-and-price framework with novel
branching strategies tailored to transformed graph properties, and an exact pric-
ing algorithm that solves Maximum Vertex Weighted Clique Problems (MVWCP)

38



through representative-based enumeration techniques.
To provide comprehensive algorithmic comparison and emphasize the inherent

computational complexity of exact methods, we develop a parallel contribution: a
novel VCCP formulation based on representatives. This mathematical framework,
absent from current literature, enables systematic benchmarking of our branch-and-
price approach while emphasizing important characteristics of problem difficulty
across varying structural properties of transformed graphs.

Part II is organized into three chapters that systematically develop and evalu-
ate these exact methodologies. Chapter 9 presents the complete branch-and-price
framework, detailing the graph transformation, adapted branching strategy that
maintain pricing problem consistency, and an exact approach for the MVWCP
based on representatives. Chapter 10 introduces the representative-based VCCP
formulation with its associated reduction strategies and branch-and-cut techniques.
Chapter 11 provides extensive computational experiments that compare all pro-
posed exact methods against a baseline approach, analyzing both solution quality
and computational tractability across diverse instance classes while identifying the
boundaries of practical applicability for each algorithmic approach.
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Chapter 9

Branch-and-Price Formulation and
Methodology

This chapter presents a branch-and-price framework for the Edge Clique Cover Prob-
lem (ECCP). The main challenge in developing such a framework lies in the formu-
lation of appropriate branching strategies that maintain the structural integrity of
the pricing problem across all nodes in the enumeration tree.

Direct application of branch-and-price to ECCP encounters significant difficul-
ties due to the complex constraints that branching decisions impose on the pricing
subproblems. These constraints fundamentally alter their optimization structure,
leading to heterogeneous pricing problems throughout the search tree that require
distinct solution approaches.

We address this challenge through the conversion of ECCP into its equivalent
Vertex Clique Cover Problem (VCCP) formulation via graph transformation. This
transformation enables the development of robust branching strategies that preserve
the pricing problem structure across all tree nodes.

Within the VCCP framework, we present the mathematical foundation necessary
for the algorithmic implementation, including a specialized exact algorithm for the
Maximum Vertex Weighted Clique Problem (MVWCP) that serves as the pricing
subproblem. The resulting framework provides a theoretically sound and computa-
tionally viable approach to exact ECCP solution while establishing a foundation for
further algorithmic development in this domain.

9.1 Motivation

9.1.1 The Branching Rule Problem

The central obstacle in developing a robust Branch-and-Price algorithm for ECCP
lies in the formulation of appropriate branching rules. Traditional variable-based
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branching strategies, while conceptually straightforward, fundamentally compromise
the algorithmic framework’s structural integrity.

Consider a standard branching approach applied to a fractional solution x̄ of the
linear programming relaxation. Upon identifying a fractional variable x̄i, conven-
tional branching creates two subproblems with constraints:

Branch 1: xi = 1 (9.1)

Branch 2: xi = 0 (9.2)

The constraint xi = 1 forces the inclusion of clique Ci in the solution, which can
be accommodated through straightforward formulation modifications. The master
problem constraints remain structurally unchanged, and the pricing problem can
incorporate this requirement through appropriate objective function adjustments.

However, the constraint xi = 0 creates fundamental structural problems that cas-
cade throughout the algorithmic framework. Excluding clique Ci requires not only
removing the corresponding column from the current formulation but also modify-
ing the pricing problem to prevent the regeneration of this forbidden clique. This
modification destroys the clique structure that underlies the pricing problem’s for-
mulation.

The resulting pricing subproblems throughout the enumeration tree become fun-
damentally different optimization problems, each with distinct constraint structures
and solution characteristics. This structural heterogeneity forces the development
of more complex procedures that were difficult to establish effectively at the time of
this research.

9.1.2 Robust Branching via Graph Transformation

The resolution of these branching difficulties emerges through a particular reconcep-
tualization of the ECCP solution space. Rather than branching directly on clique
variables, we develop a robust branching strategy based on the systematic transfor-
mation of ECCP into an equivalent Vertex Clique Cover Problem (VCCP) defined
on a specially constructed graph K(G) = (V̄ , Ē).

This transformation, originally introduced by Kou et al. KOU et al. (1978),
establishes a bijective correspondence between edge clique covers in the original
graph and vertex clique covers in the transformed graph. In this transformation,
each edge e = {a, b} ∈ E of the original graph G corresponds to a vertex ve ∈ V̄ in
the transformed graph. Two vertices vei and vej in K(G) are connected by an edge
if and only if the corresponding edges ei and ej in G can be jointly covered by some
clique.
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More formally, let Ii,j ⊂ V denote the set of endpoints of edges ei and ej. An
edge {vei , vej} ∈ Ē exists if and only if Ii,j forms a clique in G. This construction
ensures that each edge in the original graph corresponds to exactly one vertex in
K(G), and adjacencies in K(G) reflect the potential for joint coverage by cliques in
the original graph.

The key innovation lies in the adoption of a branching from MEHROTRA e
TRICK (1996) adapted to this graph-theoretic framework. Instead of branching on
variable values, we branch on the structural relationships between vertex pairs in
K(G). Specifically, given a fractional solution with clique Cj containing vertices
v{a,b} and v{c,d}, we create branches based on their coverage relationship:

Branch I (Together): Vertices v{a,b} and v{c,d} must appear together in a clique
(9.3)

Branch II (Separated): Vertices v{a,b} and v{c,d} must appear separately in cliques
(9.4)

The together branch is implemented by merging vertices v{a,b} and v{c,d} into a
supervertex v{a,b,c,d}, with edges connecting to vertices that were adjacent to both
original vertices. This operation preserves the clique structure while enforcing the
constraint that these vertices must be covered by the same clique in any feasible
solution.

The separated branch simply removes the edge between v{a,b} and v{c,d} in K(G).
This modification ensures that no clique can simultaneously contain both vertices,
thereby enforcing their separation into different cliques.

This structural branching approach maintains the essential property of robust-
ness: the pricing problem remains a Maximum Vertex Weighted Clique Problem
defined over the modified graph K ′(G) at each node. The formulation structure,
solution algorithms, and optimality conditions remain consistent throughout the
enumeration tree. Only the underlying graph topology changes, while the funda-
mental optimization problem structure persists.

From the algorithmic perspective, these graph modifications naturally lend them-
selves to straightforward implementation strategies. The together branch can be
implemented through vertex contraction operations that preserve adjacency rela-
tionships, while the separated branch requires simple edge deletion. Both operations
maintain the fundamental clique structure necessary for pricing problem solution.

The mathematical framework underlying this approach establishes several crit-
ical theoretical properties. First, the bijective correspondence between edge clique
covers in G and vertex clique covers in K(G) ensures that optimal solutions to the
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transformed problem yield optimal solutions to the original ECCP with identical
objective values. Second, the branching strategy provides complete coverage of the
solution space, guaranteeing that optimal solutions can be found through systematic
enumeration.

Furthermore, the size and structural properties of K(G) remain manageable un-
der reasonable assumptions about the original graph. As demonstrated by HEVIA
et al. (2023), when G has degeneracy d, K(G) satisfies |V̄ | = m ≤ dn and
|Ē| = O(d2m), where m = |E| and n = |V |. This polynomial relationship in the
degeneracy parameter ensures practical applicability for sparse graphs commonly
encountered in real-world applications.

The robust Branch-and-Price algorithm thus achieves the objective of exact op-
timization by preserving pricing problem structure through graph transformations.
The algorithm maintains the sophisticated solution procedures developed for Maxi-
mum Vertex Weighted Clique Problems while systematically exploring the solution
space through principled branching decisions. This combination of structural preser-
vation and systematic enumeration provides the algorithmic foundation necessary
for solving ECCP instances to proven optimality.

9.2 The Graph Transformation

We present the graph construction that transforms ECCP to VCCP by converting
edges into vertices while maintaining the clique structure. This transformation en-
ables us to apply vertex-based algorithms to solve the edge clique cover problem
through a bijective correspondence between solutions.

9.2.1 Definition and Construction of K(G) Graphs

Given an input graph G = (V,E) for the ECCP, we construct the graph K(G) =

(V̄ , Ē) through a systematic vertex-edge correspondence that preserves the essential
clique structure. The construction proceeds as follows.

For each edge e = {a, b} ∈ E, we create a corresponding vertex ve ∈ V̄ . This
establishes a bijective mapping between the edge set of the original graph and the
vertex set of the transformed graph, ensuring that every edge coverage requirement
in the original problem translates to a corresponding vertex coverage requirement
in the transformed problem.

The edge set Ē is then defined to capture the relationships between edges that
can be jointly covered by cliques in the original graph. Specifically, two vertices vei
and vej are adjacent in K(G) if and only if the corresponding edges ei and ej can
be covered by a common clique in G.
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More formally, let Ii,j ⊂ V denote the set of endpoints of edges ei and ej. An
edge {vei , vej} ∈ Ē exists if and only if Ii,j forms a clique in G. This condition
ensures that the adjacency structure in K(G) precisely reflects the potential for
joint coverage by cliques in the original graph.

The construction algorithm proceeds efficiently by examining each edge e =

{u, v} in G and identifying its common neighbors N(e) = N [u] ∩N [v] \ {u, v}. For
each common neighbor c ∈ N(e), the algorithm creates edges in K(G) connecting
the vertex representing edge {u, v} to vertices representing edges {u, c} and {v, c},
corresponding to the triangular clique {u, v, c}. Additionally, for any pair of common
neighbors c, d ∈ N(e) that are adjacent in G (i.e., {c, d} ∈ E), the algorithm creates
three edges in K(G) for the 4-clique {u, v, c, d}: connecting vertices representing
edges {u, v} to {c, d}, {u, c} to {v, d}, and {u, d} to {v, c}. This approach achieves
O(|E|·∆2) complexity, where ∆ is the maximum degree in G, avoiding the quadratic
enumeration of all edge pairs.

This construction preserves some critical structural properties. First, the size of
K(G) remains manageable under reasonable assumptions about the original graph
structure. As demonstrated by Hevia et al. HEVIA et al. (2023), when G has
degeneracy d, K(G) satisfies |V̄ | = m ≤ dn and |Ē| = O(d2m), where m = |E| and
n = |V |.

Second, the construction maintains the essential relationship between cliques in
the original graph and cliques in the transformed graph. Every clique in G that
covers a set of edges corresponds to a clique in K(G) that covers the corresponding
set of vertices, with identical cardinality properties.

9.2.2 Correspondence Between Problems

The main property of the graph transformation is its preservation of the covering
structure through a bijective correspondence between solutions. This correspon-
dence operates bidirectionally: every minimum edge clique cover in G induces a
minimum vertex clique cover in K(G) of identical cardinality, and vice versa. The
following theorem formalizes this relationship.

Theorem 1. Let G = (V,E) be a graph and K(G) = (V̄ , Ē) be its transformed
graph. There exists a bijective correspondence between edge clique covers of G and
vertex clique covers of K(G) that preserves cardinality. Specifically, the minimum
edge clique cover number of G equals the minimum vertex clique cover number of
K(G).

Proof. Define ϕ mapping each edge clique Ci in G to vertex set ϕ(Ci) = {ve : e ⊆ Ci}
in K(G), and ψ mapping each vertex clique Dj in K(G) to ψ(Dj) =

⋃
ve∈Dj

e in G.
Since edges e1, e2 can be covered by a common clique in G if and only if {ve1 , ve2} ∈ Ē

44



by construction of K(G), we have: (i) ϕ(Ci) forms a clique in K(G) because all edges
in Ci share the clique Ci, (ii) ψ(Dj) forms a clique in G because adjacency in K(G)

implies joint coverage capability, (iii) both mappings preserve coverage completeness
since every edge e covered by some Ci corresponds to vertex ve covered by ϕ(Ci) and
vice versa, and (iv) ψ◦ϕ = id and ϕ◦ψ = id establishing bijection with |C| = |D|.

During the graph transformation process, certain vertices in K(G) may become
isolated, that is, they have no adjacent vertices in the resultant graph. These isolated
vertices correspond to edges in the original graph G that share no endpoints with any
other edges, making them trivial cliques that must necessarily appear in any feasible
edge clique cover. Since these isolated vertices represent mandatory components of
any optimal solution, they can be removed from the optimization problem without
loss of generality. Throughout this thesis, we extract these isolated vertices during
preprocessing and apply our algorithms to the resulting connected components of
K(G). We denote by |V iso| the number of isolated vertices removed from the original
transformed graph. The optimal solution value for the original ECCP instance is
then |V iso|+ κ(K(G)), where κ(K(G)) represents the minimum vertex clique cover
number of K(G) after isolated vertex removal.

9.3 The SCP-VCCP Formulation for ECCP

Building upon the graph transformation, we present the complete mathematical for-
mulation that enables the optimization of the converted problem. The formulation
leverages the vertex clique cover structure to create a set covering problem with
favorable computational properties.

Given a graph K(G) = (V̄ , Ē) and the set C containing all maximal cliques
related to it, we associate a variable xj ∈ [0, 1] to each maximal clique Cj ∈ C. The
binary nature of these variables reflects the discrete decision of whether to include
each clique in the covering solution.

Furthermore, we identify by Jv ⊆ J those cliques (variables) of C that cover/-
contain vertex v ∈ V̄ . This index set structure enables the formulation of coverage
constraints while maintaining the relationship between cliques and the vertices they
cover.

The polyhedral region R5 is defined by the constraint system:

∑
j∈Jv

xj ≥ 1, v ∈ V̄ (9.5)

xj ≥ 0, j ∈ J (9.6)
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The coverage constraints (9.5) ensure that every vertex in V̄ is covered by at
least one selected clique, while the non-negativity constraints (9.6) maintain the
feasible region structure.

The SCP-VCCP formulation for ECCP is then given by:

min

{∑
j∈J

xj : x ∈ R5 ∩ Zn

}
(9.7)

with its corresponding Linear Programming Relaxation (LPR) defined as:

min

{∑
j∈J

xj : x ∈ R5

}
(9.8)

The validity of formulation (9.7) follows directly from the graph transformation
and the correspondence between problems. For any input graph K(G) = (V̄ , Ē)

and vertex v ∈ V̄ , the definition of C ensures that there exists at least one maximal
clique Cj ⊆ C such that K(G)[Cj] contains v.

The coverage constraints (9.5) require that each vertex in V̄ be covered by at
least one of these cliques, corresponding precisely to the requirement that each edge
in the original graph G be covered by at least one clique. The objective function
in (9.7) minimizes the number of cliques needed to achieve complete coverage.

Since a solution to the VCCP covers all vertices in V̄ by definition, the bijective
correspondence ensures that the corresponding cliques also cover all edges in G.
Therefore, we can construct an optimal solution for ECCP with the same cardinality
as that obtained for VCCP, establishing the equivalence between the problems.

9.4 The R-SCP-VCCP Formulations

While the full SCP-VCCP formulation provides theoretical completeness, practical
computation requires more manageable problem sizes. The restricted SCP-VCCP
formulations (R-SCP-VCCP) address this computational challenge by working with
carefully selected subsets of the complete clique collection.

The restricted formulations use subsets of maximal cliques C ′ ⊆ C, obtained by
converting ECCP heuristic solutions from G into corresponding cliques in K(G).
Following Conte et al. CONTE et al. (2016), these heuristic solutions provide initial
feasible clique collections for the VCCP formulation.

Let J ′ ⊆ J and J ′
v ⊆ Jv be the index sets that correspond to the cliques in C ′

and those cliques C ∈ C ′ for which K(G)[C] contains vertex v ∈ V̄ , respectively.
The parameter n′ = |C ′| represents the size of the restricted formulation and should
be kept conveniently small to ensure computational tractability.
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To distinguish the SCP-VCCP formulation (9.7) from the R-SCP-VCCP formu-
lations, we introduce clique variables y ∈ Rn′ associated with the restricted formu-
lation. We also define a corresponding polyhedral region R6, described as follows:

∑
j∈J ′

v

yj ≥ 1, v ∈ V̄ (9.9)

yj ≥ 0, j ∈ J ′ (9.10)

The coverage constraints (9.9) maintain the requirement that every vertex in
V̄ be covered by at least one clique from the restricted collection, while con-
straints (9.10) define the feasible region for the restricted variables.

An R-SCP-VCCP formulation for ECCP is then defined as:

min

{∑
j∈J ′

yj : y ∈ R6 ∩ Zn′

}
(9.11)

with the corresponding Linear Programming Relaxation (LPR) given by:

min

{∑
j∈J ′

yj : y ∈ R6

}
(9.12)

The restricted formulations serve two main purposes within the branch-and-
price framework. First, they provide computationally manageable problem sizes
that can be solved by modern integer programming solvers. Second, they enable the
implementation of column generation procedures that systematically expand the
formulation with improving cliques.

The restriction process maintains feasibility guarantees through the use of heuris-
tic solutions that ensure C ′ contains at least one feasible solution to the original
problem. This property is crucial for the correctness of the column generation pro-
cedure, as it ensures that the restricted master problem remains feasible throughout
the optimization process.

The relationship between the restricted and complete formulations provides the-
oretical bounds on solution quality. While the optimal value of the restricted for-
mulation may exceed the optimal value of the complete formulation, the column
generation procedure systematically identifies improving cliques that reduce this
gap until optimality is achieved.
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9.5 Restricted Master Problem

The restricted master problem (RMP) is implemented using the R-SCP-VCCP for-
mulation (9.11) with binary variables yj ∈ {0, 1} for j ∈ J ′. The RMP begins with
the initial clique collection C ′ obtained from heuristic solutions and serves as the
core component that evolves throughout the branch-and-price algorithm.

At each iteration of the column generation process, the algorithm solves the
Linear Programming Relaxation (9.12) of the RMP to obtain an optimal primal
solution ỹ and the corresponding optimal dual solution. The dual solution provides
economic information about the marginal value of covering each vertex in K(G),
which becomes essential for identifying improving columns.

The RMP maintains feasibility throughout the algorithm since the initial col-
lection C ′ contains at least one feasible solution to the original problem. As the
algorithm progresses, new cliques discovered through the pricing mechanism are
added to C ′, correspondingly updating the formulation.

The optimal solution of the RMP relaxation serves two critical purposes: it
provides bounds on the optimal solution value, and its dual information guides the
search for beneficial columns in the pricing problem, as detailed in the following
section.

9.6 The Pricing Problem

The pricing mechanism enables dynamic column generation within our algorithm
by identifying cliques that can improve the current linear programming relaxation.
This component transforms the dual information from the restricted master problem
into a systematic search for beneficial columns.

Let {αv ≥ 0 : v ∈ V̄ } be the dual variables associated with the coverage in-
equalities (9.9). The dual problem corresponding to the linear programming relax-
ation (9.12) is formulated as:

max

{∑
v∈V̄

αv : α ∈ R7

}
(9.13)

where the polyhedral region R7 is defined as:

∑
v∈V (Cj)

αv ≤ 1, j ∈ J ′ (9.14)

αv ≥ 0, v ∈ V̄ (9.15)
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The dual constraints (9.14) ensure that the total dual value associated with
any clique does not exceed the corresponding primal variable coefficient, while con-
straints (9.15) maintain non-negativity of the dual variables.

Assume that an optimal solution ỹ is available for the RMP relaxation (9.12),
with optimal dual values β̃ for the coverage constraints. The reduced cost rj for any
clique variable yj, j ∈ J ′, is calculated as:

rj = 1−
∑

v∈V (Cj)

β̃v (9.16)

Given the optimality of ỹ and β̃, we have rj ≥ 0 for all j ∈ J ′ by the comple-
mentary slackness conditions of linear programming.

To implement column generation, we seek to identify cliques C∗ ∈ C \C ′ with the
most negative reduced cost. This corresponds to finding a clique C∗ that maximizes∑

v∈V (C∗) β̃v, which is equivalent to solving a Maximum Vertex Weighted Clique
Problem (MVWCP) defined over K(G) = (V̄ , Ē) with vertex weights {β̃v : v ∈ V̄ }.

To formulate the pricing problem, we associate variables {hi ∈ [0, 1] : i ∈ V̄ }
with the vertices of K(G) = (V̄ , Ē) and variables {ze ≥ 0 : e ∈ Ē} with its edges.
The polyhedral region R8 is defined as:

hi + hj ≤ 1, e = {i, j} /∈ Ē (9.17)

ze ≤ hk, e = {i, j} ∈ Ē, k ∈ {i, j} (9.18)

ze ≥ hi + hj − 1, e = {i, j} ∈ Ē (9.19)

0 ≤ hi ≤ 1, i ∈ V̄ (9.20)

ze ≥ 0, e ∈ Ē (9.21)

Constraints (9.18) ensure that an edge variable can be positive only if both
endpoint vertices are selected, while constraints (9.19) force edge variables to be
positive when both endpoints are selected. Together, these constraints enforce the
clique structure in the solution.

The pricing problem formulation is then given by:

max

{∑
v∈V̄

βvhv : (h, z) ∈ R8 ∩ (Z|V̄ |,R|Ē|)

}
(9.22)

After solving the pricing problem, we examine the reduced cost (1−
∑

v∈V [C∗] βv).
If this value is negative, then under the current dual values β, clique C∗ has negative
reduced cost and can potentially improve the objective value of the RMP relaxation.

In this case, C∗ must necessarily belong to C \ C ′, and we update C ′ := C ′ ∪{C∗}
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while expanding the R-SCP-VCCP formulation with a variable corresponding to C∗.
The process then iterates with a new solution of the updated RMP relaxation and
a new pricing problem.

Conversely, if (1 −
∑

v∈V [C∗] βv) ≥ 0, then no clique in C has a corresponding
variable that can improve the current RMP relaxation value. The column genera-
tion phase terminates, and ỹ, after appropriate mapping to the original variables,
corresponds to an optimal solution of the complete SCP-VCCP linear programming
relaxation.

If ỹ is also integer, this implies an optimal integral solution for ECCP. However,
if ỹ is optimal but fractional, the algorithm must employ a branching rule to con-
tinue the search for an optimal integral solution, leading to the branch-and-price
framework.

9.7 Branching Strategy

The correctness of our branch-and-price algorithm depends fundamentally on a
branching strategy that guarantees complete exploration of the solution space when
the linear relaxation yields fractional solutions. Our approach adapts the branching
rule introduced by MEHROTRA e TRICK (1996) for the graph coloring problem
to the set covering formulation of the Vertex Clique Cover Problem (VCCP), while
incorporating principles from GRAMM et al. (2006) which exploits graph structure
in combinatorial branching.

The branching strategy maintains the essential property of robustness : the pric-
ing problem remains a Maximum Vertex Weighted Clique Problem defined over
modified versions of the graph K(G) at each node, denoted as K ′(G) = (V̄ ′, Ē ′).
The formulation structure, solution algorithms, and optimality conditions remain
consistent throughout the enumeration tree, with only the underlying graph topol-
ogy changing.

9.7.1 Branching Template

Given an optimal linear relaxation solution ỹ to the R-VCCP-SCP, our branching
strategy follows a systematic three-step template:

1. Vertex Selection: Select two vertices vi, vj ∈ V̄ ′ from the restricted graph
K ′(G).

2. Together Branch: Enforce that vertices vi and vj must be covered by the
same clique.
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3. Separated Branch: Enforce that vertices vi and vj must be covered by
different cliques.

The critical component lies in the systematic selection of the vertex pair (vi, vj).
We adapt the structural approach from GRAMM et al. (2006), who select edges
covered by the fewest maximal cliques for branching decisions in their combinatorial
algorithm. This strategy targets the most constrained elements to yield more effi-
cient enumeration trees, as edges with minimal clique coverage represent bottlenecks
in the solution space.

We incorporate this constraint-based selection approach into our column gener-
ation setting. While enumerating all maximal cliques covering each vertex would
be computationally prohibitive due to exponential complexity, we can efficiently
approximate this property by focusing on columns currently in the R-VCCP-SCP
formulation. This adaptation preserves the efficiency benefits of constraint-based
selection while targeting precisely those cliques identified as relevant for improving
the lower bound through the pricing mechanism.

Primary Vertex Selection

Let F(V̄ ′) ⊆ V̄ ′ denote the set of vertices associated with fractional variables in the
optimal solution ỹ:

F(V̄ ′) =
{
v ∈ V̄ ′ | ∃j ∈ Jv such that ỹj ∈ (0, 1)

}
(9.23)

where Jv denotes the index set of columns covering vertex v.
We select the primary vertex vi ∈ F(V̄ ′) with minimum coverage by columns in

the current R-VCCP-SCP formulation:

I = arg min
v∈F(V̄ ′)

|Jv| (9.24)

For ties (|I| > 1), we select vi ∈ I with the most fractional sum of solution
variables covering it, providing the vertex closest to having equal fractional coverage.
This tie-breaking criterion was chosen without extensive theoretical analysis, as the
focus of our investigation lies in the overall algorithmic framework rather than fine-
tuning of tie-breaking procedures.

Lemma 1. If vertex vi ∈ V̄ ′ is covered by a fractional column in the optimal linear
relaxation solution ỹ, then vi must be covered by at least two columns in the current
solution.

Proof. Suppose vertex vi is covered by only one column Cj with ỹj fractional. Since
the covering constraints require

∑
j∈Jvi

ỹj ≥ 1, we have ỹj ≥ 1 for this single column.
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Combined with ỹj ≤ 1, this implies ỹj = 1, contradicting the fractional assumption.

Lemma 1 ensures that if I = ∅, then ỹ is integral, guaranteeing the availability
of valid branching vertices for fractional solutions.

Secondary Vertex Selection

Having selected primary vertex vi, let Cvi denote the set of all formulation columns
covering vi. The secondary vertex vj is chosen from:

vj ∈

 ⋃
C∈Cvi

C

 \
 ⋂

C∈Cvi

C

 (9.25)

This selection criterion ensures vj has inconsistent coverage relationships with
vi in the current solution. Some covering cliques include both vertices while others
cover only vi. This inconsistency makes the pair (vi, vj) natural for binary branching
as indicated in MEHROTRA e TRICK (1996): enforce joint coverage or prevent it.
Among vertices satisfying this condition, we select vj with minimum column coverage
|Jvj |, again applying the constraint-based selection principle from GRAMM et al.
(2006) to target the most structurally constrained vertex. Lemma 1 guarantees
the existence of such vertices by ensuring at least two distinct columns cover any
fractionally covered vertex.

9.7.2 Branch Implementation

Together Branch

The Together Branch enforces joint coverage by merging vertices vi and vj into
supervertex vij. The modified graph K ′(G) = (V̄ ′, Ē ′) is constructed as:

V̄ ′ = (V̄ \ {vi, vj}) ∪ {vij} (9.26)

Ē ′ = {{u,w} ∈ Ē : u,w /∈ {vi, vj}} (9.27)

∪ {{vij, vk} : {vi, vk} ∈ Ē and {vj, vk} ∈ Ē} (9.28)

The supervertex vij connects to vertex vk if and only if both vi and vj were adja-
cent to vk, ensuring that any clique containing vij corresponds to a clique containing
both original vertices.

We update the R-VCCP-SCP formulation by eliminating columns containing
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exactly one of {vi, vj}:

Etogether = {Ck ∈ C ′ : |Ck ∩ {vi, vj}| = 1} (9.29)

Remaining columns containing both vertices are updated to contain vij instead.

Separated Branch

The Separated Branch prevents joint coverage by removing the edge between ver-
tices. The modified graph is:

V̄ ′ = V̄ (9.30)

Ē ′ = Ē \ {{vi, vj}} (9.31)

We update the R-VCCP-SCP formulation by eliminating columns containing
both vertices:

Eseparated = {Ck ∈ C ′ : {vi, vj} ⊆ Ck} (9.32)

9.7.3 Theoretical Properties

Theorem 2. The proposed branching strategy provides complete coverage of the
solution space for the VCCP. Every feasible integral solution to the original problem
appears in exactly one leaf node of the enumeration tree.

Proof. Consider any feasible integral solution y∗ and vertex pair (vi, vj) selected at
any branching node. Exactly one condition holds:

Case 1: There exists clique Ck with y∗k = 1 such that {vi, vj} ⊆ Ck. The solution
satisfies the Together Branch constraint.

Case 2: No clique Ck with y∗k = 1 contains both vi and vj. The solution satisfies
the Separated Branch constraint.

Since these cases are mutually exclusive and exhaustive, every feasible solution
appears in exactly one branch. Systematic application establishes complete solution
space coverage.

The branching strategy preserves pricing problem structure throughout the enu-
meration tree. Both implementations yield modified Maximum Vertex Weighted
Clique Problems: the Together Branch operates on the contracted version of the
parent node’s restricted graph K ′(G) with supervertex vij, while the Separated
Branch operates on the parent node’s restricted graph with edge {vi, vj} removed.
This consistency enables uniform application of Maximum Vertex Weighted Clique
algorithms across all nodes.
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9.8 Computational Implementation Considerations

The transition from theoretical framework to practical implementation introduces
several critical considerations that significantly impact algorithm performance and
correctness. These implementation aspects address the management of restricted
graphs, column handling strategies, constraint validity, and formulation feasibility
throughout the branch-and-bound enumeration process.

9.8.1 Restricted Graph Operations

At any node in the search tree, the pricing algorithm operates on a restricted graph
K ′(G) rather than the original transformed graph K(G). This restricted graph
represents the original graph structure modified by the branching constraints accu-
mulated along the path from the root to the current node.

The restricted graph K ′(G) = (V̄ ′, Ē ′) is constructed by systematically applying
the constraint pool B to the original transformed graph. For separated constraints,
the corresponding edges are removed from Ē to prevent forbidden vertex pairs from
appearing in the same clique. For together constraints, vertices are merged into
supervertices using union-find data structures, with adjacency relationships updated
accordingly.

This graph modification process ensures that any clique found inK ′(G) automat-
ically satisfies all branching constraints imposed at the current node. The pricing
problem structure remains that of a Maximum Vertex Weighted Clique Problem,
but the underlying graph topology reflects the accumulated branching decisions.

The dynamic nature of these graph modifications requires efficient data struc-
tures and algorithms to maintain computational tractability. Our implementa-
tion employs bit representation for the adjacency matrix, which enables very fast
graph-related operations including adjacency queries, neighborhood intersections,
and clique procedures through efficient bitwise operations.

9.8.2 Column Generation and Maximality Requirements

A fundamental implementation challenge arises from the requirement that columns
in the R-SCP-VCCP formulation correspond to maximal cliques. This requirement
creates subtle but important distinctions between cliques that are maximal with
respect to the original graph versus those that are maximal with respect to the
current restricted graph.

When a clique is generated through the pricing procedure at a particular node,
it must be maximized within the scope of the restricted graph K ′(G) rather than
the original graph K(G). This ensures that the clique represents a maximal feasible
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structure under the current branching constraints, even if it might not be maximal
in the original graph.

The implication of this requirement is that columns generated at a particular
node are not necessarily valid for other nodes in the search tree. A clique that is
maximal under one set of branching constraints may become non-maximal or even
infeasible under a different set of constraints. Therefore, unlike standard branch-
and-price implementations where columns can be shared across the entire search tree,
our approach restricts column sharing to parent-child relationships. This constraint
significantly impacts the column management strategy and requires careful tracking
of which columns are valid at each node, consequently slowing the convergence of
lower bounds throughout the search tree since nodes cannot leverage the full column
generation history accumulated across the entire enumeration process.

9.8.3 Column Management Under Branching Constraints

Column Exclusion

Each time a new node is created through branching, the associated branching con-
straint must be incorporated into the R-SCP-VCCP formulation. This incorporation
process requires systematic examination of existing columns to identify those that
violate the new constraint.

For separated constraints that forbid vertices v{a,b} and v{c,d} from appearing in
the same clique, any existing column containing both vertices must be removed from
the formulation. For together constraints that require these vertices to appear in
the same clique, any column containing exactly one of these vertices (but not both)
must be removed.

The column exclusion process can potentially remove critical columns that pro-
vide coverage for specific vertices in the graph K(G). This removal may result
in some coverage constraints becoming infeasible, creating a situation where certain
vertices in V̄ cannot be covered by any remaining column in the current formulation.

The systematic identification of constraint violations requires efficient data
structures to track which vertices appear in which columns. The implementation
must maintain these relationships dynamically as columns are added and removed
throughout the search process.

Feasibility Restoration

When column exclusions result in uncovered vertices, the formulation becomes in-
feasible and requires immediate correction. The feasibility restoration mechanism
addresses this situation by generating emergency columns that provide the necessary
coverage while respecting all current branching constraints.
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For each uncovered vertex v ∈ V̄ , the algorithm creates a singleton clique con-
taining only that vertex. This singleton is then maximized within the restricted
graph K ′(G) to obtain the largest possible clique that includes v while satisfying all
branching constraints.

The maximization procedure operates through a greedy expansion process.
Starting from the singleton {v}, the algorithm iteratively adds vertices that are
adjacent to all vertices currently in the clique, continuing until no more vertices can
be added while maintaining the clique property under the current graph restrictions.

This feasibility restoration process ensures that the R-SCP-VCCP formulation
remains feasible at every node, enabling the continued application of column gener-
ation and branching procedures. While these emergency columns may not represent
optimal choices, they provide the minimum coverage necessary for algorithmic cor-
rectness.

9.8.4 Search-tree Exploration Mechanism

Lets call an exploration step as the algorithmic cycle systematically executed for
advancing the search-tree exploration. The adopted exploration step consists of the
following stages:

1. selection of an idle node to be explored.

2. branching into children nodes.

3. column generation for each node until optimal bound.

4. pruning tests execution.

5. node’s storage for future selection

Selection of an idle node to be explored. The node’s selection is performed via
breadth-first search. The node with the worst optimal bound is retrieved from a
heap data structure, which has O(1) time complexity for extraction task. The local
optimal bound is attained when the column generation solves the pricing problem
to its optimality and certify it cannot produce any column with negative reduced
cost anymore.

Branching into children nodes. The branching happens following the braching
rule discussed before.

Column generation for each node until optimal bound. The column generation
is executed for each child node. The optimal bound is attained when no negative
reduced cost column cant be produced anymore, guarrantedly.
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Pruning tests execution. At this stage, the algorithm performs bound and inte-
grality pruning tests. Pruning by the bound happens when the local optimal bound
is higher than an incumbent solution. Pruning by integrality happens when the
linear relaxation finishes presenting an integer solution.

Node’s storage for future selection. Once both nodes are processed, they are
stored in a heap structure that works as our idle node’s manager. The heap is main-
tained with the min-heap property, which has worst time-complexity of O(log n).

9.9 An Exact Pricing Algorithm Based on Repre-

sentatives

To enhance computational efficiency in the presence of branching constraints, we
developed an exact pricing algorithm that operates over the restricted graph K ′(G)

that has already been modified to respect all constraints imposed by the current
branch of the search tree. This approach systematically explores the clique space
through a representative-based enumeration strategy followed by a maximization
and deduplication phase.

The pricing algorithm implements a two-phase approach to efficiently identify
improving columns. The first phase uses vertex representatives to systematically
explore restricted subgraphs and collect promising cliques. The second phase max-
imizes these cliques and removes duplicates to produce the final set of columns for
addition to the master problem.

This design provides computational advantages by focusing the expensive clique
enumeration on smaller subgraphs while ensuring that all generated columns are
maximal and distinct. Algorithm 4 provides the complete procedural framework for
this approach.

9.9.1 Representative-Based Enumeration Strategy

The first phase uses vertex representatives to partition the search space and collect
promising cliques. For each vertex i ∈ V̄ ′ in the restricted graph K ′(G), we desig-
nate i as a representative and construct a further restricted subgraph G′

i based on
neighborhood, ordering, and dual value criteria.

For representative i, we include vertex j in G′
i if and only if: (1) j ∈ N [i] (j is

in the closed neighborhood of i), (2) j ≥ i in the vertex traversal, and (3) j has
positive dual value βj > 0. This corresponds to line 3 in Algorithm 4.

The neighborhood constraint ensures that only vertices that can potentially form
cliques with i are considered. The ordering constraint j ≥ i prevents the same clique
from being discovered multiple times through different representatives. The dual
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value constraint focuses the search on vertices that can contribute positively to the
objective function.

Once the restricted subgraph G′
i is constructed, the algorithm applies the Bron-

Kerbosch algorithm to enumerate maximal cliques within this subgraph (line 4). For
each representative, the algorithm stores the cliques with the most negative reduced
cost in a collection pool for later processing (line 5).

Algorithm 4 MWCP Solver with Representatives
Require: Restricted graph K ′(G) = (V̄ ′, Ē ′), dual solution β
Ensure: Set of distinct maximal cliques with negative reduced cost
1: Initialize clique pool P ← ∅
2: for each representative i ∈ V̄ ′ do
3: Create subgraph G′

i containing vertices {j ∈ N [i] : j ≥ i and βj > 0}
4: Find maximal cliques in G′

i using Bron-Kerbosch algorithm
5: Store cliques with most negative reduced cost in pool P
6: end for
7: for all clique C ∈ P do
8: Maximize C with respect to K ′(G)
9: end for

10: Remove duplicate cliques from P , keeping only distinct ones
11: return P

9.9.2 Maximization and Deduplication Phase

The second phase processes all cliques collected from the representative-based enu-
meration. Each clique in the pool undergoes a maximization procedure to ensure it
becomes a maximal clique with respect to the restricted graph K ′(G) (lines 7-9 in
Algorithm 4).

The maximization process expands each clique by iteratively adding vertices that
maintain the clique property. This ensures that all generated columns correspond
to maximal cliques, as required by the master problem formulation.

After maximization, some cliques may become identical, creating redundancy
in the collection. The algorithm removes these duplicates, retaining only distinct
maximal cliques (line 10). This deduplication step ensures that each improving
column is unique and contributes meaningfully to the master problem.

The final set of distinct maximal cliques with negative reduced cost is then
returned to be added to the RMP formulation as new columns (line 11).

9.9.3 Computational Considerations

The representative-based approach provides computational benefits through the re-
striction of clique enumeration to smaller subgraphs. When dual values are concen-
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trated on a small subset of vertices, the restricted subgraphs G′
i become significantly

smaller than the original restricted graph, leading to substantial computational sav-
ings.

The two-phase design separates the enumeration process from the maximization
and deduplication operations, enabling more efficient resource utilization.

This exact pricing algorithm provides an efficient approach for the branch-and-
price framework by systematically managing the exponential clique space while
maintaining optimality guarantees particularly essential for our column generation
algorithm.
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Chapter 10

A VCCP Formulation Based on
Representatives

In this chapter, we propose a novel formulation for the Vertex Clique Cover Problem
(VCCP) that draws inspiration from the seminal work of YÜCEOĞLU et al. (2017)
concerning the robust graph coloring problem. This representative-based approach
provides an alternative mathematical framework for VCCP and enables comprehen-
sive benchmarking of our Branch-and-Price algorithm. Through this formulation,
we aim to gather empirical evidence regarding the computational complexity and
inherent hardness characteristics of VCCP.

10.1 Mathematical Formulation

Let G = (V,E) be a simple, undirected, and connected graph, where n = |V |
denotes the number of vertices and m = |E| represents the number of edges. Two
vertices i and j are considered adjacent if and only if {i, j} ∈ E. We define the open
neighborhood of vertex i as N(i) = {j ∈ V : {i, j} ∈ E}. The closed neighborhood
is given by N [i] = N(i)∪{i}. Additionally, we introduce the closed in-neighborhood
as N−[i] = {1, 2, . . . , i} ∩ N [i] and the closed out-neighborhood as N+[i] = {i, i +
1, . . . , n− 1, n} ∩N [i].

For completeness, we recall that an independent set is a subset of vertices in
which no two vertices are adjacent, while a clique is a subset of vertices in which
every pair of vertices is adjacent.

In the context of VCCP, we introduce the concept of representative vertices. Each
representative vertex serves to identify and characterize a clique that includes itself
along with a subset of other vertices from its neighborhood. This representative-
based approach provides a natural decomposition of the vertex set into disjoint
cliques.
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To formalize this concept, we define representation variables that determine the
clique membership structure. For each vertex i ∈ V , we introduce binary variables
xij for all vertices j ∈ N+[i]:

xij =

1, if vertex i represents vertex j

0, otherwise
(10.1)

Under this representation scheme, if xii = 1, then vertex i serves as a rep-
resentative vertex for some clique; otherwise, vertex i is represented by another
representative vertex within the same clique.

The VCCP formulation based on representatives is formulated as the following
integer programming problem:

minimize

{∑
i∈V

xii : x ∈ R9

}
, (10.2)

where polyhedral region R9 is defined as∑
i∈N−[j]

xij = 1, ∀j ∈ V (10.3)

xij ≤ xii, ∀i ∈ V, ∀j ∈ N+[i] (10.4)∑
j∈I

xij ≤ xii, ∀i ∈ V, ∀I ∈ Ii (10.5)

xij ∈ {0, 1}, ∀i ∈ V, ∀j ∈ N+[i] (10.6)

where Ii denotes the family of maximal independent sets in the subgraph induced
by N+(i).

The number of variables in the representative-based formulation exhibits poly-
nomial growth characteristics that depend critically on the graph’s structural
properties. Specifically, the total number of binary variables xij is bounded by∑

i∈V |N+[i]|, which in the worst case approaches O(n2) for dense graphs where
each vertex can represent up to n − 1 other vertices. However, for sparse graphs
with maximum degree ∆, this bound tightens to O(n ·∆), making the formulation
particularly attractive for applications involving low-degree networks. The mini-
mum degree δ provides a lower bound on formulation size, as vertices with degree δ
contribute at least δ variables each.
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10.2 Validity of the Formulation

The proposed formulation provides a mathematically sound representation of VCCP.
We establish its validity through a systematic analysis of each constraint family.

Constraint (10.3) enforces the fundamental requirement that each vertex must be
assigned to exactly one representative, thereby ensuring that every vertex belongs
to precisely one clique in the solution. This uniqueness property is essential for
maintaining the disjoint nature of the clique cover.

Constraint (10.4) establishes the logical relationship between representation vari-
ables and representative status. Specifically, if vertex i ∈ V is not designated
as a representative (i.e., xii = 0), then it cannot represent any vertex in its out-
neighborhoodN+[i]. This constraint maintains the consistency of the representative-
based structure.

Constraint (10.5) constitutes the core mechanism that guarantees the clique
property for each set of represented vertices. To demonstrate this, let Ci ⊆ N+[i]

represent the set of vertices represented by vertex i. Suppose, for the sake of con-
tradiction, that Ci does not form a clique. Then there exist vertices j1, j2 ∈ Ci such
that {j1, j2} /∈ E. By the definition of independent sets, there must exist a maximal
independent set Ĩ ∈ Ii such that {j1, j2} ⊆ Ĩ. Consequently, constraint (10.5) would
require:

xij1 + xij2 +
∑

k∈Ĩ\{j1,j2}

xik ≤ xii (10.7)

However, since i represents both j1 and j2, we have xij1 = xij2 = 1, which
contradicts the assumption that xii = 1 when additional vertices are included in Ĩ.
This contradiction establishes that Ci must indeed form a clique. Therefore, vertex
i can represent all valid cliques, whether maximal or not, that can be formed by
vertices in N+[i].

The uniqueness property enforced by constraint (10.3) ensures that the resulting
cliques in any feasible solution are naturally disjoint, as required by the VCCP
definition.

Constraint (10.6) imposes the integrality requirement on all decision variables.
Finally, the objective function (10.2) minimizes the number of representative

vertices, which by construction corresponds to minimizing the number of cliques
in the cover. Since every vertex must be either a representative or represented by
some representative vertex, all vertices are guaranteed to be covered by the resulting
clique collection. Thus, this formulation correctly solves VCCP.

It is important to note that constraint (10.5) does not enforce maximality on
the cliques in the solution. Consequently, the optimal solution may contain disjoint

62



cliques that are either maximal or non-maximal.

10.3 Computational Complexity and Reduction

Strategies

A critical observation regarding constraint (10.5) concerns the cardinality of the
family Ii. The maximal independent sets in Ii can be obtained by enumerating all
maximal cliques in the complement graph of the subgraph induced by vertices in
N+(i). As established in the literature TOMITA et al. (2006), the number of such
constraints can grow exponentially with respect to the problem size, potentially
rendering the formulation computationally intractable for large-scale instances.

To address this computational challenge, we propose a systematic reduction
strategy that maintains the formulation’s validity while significantly reducing the
number of constraints. The key insight is to relax the maximality requirement for
the independent set family Ii while preserving the essential structural properties
that ensure solution feasibility.

10.3.1 Weak Reduction Strategy

Our first reduction approach focuses on a specific subfamily of independent sets.
We redefine Ii to include only independent sets of cardinality 2 within the subgraph
induced by N+(i). Note that considering independent sets of size 1 would effectively
reduce constraint (10.5) to constraint (10.4), providing no additional structural in-
formation.

The validity of this reduced formulation follows from the same theoretical foun-
dation as the complete formulation. By construction, if vertices j1 and j2 are non-
adjacent and both represented by vertex i, then there must exist an independent set
Ĩ of size 2 containing both vertices. The corresponding constraint ensures that this
configuration violates the clique property, maintaining solution validity.

Since 2-independent sets represent the minimal non-trivial independent sets that
impose meaningful clique structure conditions, we refer to this variant as the weak-
reduced formulation.

10.3.2 Strong Reduction Strategy

To enhance the computational effectiveness of the weak-reduced formulation, we
propose a strengthening approach that maximizes the constraining power of the se-
lected 2-independent sets. The methodology involves extending each 2-independent
set to its maximal form within the subgraph induced by N+(i), while ensuring that
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only distinct constraints are included in the formulation. We may call this new
polyhedral region as R10.

An alternative approach would involve eliminating 2-independent sets that be-
come proper subsets of larger maximized independent sets. While this would yield an
even more compact formulation, our primary objective is to strengthen the linear
programming relaxation bound through enhanced constraint quality rather than
merely reducing formulation size. Given that the number of constraints remains
bounded by the cardinality of the 2-independent set collection from the weak-reduced
formulation, the additional constraints in the strong-reduced formulation represent
an acceptable computational trade-off.

The strong-reduced formulation serves as our primary computational framework
for the experimental investigations presented in this thesis.

10.4 Separation Heuristics for Clique Consistency

Cuts

To further strengthen the reduced formulations considered, we develop a systematic
approach for generating violated cuts from the inequality family given by constraint
(10.5). This separation procedure enhances the linear programming relaxation by
identifying and adding the most promising violated inequalities during the solution
process.

10.4.1 Theoretical Foundation

Constraint (10.5) establishes that for each vertex i ∈ V , we have a family of inequal-
ities of the form:

∑
j∈I

xij ≤ xii, ∀I ∈ Ii (10.8)

where Ii represents the set of all maximal independent sets in the subgraph
induced by vertices in N+(i).

Each such inequality can be uniquely characterized by the pair {i, I}, where i
denotes the potential representative vertex and I represents a specific independent
set. For each potential representative i ∈ V , there exists a subset I i ⊂ Ii such that
for all I ∈ I i, the constraint {i, I} is violated by the current fractional solution.

Let x̃ denote an optimal solution to the linear programming relaxation. To
efficiently explore the violated constraints in I i, we construct a reduced search space
by defining:
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Ji = {j ∈ N+(i) | x̃ij > 0} (10.9)

This set Ji contains only those vertices in the out-neighborhood of i that have
positive representation values in the current fractional solution. By focusing exclu-
sively on vertices with positive fractional values, we significantly reduce the com-
putational burden of the separation procedure while maintaining completeness with
respect to violated constraints.

Subsequently, we generate the set Ĩi containing all maximal independent sets in
the subgraph induced by vertices in Ji. This allows us to construct the collection
of potential violated constraint candidates, denoted by [i, Ĩi] = {{i, I} | I ∈ Ĩi}.
Empirical evidence demonstrates that this approach yields a substantially smaller
search space compared to the complete set [i, Ii]. By construction, we can establish
that I i ⊆ Ĩi, thereby guaranteeing that [i, Ĩi] includes all violated constraints.

10.4.2 Algorithmic Implementation

Algorithm 5 presents the main framework of our separation heuristic. For each
vertex i ∈ V , the algorithm constructs the corresponding set Ĩi through a systematic
process.

Algorithm 5 Separation Heuristic for Clique Consistency Cuts
1: Input: x, N+(·), cg, strategy, V
2: Output: constraints
3:
4: constraints ← ∅
5:
6: for each i ∈ V do
7: I ← ∅
8: J ← ∅
9: J ← getActiveOutNeighbors(i, x,N+(·))

10: if J = ∅ then
11: continue
12: end if
13: I ← getIndependentSetsFromSubgraph(J, cg)
14: applyCuttingStrategy(strategy, constraints, i, I, x,N+(·))
15: end for
16:
17: return constraints

The function getActiveOutNeighbors implements the construction of set
Ji following the rule specified in the previous section. Subsequently, the function
getIndependentSetsFromSubgraph executes a Bron-Kerbosch algorithm to
enumerate all cliques in the subgraph induced by Ji within the complement graph
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of G (denoted as cg in Algorithm 5). This approach leverages the fundamental
relationship that a clique in the complement graph corresponds to an independent
set in the original graph.

Once the set [i, Ĩi] has been constructed, we can apply any desired cutting strat-
egy to select the most promising violated constraints from this collection.

10.4.3 Cutting Strategies and Violation Measurement

To quantify the degree of constraint violation, we define the violation value for a
constraint characterized by representative i, independent set I, and solution vector
x as:

v(i, I,x) =
∑
j∈I

xij − xii (10.10)

This metric measures the extent to which the current fractional solution violates
the clique consistency constraint. A positive violation value indicates that the con-
straint is indeed violated and represents a candidate for inclusion in the strengthened
formulation.

Based on this violation measure, we consider three distinct cutting strategies in
the present work:

1. Most Violated Constraints Selection: This strategy identifies and selects
the constraints with the highest violation value across all potential represen-
tatives and independent sets. This approach prioritizes the most severely
violated constraints, potentially providing the strongest dual bounds.

2. Most Violated Constraints per Representative: This strategy selects
the most violated constraints for each representative vertex i ∈ V , ensuring
a balanced distribution of cuts across all potential representatives. This ap-
proach may provide better overall coverage of the constraint space.

3. Complete Violated Constraint Selection: This comprehensive strategy
includes all identified violated constraints in the strengthened formulation.
While this approach maximizes the constraint coverage, it may lead to com-
putational challenges due to the increased problem size.

10.5 A Branch-and-Cut Framework for Experimen-

tation

To evaluate the effectiveness of the representative-based VCCP formulation and the
proposed separation heuristics, we implement a branch-and-cut algorithm that sys-
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tematically applies the cutting strategies developed in this chapter. The algorithmic
framework operates in two phases: an initial cutting plane phase that strengthens
the linear programming relaxation through iterative addition of violated clique con-
sistency constraints from family (10.5), followed by a branch-and-bound phase that
seeks integer solutions when necessary.

The cutting plane phase begins by solving the linear programming relaxation
of the representative-based VCCP formulation under the strong reduction strategy.
The algorithm then applies the separation heuristics described in Section 10.4 to
identify violated clique consistency constraints, adding these cuts to strengthen the
formulation iteratively until no further violations can be identified or computational
limits are reached. Upon termination of this phase, if the resulting solution remains
fractional, the algorithm converts formulation variables to binary type and proceeds
with branch-and-bound enumeration.

During the enumeration phase, additional cuts can be generated at fractional
nodes through callback procedures, with specific cutting strategies determining the
selection and addition of violated constraints. The framework accommodates the
three cutting strategies presented in this chapter—most violated constraint selection,
most violated constraint per representative, and complete violated constraint selec-
tion—enabling systematic comparison of their effectiveness across different problem
characteristics.

This branch-and-cut implementation serves as the foundation for the experimen-
tal evaluation presented in Chapter 11, where each cutting strategy is systematically
tested across diverse instance classes to assess both the quality of linear program-
ming bounds and overall solution performance.
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Chapter 11

Computational Experiments

This chapter presents the experimental evaluations of our algorithms for the Edge
Clique Cover Problem discussed in Part II. The computational study assesses algo-
rithmic performance across solution quality and computational efficiency through a
systematic comparison of different approaches.

11.1 Computational Environment

All experiments were conducted on a dual-socket AMD EPYC 9754 system with 256
physical cores and 1.2 TiB memory. To ensure fair comparison, all algorithms were
executed using single-core configuration within a Docker container environment.
The system runs Linux 6.8.0-71-generic on Debian GNU/Linux 11 (bullseye). Ex-
ternal solver integration employs Gurobi Optimizer version 12.0.1 build v12.0.1rc0
(linux64). All other algorithmic implementations were developed from scratch using
the C programming language. The code compilation was performed by gcc version
10.2.1 with the optimization flag –O3.

11.2 Test Instances

The experimental evaluation employs the same instance set used in Section 3.3,
consisting of randomly generated connected graphs, introduced in LUCENA et al.
(2010), with vertices |V | ∈ {30, 50, 70, 100, 120, 150, 200} and percentage densities
d ∈ {5, 10, 20, 30, 50, 70}. Each graph is identified as vA_dB where A and B denote
the number of vertices and density percentage respectively. These instances pro-
vide comprehensive coverage of problem difficulty ranging from sparse small graphs
to dense large graphs, enabling thorough algorithmic assessment across a diverse
structural characteristics.
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11.3 Experimental Design and Methodology

We designed eight experimental scenarios to systematically evaluate the different
algorithmic approaches discussed in Part II, as detailed in Table 11.1. With these
eight scenarios, 3 experimentation blocks are realized:

1. Baseline method. This experimentation block establishes the reference values
on which we will base our analysis. Here we borrow the same algorithm used in
Chapter 3 which the only difference is the use of only one CPU core. We refer
to it here as BKG-1. In Table 11.1, this block encompass only experiment-1.

2. VREP best strategy. In chapter 10 one discuss several strategies that lead to
variants of a branch-and-cut approach. From Table 11.1, this experimentation
block encompass all the experiments-2-7. For each of these configurations, we
refer to as VREP-experiment id. In this block, we test each of them against
each other following a solution quality metric.

3. Branch-and-Price. In this experimentation block we test our proposed Branch-
and-Price algorithm against the best VREP from the second block and the
BKG-1.

Table 11.1: Experimental scenarios
Exp. Algorithm Configuration Time (s)

1 BKG-1 1-core, 0 cuts, presolve on 3600
2 VREP-2 Best-cuts + 0 cuts/node 3600
3 VREP-3 Best-cuts-per-rep + 0 cuts/node 3600
4 VREP-4 All-cuts + 0 cuts/node 3600
5 VREP-5 Best-cuts + 1 cut/node 3600
6 VREP-6 Best-cuts-per-rep + 1 cut/node 3600
7 VREP-7 All-cuts + 1 cut/node 3600
8 Branch-and-Price 1 core + SCP heuristic 3600

All of the algorithms composing the experimentations of this chapter focus on
solving either the SCP-VCCP or the R-SCP-VCCP formulations. As presented in
Chapter 9, these ECCP reformulations depend on the transformation of the original
graph G into a graph K(G), which is the input graph of the current algorithms that
we are discussing the test bed now.

BKG-1 setup

BKG-1 solves the SCP-VCCP formulation. For that respect, it runs BKA in order to
populate the model with all the maximal cliques and follows solving the formulation
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with the commercial solver Gurobi. The solver is allowed to run under agressive
pre-solving option and it is time constrained by 3600 seconds. The solver is not
allowed to generate any type of cutting planes. In the majority of the instances, the
time spent by BKA is relatively very small compared to 3600 seconds, so we discard
tracking it.

VREP setup

From experimentation 2 to 7, we solve the VCCP formulation by representatives with
a branch and cut framework. As presented in Table 11.1. Experiments 2,3,4 have
the first phase of their branch-and-cut, a cutting plane phase, organized to accept,
respectively, the best cuts, the best cuts per representative and all the separated
cuts. The second phase, if necessary, follows with a branch and bound approach for
the enumeration tree. Experiments 5,6,7 have the first phase of their branch-and-
cut, respectively, identical to the one in experiments 2,3,4. They differ only in the
second phase, where they employ a branch-and-cut approach with acceptation of
up to 1 cut per node. Due to limitations imposed by the usage of the commercial
solver, as the non-access to the height of the tree on-the-fly, we decided to experiment
with this very simple approach. These branch-and-cut algorithms also uses Gurobi
for the first and second phases, where it is used, respectively, to solve the linear
relaxation inside a the cutting plane phase and to execute its embedded branch and
cut framework. All these branch and cut variations have these 2 phases constrained
by 1800 seconds, resulting in a 3600 seconds of overall time constraint. The only
cutting planes generated in all these algorithms is the one described in Chapter 10.
Gurobi is not allowed to generate any other type of cuts during the second phase.
Gurobi agressive pre-solver is allowed too. Gurobi is constrained to use only one
core too. The cuts used here are only of the clique consistency cuts type, described
in the Chapter 10.

Branch and Price setup

Experimentation 8 is about the branch-and-price algorithm described in Chapter
9, maintaining the same computational constraints and time limits as the other
experimental configurations.

The experimental progression establishes baseline performance through Gurobi’s
branch-and-cut (Experiment 1), evaluates six representative-based variants with dif-
ferent cutting strategies (Experiments 2-7), and concludes with our complete branch-
and-price framework (Experiment 8).
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11.4 Graph Transformation Analysis

Table D.1 describes the resulting data from the Graph transformation applied on our
instance’s testbed. The first column remains for the name of the instances. They
already condense in the format vX_dY the number of vertices of the original graph
as X and its density as Y. Following we have the last column related to the original
graph, |E|, the number of edges. The remaining columns are related to the output
of the graph transformation. The column labeled as |V 0| is the number of vertices
of the raw graph just after the transformation, which we should expect to be equal
to the number of edges in the original graph. Column |V iso| means the number
of isolated vertices in the raw transformed graph. It is easy to understand that
these isolated vertices are optimal vertex-represented cliques. They are extracted
from the transformed graph, reducing its number of vertices, which consequently
gives to us the following column, |V |, which represents the number of the remaining
vertices. The input graph our algorithms receive is defined as K(G) = (V ,E), which
is based on the remaining vertices after subtraction of the isolated vertices. The next
column is precisely |E|, which stands for the number of the edges of the graph K(G).
Subsequently, we have the density d also based on the input graph K(G). Following
the guidelines from Chapter 9, column |C| is the number of maximal cliques of the
graph K(G), which is the same as in the original graph. Finally we have the column
presenting the Time in seconds that our transformation procedure spent doing its
task.

Table D.1 presents the structural properties of transformed graphs constructed
from random graphs used as our benchmark. The transformation exhibits favorable
computational properties for sparse instances, with 50-90% of vertices becoming
isolated at densities d ≤ 10, while the graph density remains below 5% for d ≤
30. However, a critical phase transition occurs at d ≈ 50, where graph densities
increase sharply to 25-28%, causing exponential growth in maximal cliques from
thousands at d = 30 to millions at d = 70, with corresponding computational times
increasing from milliseconds to 94 seconds for the largest instance. This density-
dependent complexity suggests that every approach we have to experiment will have
its computing tractability delimited to sparse-to-medium density instances, where
the sizes of K(G) (fewer than 2,000 non-isolated vertices for d ≤ 30) appear to be
more manageable.

Throughout the remainder of this chapter, we present instance references using
an extended notation that includes both original graph properties and the character-
istics of the resulting graph transformation. Each instance follows the format vX_dY
(cg: vA, eB, dC%), where vX_dY represents the original graph with X vertices
and Y% density, while the parenthetical (cg: vA, eB, dC%) indicates the prop-
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erties of the transformed graph with A vertices, B edges, and C% density.

11.5 Baseline Performance: BKG-1

11.5.1 Table description

Table D.2 presents the performance of the baseline method BKG-1 across all test in-
stances. The columns report the following metrics: Instance identifies the test case
using the extended notation format; v(R5) represents the best upper bound (incum-
bent solution) found by BKG-1; v+(R5) indicates the best lower bound obtained
through the branch-and-bound enumeration process; gap shows the optimality gap
calculated as ((v − v+)/v+) × 100; Nodes reports the number of enumeration tree
nodes explored; Time(s) presents the computational time in CPU seconds; v(R1)

denotes the best upper bound achieved by the BKG-1 baseline algorithm in the
context of the original graph; and v+(R1) represents the best lower bound obtained
by BKG-1 through its enumeration process also in the context of the original graph.
A dash (-) in the Time column indicates that BKG-1 reached the imposed time
limit without solving the instance to optimality. The tilde symbol (∼) appears for
instances where BKG-1 could not process due to computational limitations such as
memory constraints or excessive model size. Bold values indicate instances solved
to proven optimality within the time limit.

11.5.2 Evaluation

The performance analysis of BKG-1 demonstrates its effectiveness as a baseline
algorithm for the benchmark instances. Table D.2 presents results showing BKG-1’s
solution quality across varying instance sizes and densities. BKG-1 achieves provably
optimal solutions (indicated by gap = 0 in the table) for 24 out of 41 benchmark
instances (58.54%). While these instances are classified by their original graph
properties in the naming convention, it is important to note that BKG-1 operates
on the transformed graphs whose characteristics are detailed in Table D.1. The
optimal solutions are concentrated among instances that produce smaller and sparser
transformed graphs: all v30_d* instances (which generate graphs K(G) with 6–305
vertices), all v50_d* instances with d ≤ 50 (producing graphs K(G) with 6–613
vertices), all v70_d* instances with d ≤ 30 (resulting in graphs K(G) with 12–722
vertices), all v100_d* instances with d ≤ 20 (generating graphs K(G) with 62–977
vertices), and all v200_d* instances with d ≤ 10 (producing graphs K(G) with 407–
1,698 vertices). This distribution reveals a clear computational complexity boundary
where optimal solutions become increasingly difficult to obtain as the transformed
graph size and density increase, rather than simply the original graph properties.
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The benchmark results clearly demonstrate the escalation of problem difficulty
across instance classes based on their transformed graph characteristics. Table D.2
reveals three distinct difficulty regimes when viewed through the scope of these
graphs. First, a tractable regime corresponding to instances that produce small,
sparse graphs K(G) (such as v30_d30 with 125 vertices and 4.22% density, or v70_-
d20 with 457 vertices and 1.50% density) where BKG-1 consistently achieves optimal
solutions with minimal computational effort, solution times typically under 100 sec-
onds, and negligible optimality gaps. Second, a challenging regime where graphs
K(G) exhibit moderate size and density (such as v100_d30 with 1,485 vertices and
2.00% density, or v150_d20 with 2,231 vertices and 0.69% density) where optimal
solutions become sporadic, with increasing gaps between upper and lower bounds
ranging from 2.8% to 300.0%, computational times extending to the time limit,
and the number of processed nodes varying dramatically from single digits to over
100,000. Third, a hard regime where graphs K(G) become large and dense (such
as v200_d50 with 9,950 vertices and 7.16% density) where optimal solutions are
rare or unattainable within reasonable computational limits, large optimality gaps
emerge (up to 100% for v200_d50), and some instances exceed the computational
capacity (indicated by ∼ symbols for high-density instances producing transformed
graphs with millions of edges).

The performance characteristics of the algorithm reveal important insights about
the relationship between original graphG structure and graphK(G) complexity. For
sparse original graphs (d ≤ 10), which produce small or very sparse graphsK(G) (see
Table D.1), BKG-1 achieves optimality for all tested cases up to |V | = 200. The node
processing statistics demonstrate the algorithm’s efficiency on instances producing
manageable transformed graphs K(G), with many requiring zero branching nodes
(solved at the root), while instances generating larger, denser graphs K(G) show
significant variability, with some of them terminating after exploring just one node
due to difficulty in improving bounds, while others process over 100,000 nodes before
reaching the time limit. The time-to-optimality for solved instances ranges from
milliseconds for instances producing small graphs K(G) to several hundred seconds
for those generating moderate-sized graphs K(G) like v50_d50 (cg: v613, e20001,
d10.66%), which required 412.194 CPU seconds with 57,651 nodes processed.

BKG-1 serves as an effective baseline for algorithm evaluation due to its single-
threaded consistency, competitive performance achieving optimal solutions on 24
out of 41 instances, and ability to generate meaningful bounds across the full prob-
lem spectrum. As a well-established implementation using standard techniques, it
provides a reliable reference point for comparing algorithmic innovations.
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11.6 Selection of the Representative-Based Algo-

rithm Configuration

11.6.1 Description of the Tables

The representative-based algorithm evaluation employs six pairs of tables corre-
sponding to experiments 2–7. Each pair consists of a solution quality table and a
branch-and-cut statistics table that together provide the performance analysis for
each experimental configuration.

Solution Quality Tables. Each experiment’s first table (e.g., Table D.4 for
VREP-2) presents solution quality metrics with the following columns: Instance us-
ing original graph notation; v(R10) (lower bound based on the initial formulation
without cuts); v(R10) (best upper bound for the final formulation); v(R+

10) (final
lower bound after adding clique consistency cuts); Gap (optimality gap); Time(s)
(computational time in CPU seconds); v(R1) (upper bound mapped to original
graph); and v+(R1) (lower bound mapped to original graph). A dash (-) indicates
time limit reached, tilde (∼) indicates computational failure, and bold values indi-
cate proven optimality.

Branch-and-Cut Statistics Tables. Each experiment’s second table (e.g.,
Table D.5 for VREP-2) reports algorithmic execution details with columns: Instance
using original graph notation; Nodes (number of explored enumeration nodes); Root
Cuts (clique consistency cuts added during the root cutting plane phase); and Node
Cuts (clique consistency cuts added during tree enumeration). The tilde symbol
(∼) indicates computational intractability due to memory limitations or excessive
model size.

Model Dimension Table. Additionally, Table D.3 presents the size character-
istics of the initial representative-based formulation loaded into the Gurobi solver.
The columns report: Instance using original graph notation; Rows (number of con-
straint rows); Columns (number of decision variables); and Non-zeros (number of
non-zero coefficients in the constraint matrix).

11.6.2 Evaluation

A critical characteristic of the representative-based formulation is its tendency to
generate extremely large mathematical models, particularly for graphs K(G) with
many vertices or high edge density. As shown in Table D.3, the formulation size
grows dramatically with these properties. For instance, v50_d70 (cg: v858, e103218,
d28.07%) generates models with over 32 million non-zero coefficients, while v70_d70
(cg: v1691, e389049, d27.23%) exceeds 349 million non-zeros. Instances generating
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models with more than one million non-zero coefficients prove computationally in-
tractable in our experimental environment, with the sole exception of v50_d50 (cg:
v613, e20001, d10.66%), which some configurations manage to process albeit with
poor solution quality exceeding 22% optimality gap.

The primary evaluation metric focuses on solution quality, measured by the
number of instances solved to optimality and the quality of non-optimal solutions.
The computational tractability shows strong correlation with both the size and
density of the transformed graph. Small graphs K(G) such as v30_d10 (cg: v6,
e6, d40%) and v50_d5 (cg: v6, e6, d40%) solve instantly across all configurations
despite their relatively high density. As the graph K(G) size increases, performance
degrades rapidly. Instance v30_d70 (cg: v305, e13530, d29.18%), with moderate
size but high density, already presents challenges with gaps ranging from 12.5% to
26.09% across different configurations.

The best-cuts strategy (Experiment 2) achieves 20 optimal solutions but exhibits
weakness in lower bound quality for unsolved instances. For v100_d30 (cg: v1485,
e22074, d2.00%), a medium graph K(G), this approach generates relatively few cuts,
leading to poor bound quality. Conversely, the all-cuts strategy generates substan-
tially larger formulations, as evidenced by v30_d70 (cg: v305, e13530, d29.18%)
requiring 143,258 root cuts in Experiment 4, overwhelming the solver despite the
moderate graph K(G) size.

The best-cuts-per-representative strategy (Experiments 3 and 6) emerges as
a balanced approach. This strategy maintains moderate formulation sizes while
achieving competitive solution quality, solving 20-21 instances to optimality. For
instance v30_d70 (cg: v305, e13530, d29.18%), this approach requires only 427-644
root cuts compared to 143,258 in the all-cuts strategy, yet achieves similar optimal-
ity gaps. The strategy proves particularly effective for graphs K(G) with low to
moderate density, such as v70_d30 (cg: v722, e6735, d2.59%), where it achieves
gaps below 1.17%.

The incorporation of node cuts during enumeration yields mixed results. For
graphs K(G) like v70_d30 (cg: v722, e6735, d2.59%), additional node cuts con-
tribute between 2,000 and 4,500 constraints, mildly increasing its LB. The most
successful configuration combines node cuts with the best-cuts-per-representative
strategy (Experiment 6), which achieves one additional optimal solution for v120_-
d20 (cg: v1416, e8214, d0.82%), a large sparse graph K(G), suggesting marginal
benefits that may not justify the additional computational cost.

At the root node, all branch-and-cut variants demonstrate comparable perfor-
mance, with 15-16 instances solved optimally through the cutting plane phase alone.
This consistency indicates that the initial strengthening achieved through separa-
tion heuristics effectively tightens the formulation for smaller graphs K(G) and
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those with favorable structural properties, regardless of the specific cutting strategy
employed.

The experimental results reveal clear patterns based on transformed graph prop-
erties. Small graphs K(G) (fewer than 100 vertices) generally prove solvable re-
gardless of density, as seen with v30_d30 (cg: v125, e327, d4.22%) and v50_d10
(cg: v42, e60, d6.97%). Moderately-sized graphs K(G) with low density remain
tractable, such as v100_d20 (cg: v977, e4857, d1.02%) and v70_d20 (cg: v457,
e1563, d1.50%). However, the combination of large size and moderate-to-high den-
sity creates intractability.

The representative-based formulation provides valuable insights into VCCP com-
plexity while demonstrating both strengths and limitations. The formulation suc-
cessfully solves numerous benchmark instances, particularly those with small or large
sparse graphs K(G). The rapid growth in model size becomes prohibitive for large,
dense graphs K(G). For instance, v150_d70 (cg: v7823, e7783854, d25.44%) and
v200_d70 (cg: v13930, e24489456, d25.24%) generate models far exceeding avail-
able computational resources, with the latter containing nearly 25 million edges in
its graph K(G). The best-cuts-per-representative strategy offers the most promising
balance between formulation strength and computational tractability, though even
this approach struggles when transformed graphs exhibit both large vertex counts
(exceeding 2,000) and moderate-to-high density (above 10%).

The best-cuts-per-representative approach achieves a good balance between cut
generation and computational efficiency. While Experiments 3 and 6 both solve sev-
eral instances to optimality, Experiment 6 additionally solves v120_d20 (cg: v1416,
e8214, d0.82%), making it marginally superior under our solution quality metric.
This configuration therefore serves as the representative-based formulation bench-
mark for comparison with the Branch-and-Price algorithm in the following section.

11.7 Branch-and-Price Framework Evaluation

11.7.1 Tables and Figure Description

The experimental results for the Branch-and-Price algorithm are presented across
four tables and one comprehensive figure. Throughout these tables, specific notation
conventions are used consistently. The tilde symbol (∼) indicates missing data
for instances that could not be processed. A dash (–) appears in two contexts:
in the v(R5) column, it indicates that CGA did not terminate with an optimal
integral solution; in the Time column, it indicates that the algorithm reached the
imposed time limit. Values marked with an asterisk (*) indicate that CGA at
root node terminated prematurely before proving that no columns with negative
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reduced cost exist, meaning these values do not represent valid lower bounds for the
formulation 9.7. Bold values indicate instances solved to proven optimality.

Table D.16 presents CGA results at the root node of the Branch-and-Price al-
gorithm. The columns report: v(CGM) (upper bound from the initial heuristic
solution), v(R6) (lower bound from the initial restricted formulation), v(R+

6 ) (lower
bound after column generation at the root node), Root Time (computational time in
CPU seconds at the root node), Generated Columns (number of columns added dur-
ing column generation), Col Gen Iterations (number of column generation iterations
performed), and v(R5) (integer solution value when column generation terminates
with an integral solution, shown in bold when optimal).

Table D.17 presents the performance metrics for the Branch-and-Price algorithm.
The columns report: v(R6) (best upper bound found by the algorithm), v+(R+

6 )

(best lower bound obtained through column generation and branching), Gap (opti-
mality gap calculated as ((v− v+)/v+)× 100), Nodes (number of nodes explored in
the enumeration tree), and Time(s) (total computational time in CPU seconds).

Table D.18 provides detailed statistics about the enumeration tree structure ex-
plored by the Branch-and-Price algorithm. The columns report: Deepest Depth
(maximum depth reached in the search tree), Average Depth (mean depth of all ex-
plored nodes), Branching Count (total number of branching operations performed),
and three pruning categories indicating how nodes were eliminated from further
exploration—by bound (when the lower bound exceeded the incumbent solution),
by integrality (when an integer solution was found), and by infeasibility (when no
feasible solution existed for that branch).

Table D.19 validates the solution feasibility of the Branch-and-Price algorithm
by verifying that solutions obtained for the transformed VCCP correctly map back
to feasible solutions for the original ECCP. The columns show: VCCP Solution Fea-
sibility (confirming that the solution satisfies all vertex coverage constraints in the
transformed graph), ECCP Solution Feasibility (verifying that the mapped solution
covers all edges in the original graph), and v(R1) (the objective value of the best
solution found, with bold values indicating proven optimal solutions).

Figure 11.1 provides a visual comparison of the final upper and lower bounds
achieved across the three algorithms composing the third block of experimentation:
BKG-1, VREP-6 and the proposed Branch-and-Price (BP). The main shape is a
circle, where light gray rays indicate a zone corresponding to the instance whose
name is in the same direction, arranged radially in the outer region of the circle.
Although this zone is not delimited, the proximity of the algorithm plots to the
light gray ray indicates their correspondence to their instance target. The reader
may think about a gray ray as an axis starting from zero, represented by the center
of the circle, going to infinity. The border of the circle delimits a position in this
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ray that is used as a reference for all the other data. The border is draw in black
and depicts the value of the best upper bound found by BKG-1 for the ray related
instance. BKG-1 lower bound is presented as a light gray arc, that crosses the ray
precisely at the ratio (LBbkg-1/UBbkg-1) ≤ 1, which is always in the inner region of
the circle, by definition. Note that this arc only loosely delimits the instance zone we
discussed before. Now, it is intuitively easy to see the BKG-1 bound’s interval. The
other two algorithms, VREP-6 and BP, have their bound’s intervals plotted in each
side, near to the ray. VREP-6 bound’s interval is represented by a double-arrow
segment. The arrow pointing to the center of the circle delimits its lower bound,
and the other arrow its upper bound. For the BP bound’s interval, we display it as
a segment with T-bars at its ends, also delimiting the lower and upper bounds found
by the algorithm. The bar near to the center represents its lower bound and the
other, its upper bound. All the values of the bounds share the same proportional
relation with BKG-1 upper bound as discussed before. Interesting patterns can be
seen when an optimal solution is found. If BKG-1 attains such a solution, this means
the light gray arc collapsing into the border, which turns the border to be colored
with its light gray. If VREP-6 found an optimal solution, then a shape that looks
like an hourglass is formed. In the case of an optimal solution being found by BP,
the bars collapse into a small black dash, drawn perpendicular to the ray at the
point of intersection, the center of the dash. When some data is missing, the reader
can easily see the lack of the plot related to the algorithm’s data. If an interval is
plotted entirely inside the circle, it means its related upper bound is better than
BKG-1. This figure condenses all the complex information of several tables in an
intuitive way to compare between the performance of the competing algorithms.

11.7.2 Evaluation

The branch-and-price algorithm demonstrates a distinct performance profile com-
pared to the baseline algorithms BKG-1 and VREP-6, achieving optimality in 20
out of 41 test instances (48.8%). This success rate falls short of BKG-1’s perfor-
mance with 24 optimal solutions (58.5%) and VREP-6’s achievement of 21 optimal
solutions (51.2%). However, as illustrated in Figure 11.1, the comparative analysis
reveals nuanced trade-offs that highlight the complementary strengths and limita-
tions of each algorithmic approach across the solution quality spectrum.

The radar chart visualization in Figure 11.1 reveals a fundamental performance
dichotomy: while BKG-1 consistently provides superior lower bounds across virtu-
ally all instances, branch-and-price maintains computational feasibility in scenarios
where BKG-1 fails entirely. The most striking observation from the figure is the sys-
tematic dominance of BKG-1’s lower bounds (light gray arcs) over branch-and-price
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bounds (T-bars), particularly evident in medium-density instances such as v70_-
d30 (cg: v722, e6735, d2.59%), v100_d30 (cg: v1485, e22074, d2.00%), v120_d20
(cg: v1416, e8214, d0.82%), and v150_d20 (cg: v2231, e17073, d0.69%). This
lower bound inferiority represents a significant theoretical disadvantage for branch-
and-price, as tighter relaxations typically correlate with more efficient enumeration
procedures. However, the enumeration statistics reveal a complex and instance-
dependent relationship between the algorithm’s search efficiencies. While v70_d30
(cg: v722, e6735, d2.59%) demonstrates BKG-1’s superior enumeration with 1,111
nodes in 3 seconds compared to branch-and-price’s 4,071 nodes before timeout, the
pattern reverses dramatically in other instances. For v100_d30 (cg: v1485, e22074,
d2.00%), BKG-1 explores over 111,000 nodes before reaching the time limit while
branch-and-price examines only 2,015 nodes, representing a 50-fold efficiency ad-
vantage. Similarly, v150_d20 (cg: v2231, e17073, d0.69%) shows BKG-1 exploring
123,732 nodes versus branch-and-price’s 2,491 nodes. This disparity suggests that
despite producing weaker bounds, branch-and-price employs a fundamentally differ-
ent and possibly more efficient enumeration strategy that can navigate the solution
space with dramatically fewer node evaluations in most medium-to-large instances.

However, the figure also highlights branch-and-price’s critical advantage in
computational robustness at specific density thresholds. While both algorithms
fail on the highest density instances (v120_d70 (cg: v4998, e3235839, d25.91%),
v150_d70 (cg: v7823, e7783854, d25.44%), v200_d70 (cg: v13930, e24489456,
d25.24%)), branch-and-price demonstrates superior performance in the intermediate
high-density region (d50 instances). For v120_d50 (cg: v3570, e493824, d7.75%),
v150_d50 (cg: v5588, e1183398, d7.58%), and v200_d50 (cg: v9950, e3546237,
d7.16%), branch-and-price provides substantially better upper bounds than BKG-1
while maintaining reasonable lower bounds. The most striking example occurs in
v200_d50 (cg: v9950, e3546237, d7.16%), where BKG-1 fails catastrophically with
an extremely high upper bound of 2010 and a lower bound of 0, while branch-and-
price delivers reasonable bounds of 800 (upper) and 469 (lower), representing the
only viable approach for obtaining meaningful mathematical bounds on this chal-
lenging instance.

An expected behavior of the branch-and-price algorithm lies in its root node
performance, where 16 of the 20 optimal solutions are achieved without requiring
any branching. Among these root-optimal instances, eight solve immediately with
zero column generation, while the remaining eight require modest column generation
efforts with at most 170 columns and 8 iterations. These results are expected because
BKG-1 also reaches them without requiring any branching, which indicates the
linear relaxation is allowed to reach optimal solutions in case of having the optimal
columns at hand in the formulation. Thus, for some instances, CGA provided them
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Figure 11.1: Part II results.

to BP. The instances achieving root-node optimality, clearly visible in Figure 11.1
as standalone bars indicating that branch-and-price bounds collapsed into optimal
values, cluster primarily in the small graphs/low-density regions of the chart.

The tractable region for branch-and-price can be characterized by instances with
optimality gaps below 10%, which correspond to very small graphsK(G) (|V | ≤ 100)
regardless of density, medium-sized instances (100 < |V | < 1,000) with low aver-
age degree, and larger sparse instances with extremely low density. The reader can
notice this region in Figure 11.1 by verifying the instances where BP presents its
results near to the border of the circle, with small optimality gap intervals (seg-
ments with T-bars). The performance degradation becomes apparent for instances
where BP presents increasing solution quality gap, due to the dramatically growth
of computational requirements.

The branching tree structure analysis, while not directly visible in Figure 11.1,
correlates with the error bar patterns observed across instances. Tree depths rarely
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exceed 40 levels, with average depths clustering around half the maximum depth.
The consistent absence of integrality-based pruning throughout all instances suggests
that fractional solutions persist deep into the enumeration tree, contributing to the
substantial optimality gaps observed in the radar chart.

The lower bound quality achieved through column generation, while consistently
inferior to BKG-1 as demonstrated throughout Figure 11.1, provides value even
when optimality cannot be proven within time limits. These bounds offer theoreti-
cal benchmarks for solution quality assessment and enable practitioners to quantify
the optimality gap of heuristic solutions. In scenarios where BKG-1 becomes com-
putationally intractable, branch-and-price has the potential to be the only viable
approach for obtaining meaningful lower bounds, despite the substantial computa-
tional investment required.

The algorithm’s performance profile ultimately reflects the inherent complexity
of the Edge Clique Cover Problem and the challenges associated with exact so-
lution approaches. While Figure 11.1 clearly demonstrates that branch-and-price
fails to dominate existing methods in bound quality across any instance class, it
provides a theoretically sound framework that extends the computational frontier
beyond the reach of conventional approaches. The ability to maintain feasibility
on the most challenging instances, combined with rigorous optimality guarantees
within the tractable region, establishes branch-and-price as a valuable addition to
the algorithmic toolkit for clique cover problems.
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Chapter 12

Conclusions and Future Work

This thesis investigated Set Covering Problem formulations for the Edge Clique
Cover Problem, developing both heuristic frameworks and exact solution methods.
Our aim was not to offer fine-tuned algorithms for specific formulations, but rather
to explore the fundamental challenges that come with SCP-based approaches to
ECCP.

The computational experiments reveal that clique sampling strategies can gen-
erate restricted formulations that significantly outperform traditional ECCP heuris-
tics. Existing ECCP heuristics, when used in isolation, prove inadequate for chal-
lenging instances, as demonstrated by CGM-X consistently lagging behind sampling-
based frameworks that incorporate the same heuristic as a component within sophis-
ticated restricted formulations.

The graph transformation provides a fundamentally different perspective that
leverages simpler graph structures, enabling theoretically sound exact algorithms.
The branch-and-price approach demonstrates computational feasibility on instances
where traditional methods fail, though this appears primarily due to formulation
size management rather than algorithmic superiority. The representative-based
VCCP formulation, while providing theoretical insights, encounters prohibitive
model growth that represents a fundamental barrier limiting practical applicabil-
ity.

The experimental evaluation reveals three distinct performance regimes: sparse
instances remain tractable for sophisticated approaches, moderate densities cre-
ate challenging instances requiring careful algorithmic design, and dense instances
present fundamental computational barriers. Beyond certain complexity thresholds,
both commercial solvers and branch-and-price encounter enumeration trees so vast
that meaningful pruning opportunities vanish, leading to unproductive exploration
where linear relaxation guidance becomes insufficient.

Future research should explore fundamentally different algorithmic paradigms
that sidestep the enumeration explosion limiting current approaches. The most nat-
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ural evolution involves integrating sampling-based techniques with exact branch-
and-price algorithms, as the dynamic column accumulation creates increasingly at-
tractive restricted formulations that LS-RCSH could exploit effectively. Given the
apparent approach to practical limits for these NP-hard problems, specialized al-
gorithms designed for distributed computing systems represent another promising
direction, leveraging the inherent parallelism in column generation procedures.

Alternative research directions include exploring hybrid strategies combining col-
umn generation insights with primal solution methods designed for large-scale for-
mulations, such as Lagrangian relaxation techniques. Rather than pursuing incre-
mental improvements to existing exact frameworks, investigating specific structural
properties of graph classes that maintain tractability where general-purpose meth-
ods fail may yield greater returns. The graph transformation approach could also
be extended to related optimization problems involving clique structures, enabling
application of proven algorithmic techniques from related domains.
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Appendix A

Set Covering Problem Heuristic
Implementation

A.1 Problem Definition

Let P = {P1, P2, . . . , Pn} be a collection of n finite sets, and let U =
⋃n

j=1 Pj =

{1, 2, . . . ,m} be the universe of elements to be covered. Each set Pj ∈ P has an
associated cost cj > 0. A subset S ⊆ P is called a cover if

⋃
Pj∈S Pj = U . The Set

Covering Problem (SCP) seeks to find a cover S∗ that minimizes the total cost:

min
S⊆P

∑
Pj∈S

cj :
⋃
Pj∈S

Pj = U

 (A.1)

To contextualize this heuristic’s application, Chapter 9 presents our branch-
and-price algorithm for the ECCP via a graph transformation that enables a refor-
mulation from ECCP to VCCP. The SCP which we solve is based on this VCCP
reformulation. The sets Pj correspond to vertex-represented cliques (columns of the
formulation), and the universe U represents the vertices of the transformed graph,
which correspond to the edges of the original graph that must be covered. Each
clique can cover multiple vertices, and we seek a minimum-cost collection of cliques
that covers all vertices of the transformed graph. From here, the reader may consider
the SCP as a reinterpretation of the VCCP.

A.2 Integration with Linear Relaxation

At each node of the branch-and-price tree, after solving the linear relaxation through
column generation, we may obtain fractional solution values x∗j ∈ [0, 1] for each
column j in the restricted master problem. To convert this fractional solution into
a feasible integer solution (providing a primal bound), we use the linear relaxation
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solution to guide the greedy selection process. Rather than treating all columns
equally as in a unit-cost SCP, we derive modified costs from the LP solution:

cj = 1− x∗j (A.2)

This transformation has the following interpretation:

• Columns with high fractional values (x∗j ≈ 1) receive low costs, making them
more attractive to the greedy algorithm.

• Columns with low fractional values (x∗j ≈ 0) receive high costs, discouraging
their selection.

A.3 Two-Phase Heuristic Algorithm

The heuristic consists of two phases: (i) a greedy construction phase that builds
an initial solution using the LP-informed costs, and (ii) an improvement phase that
removes redundant variables to obtain a minimal solution. The algorithms presented
here are based on the works of GONÇALVES et al. (2012) and CORMEN et al.
(2022).

A.3.1 Complete Algorithm

The complete heuristic combines both phases to produce an efficient primal solution,
as shown in Algorithm 6:

Algorithm 6 Complete LP-Guided SCP Heuristic
Require: Linear relaxation solution x∗, collection of sets P , universe U
Ensure: Integer feasible solution Sfinal

1: Compute modified costs: cj ← 1− x∗j for all j
2: Sgreedy ← GreedySetCover(U , P , c) {Algorithm 7}
3: Sfinal ← GreedyUncover(Sgreedy, P , U) {Algorithm 8}
4: return Sfinal

A.3.2 Phase 1: Greedy Set Cover Construction

The greedy construction phase follows the classical greedy algorithm SCP, selecting
variables based on their cost-efficiency ratio. The algorithm maintains a max-heap
of variable candidates ordered by their cost-to-coverage ratio, as detailed in Algo-
rithm 7.
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Algorithm 7 Greedy Set Cover Construction
Require: Vertex universe U , collection of sets P , modified costs c from Eq. (A.2)
Ensure: Solution set S ⊆ P
1: Initialize solution S ← ∅
2: Initialize covered vertices Vcovered ← ∅
3: Initialize variable candidates with cost-efficiency ratios
4: Build max-heap H of candidates ordered by cost-efficiency
5: while not all vertices are covered do
6: vmax ← extract maximum cost-efficiency variable from H
7: S ← S ∪ {vmax}
8: Update Vcovered with vertices covered by vmax

9: for each vertex u newly covered by vmax do
10: for each variable v that covers vertex u do
11: if v /∈ S then
12: Decrease coverage count of v
13: Recompute cost-efficiency of v
14: Restore heap property for v in H
15: end if
16: end for
17: end for
18: end while
19: return S

Cost-Efficiency Computation

The cost-efficiency for each variable candidate is computed as:

efficiency(v) =

− cv
uncovered_vertices(v) if uncovered_vertices(v) > 0

−∞ if uncovered_vertices(v) = 0
(A.3)

where cv = 1 − x∗v is the modified cost derived from the linear relaxation, and
uncovered_vertices(v) is the number of currently uncovered vertices that variable v
would cover. The negative sign converts the minimization criterion (minimum cost-
per-vertex) into a maximization criterion suitable for the max-heap data structure.

A.3.3 Phase 2: Greedy Uncovering (Solution Improvement)

After the construction phase, the algorithm attempts to improve the solution by
removing redundant variables. A variable is considered redundant if all vertices it
covers are also covered by other variables in the current solution. This process is
formalized in Algorithm 8.
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Algorithm 8 Greedy Uncovering
Require: Solution S from Phase 1, collection of sets P , vertices to cover V
Ensure: Improved solution S ′

1: Initialize array vertex_count[·]← 0
2: for each variable v ∈ S do
3: for each vertex u covered by v do
4: vertex_count[u]← vertex_count[u] + 1
5: end for
6: end for
7: R← ∅ {Set of redundant variables}
8: for i← |S| − 1 down to 0 do
9: v ← S[i]

10: if IsRedundant(v, vertex_count) then
11: R← R ∪ {v}
12: for each vertex u covered by v do
13: vertex_count[u]← vertex_count[u]− 1
14: end for
15: end if
16: end for
17: S ′ ← S \R
18: return S ′
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Appendix B

Table of Acronyms
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The following table summarizes the acronyms and their definitions used in the
context of the presented formulations and heuristics.

Acronym Definition

BKA Bron-Kerbosch Algorithm

BKG Bron-Kerbosch-Gurobi algorithm

BKG-1 Single-core version of BKG algorithm used as baseline

BLS Baseline Solution

BP Branch-and-Price

CGA Column Generation Approach

CGM A heuristic for solving the ECCP, based on the work of Conte,
Grossi, and Marino CONTE et al. (2016)

CGM-X An algorithm embedding CGM, which calls it multiple times under
a time or iteration limit

CPU Central Processing Unit

CSH Clique Sampling Heuristic

DNP Domatic Number Problem

ECC Edge Clique Cover

ECCP Edge Clique Cover Problem

ET-LPR Enumeration Tree LPR. Smallest LPR bound available at any
Gurobi enumeration tree node that is still open

GCC GNU Compiler Collection

IG Intersection Graph

IP Integer Programming

K(G) Transformed graph constructed from original graph G in chapter 9

LPR Linear Programming Relaxation

LS Local Search

LS-RCSH Local Search Reduced Cost Sampling Heuristic

MEWCP Maximum Edge Weight Clique Problem

MIP Mixed Integer Programming

MVWCP Maximum Vertex Weighted Clique Problem

NP Nondeterministic Polynomial time complexity class
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Acronym Definition

PP Pricing Problem

RAM Random Access Memory

RCSH Reduced Cost Sampling Heuristic

RMP Restricted Master Problem

R-SCP-ECCP Restricted SCP-ECCP formulation

R-SCP-VCCP Restricted SCP-VCCP formulation

SCP Set Covering Problem

SCP-VCCP Set Covering Problem formulation for Vertex Clique Cover Problem

SF-SCP-ECCP Soft Fixing R-SCP-ECCP formulation

SFI Soft Fixing Inequality

VCP Vertex Coloring Problem

VCCP Vertex Clique Cover Problem

Table B.1: Acronyms used in the Thesis.
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Appendix C

Tables of Experiments for Part I
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CGM-X BKG

Instance |E| |C| Best # Runs Time(s)/iter v(R1) v+(R1) v(R1) Time(s)

v30_d10 44 40 40 21720316 0.000009 40.000 40.00 40 0

v30_d20 87 52 48 9864840 0.000022 48.000 48.00 48 0

v30_d30 131 78 55 7366010 0.000017 55.000 55.00 55 0

v30_d50 218 179 41 3943431 0.000049 38.667 40.00 40 0

v30_d70 305 444 27 3305871 0.000044 24.473 25.71 26 30

v50_d5 61 57 57 9434031 0.000012 57.000 57.00 57 0

v50_d10 123 97 96 5163842 0.000040 96.000 96.00 96 0

v50_d20 245 152 119 2897257 0.000065 119.000 119.00 119 0

v50_d30 368 280 118 1764383 0.000063 114.750 115.00 115 0

v50_d50 613 1033 88 1126946 0.000155 70.174 74.00 74 1331

v50_d70 858 5134 60 815954 0.000212 39.794 41.43 50 –

v70_d5 121 113 113 7096749 0.000026 113.000 113.00 113 0

v70_d10 242 174 172 2547715 0.000076 172.000 172.00 172 0

v70_d20 483 332 188 1227904 0.000144 185.500 186.00 186 0

v70_d30 725 688 197 1123376 0.000135 172.770 176.00 176 22

v70_d50 1208 3704 158 486048 0.000349 109.080 111.42 128 –

v70_d70 1691 38885 95 343173 0.000519 53.344 53.85 79 –

v100_d5 248 208 208 1890783 0.000107 208.000 208.00 208 0

v100_d10 495 351 326 1111062 0.000191 326.000 326.00 326 0

v100_d20 990 843 355 765677 0.000206 328.240 329.00 329 0

v100_d30 1485 1968 351 534777 0.000311 281.278 285.27 295 –

v100_d50 2475 17001 271 211864 0.000831 162.894 164.16 209 –

v100_d70 3465 428698 169 144826 0.001167 80.119 80.16 147 3591

v120_d5 357 319 319 1091331 0.000167 319.000 319.00 319 0

v120_d10 714 478 433 676061 0.000162 433.000 433.00 433 0

v120_d20 1428 1345 490 342343 0.000510 437.045 440.00 440 19

v120_d30 2142 3542 475 233983 0.000759 355.414 359.47 387 –

v120_d50 3570 38086 380 131239 0.001284 217.520 218.19 337 –

v120_d70 4998 1557394 225 94436 0.001898 99.775 ∼ ∼ ∼

v150_d5 559 471 471 837772 0.000158 471.000 471.00 471 0

v150_d10 1118 732 618 418257 0.000496 617.000 617.00 617 0

v150_d20 2235 2468 709 188656 0.000925 598.539 603.18 609 –

v150_d30 3353 7499 690 128775 0.001467 485.285 487.25 547 –

v150_d50 5588 112736 531 71779 0.001635 282.039 282.10 492 3583

v150_d70 7823 8037920 315 48005 0.003765 129.262 ∼ ∼ ∼

v200_d5 995 755 751 325820 0.000530 751.000 751.00 751 0

v200_d10 1990 1411 999 176258 0.000981 972.000 972.00 972 0

v200_d20 3980 5404 1143 123518 0.001773 900.160 903.49 938 –

v200_d30 5970 20434 1115 63081 0.002781 726.444 728.14 902 –

v200_d50 9950 482468 849 34897 0.005304 412.049 0.00 1811 3601

v200_d70 13930 87326813 486 21867 0.008406 ∼ ∼ ∼ ∼

Table C.1: Results for BKG and CGM-X.
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R-SCP-ECCP formulation for 3/30/300/3000 CGM calls

|C ′| v(R2) Time(s)

Instance |E| |C| v(R1) 3 30 300 3000 3 30 300 3000 3 30 300 3000

v30_d10 44 40 40.000 40 40 40 40 40 40 40 40 0 0 0 0

v30_d20 87 52 48.000 50 52 52 52 48 48 48 48 0 0 0 0

v30_d30 131 78 55.000 71 76 78 78 55 55 55 55 0 0 0 0

v30_d50 218 179 38.667 102 177 178 178 43 40 40 40 0 0 0 0

v30_d70 305 444 24.473 88 334 442 441 30 26 26 26 0 12 12 12

v50_d5 61 57 57.000 57 57 57 57 57 57 57 57 0 0 0 0

v50_d10 123 97 96.000 96 97 97 97 96 96 96 96 0 0 0 0

v50_d20 245 152 119.000 140 152 152 152 119 119 119 119 0 0 0 0

v50_d30 368 280 114.750 205 278 280 280 118 115 115 115 0 0 0 0

v50_d50 613 1033 70.174 253 793 1016 1028 85 75–76 74 74 5 – 1094 978

v50_d70 858 5134 39.794 202 1289 3613 4855 60 44–52 42–50 42–50 293 – – –

v70_d5 121 113 113.000 113 113 113 113 113 113 113 113 0 0 0 0

v70_d10 242 174 172.000 174 174 174 174 172 172 172 172 0 0 0 0

v70_d20 483 332 185.500 259 328 330 332 189 186 186 186 0 0 0 0

v70_d30 725 688 172.770 383 667 688 686 189 176 176 176 0 21 21 59

v70_d50 1208 3704 109.080 469 2145 3511 3669 145–146 113–129 112–126 112–127 – – – –

v70_d70 1691 38885 53.344 328 2721 14569 32181 92–97 59–82 55–81 54–82 – – – –

v100_d5 248 208 208.000 208 208 208 208 208 208 208 208 0 0 0 0

v100_d10 495 351 326.000 337 350 351 351 326 326 326 326 0 0 0 0

v100_d20 990 843 328.240 583 828 843 843 342 329 329 329 0 0 0 0

v100_d30 1485 1968 281.278 825 1795 1961 1965 322 286–294 286–294 286–295 167 – – –

v100_d50 2475 17001 162.894 841 5423 13993 16853 235–253 169–215 165–210 165–208 – – – –

v100_d70 3465 428698 80.119 546 5163 40665 186370 146–173 92–153 82–146 81–148 – – – –

v120_d5 357 319 319.000 319 319 319 319 319 319 319 319 0 0 0 0

v120_d10 714 478 433.000 462 477 478 478 433 433 433 433 0 0 0 0

v120_d20 1428 1345 437.045 867 1325 1345 1344 459 440 440 440 0 17 18 28

v120_d30 2142 3542 355.414 1189 3129 3538 3539 418–419 360–383 360–385 360–384 – – – –

v120_d50 3570 38086 217.520 1178 8710 28040 37288 317–368 227–316 219–362 219–340 – – – –

v120_d70 4998 1557394 99.775 713 6896 60687 379185 193–229 119–207 104–212 100–211 – – – –

v150_d5 559 471 471.000 471 471 471 471 471 471 471 471 0 0 0 0

v150_d10 1118 732 617.000 676 729 732 731 618 617 617 617 0 0 0 0

v150_d20 2235 2468 598.539 1418 2401 2466 2467 642 604–609 604–609 604–608 2 – – –

v150_d30 3353 7499 485.285 1797 5962 7459 7494 588–605 489–541 488–549 488–543 – – – –

v150_d50 5588 112736 282.039 1647 13831 62096 105648 446–537 301–452 283–530 283–488 – – – –

v150_d70 7823 8037920 129.262 999 9757 91105 717001 261–322 161–318 137–317 130–316 – – – –

v200_d5 995 755 751.000 753 755 755 755 751 751 751 751 0 0 0 0

v200_d10 1990 1411 972.000 1218 1403 1411 1411 979 972 972 972 0 0 0 0

v200_d20 3980 5404 900.160 2494 5122 5402 5404 1006 904–946 903–943 903–946 – – – –

v200_d30 5970 20434 726.444 3094 13522 20067 20411 923–980 734–904 729–896 729–892 – – – –

v200_d50 9950 482468 412.049 2576 24034 155081 399987 695–846 457–844 415–845 413–851 – – – –

v200_d70 13930 87326813 ∼ 1518 14939 143913 729911 399–491 241–493 204–491 191–484 – – – –

Table C.2: R-SCP-ECCP formulation details and CSH results.
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Instance |E| |C| v(R1) |C ′ | −→ |C ′
+| v(R+

2 ) v(CGM) −→ v(R2) CGA(t) R-SCP-ECCP(t)

v30_d10 44 40 40.000 40 40 40.0 40 40 0.00 0.00

v30_d20 87 52 48.000 50 51 48.0 50 48 0.00 0.00

v30_d30 131 78 55.000 57 65 55.0 57 55 0.00 0.00

v30_d50 218 179 38.667 47 127 38.7 47 40 0.05 0.07

v30_d70 305 444 24.473 33 147 24.5 33 27 0.13 1.06

v50_d5 61 57 57.000 57 57 57.0 57 57 0.00 0.00

v50_d10 123 97 96.000 96 97 96.0 96 96 0.00 0.00

v50_d20 245 152 119.000 122 136 119.0 122 119 0.00 0.00

v50_d30 368 280 114.750 131 213 114.8 131 115 0.02 0.01

v50_d50 613 1033 70.174 105 415 70.2 105 75 1.12 306.77

v50_d70 858 5134 39.794 70 611 39.8 70 52 8.30 –

v70_d5 121 113 113.000 113 113 113.0 113 113 0.00 0.00

v70_d10 242 174 172.000 174 174 172.0 174 172 0.00 0.00

v70_d20 483 332 185.500 202 264 185.5 202 186 0.02 0.00

v70_d30 725 688 172.770 209 460 172.8 209 176 0.38 11.80

v70_d50 1208 3704 109.080 173 1009 109.1 173 128 16.84 –

v70_d70 1691 38885 53.344 108 1568 53.3 108 80 210.34 –

v100_d5 248 208 208.000 208 208 208.0 208 208 0.00 0.00

v100_d10 495 351 326.000 327 334 326.0 327 326 0.00 0.00

v100_d20 990 843 328.240 382 622 328.2 382 330 0.23 0.15

v100_d30 1485 1968 281.278 370 1129 281.3 370 294 7.33 –

v100_d50 2475 17001 162.894 287 2361 162.9 287 215 412.86 –

v100_d70 3465 428698 80.119 189 1757 83.6* 189 149 – –

v120_d5 357 319 319.000 319 319 319.0 319 319 0.01 0.00

v120_d10 714 478 433.000 436 449 433.0 436 433 0.01 0.00

v120_d20 1428 1345 437.045 513 976 437.0 513 440 0.90 7.67

v120_d30 2142 3542 355.414 502 1773 355.4 502 391 37.05 –

v120_d50 3570 38086 217.520 406 3147 218.3* 406 315 – –

v120_d70 4998 1557394 99.775 242 889 127.7* 242 219 – –

v150_d5 559 471 471.000 471 471 471.0 471 471 0.00 0.00

v150_d10 1118 732 617.000 628 669 617.0 628 617 0.03 0.00

v150_d20 2235 2468 598.539 751 1726 598.5 751 609 7.90 –

v150_d30 3353 7499 485.285 720 3023 485.3 720 553 283.26 –

v150_d50 5588 112736 282.039 559 2557 306.6* 559 481 – –

v150_d70 7823 8037920 129.262 331 442 311.9* 331 324 – 20.70

v200_d5 995 755 751.000 751 753 751.0 751 751 0.01 0.00

v200_d10 1990 1411 972.000 1028 1169 972.0 1028 972 0.20 0.00

v200_d20 3980 5404 900.160 1199 3351 900.2 1199 938 108.08 –

v200_d30 5970 20434 726.444 1147 4236 741.7* 1147 893 – –

v200_d50 9950 482468 412.049 881 2470 538.2* 881 846 – –

v200_d70 13930 87326813 ∼ 500 508 499.0* 500 499 – 0.01

Table C.3: RCSH results.
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Instance |E| |C| v(R1) |C1| −→ |C2| −→ |C3| i1 i2 v(R2) v̄1(R2) −→ v̄2(R2) Time(s)

v30_d10 44 40 40.000 40 40 40 0 0 40.0 40 40(0) 0.00

v30_d20 87 52 48.000 48 48 48 0 0 48.0 48 48(0) 0.00

v30_d30 131 78 55.000 59 64 64 0 0 55.0 55 55(0) 0.00

v30_d50 218 179 38.667 50 125 128 1 9 38.7 40 40(0) 0.19

v30_d70 305 444 24.473 33 144 157 1 9 24.5 27 27(0) 2.63

v50_d5 61 57 57.000 57 57 57 0 0 57.0 57 57(0) 0.01

v50_d10 123 97 96.000 97 97 97 0 0 96.0 96 96(0) 0.00

v50_d20 245 152 119.000 123 137 137 0 0 119.0 119 119(0) 0.00

v50_d30 368 280 114.750 132 205 205 1 0 114.8 115 115(0) 0.02

v50_d50 613 1033 70.174 101 418 456 1 9 70.2 75 75(0) 309.46

v50_d70 858 5134 39.794 71 630 719 1 9 39.8 52 52(0) 1223.34

v70_d5 121 113 113.000 113 113 113 0 0 113.0 113 113(0) 0.00

v70_d10 242 174 172.000 174 174 174 0 0 172.0 172 172(0) 0.01

v70_d20 483 332 185.500 203 261 261 1 0 185.5 186 186(0) 0.02

v70_d30 725 688 172.770 216 469 503 1 9 172.8 176 176(0) 18.61

v70_d50 1208 3704 109.080 177 1017 1261 4 9 109.1 129 125(−4) 1394.29

v70_d70 1691 38885 53.344 110 1576 2283 4 9 53.3 83 78(−5) 4145.51

v100_d5 248 208 208.000 208 208 208 0 0 208.0 208 208(0) 0.00

v100_d10 495 351 326.000 328 335 335 0 0 326.0 326 326(0) 0.00

v100_d20 990 843 328.240 381 625 652 2 1 328.2 330 329(−1) 0.54

v100_d30 1485 1968 281.278 372 1122 1230 2 9 281.3 295 294(−1) 6602.07

v100_d50 2475 17001 162.894 290 2362 3205 5 9 162.9 226 211(−15) 7651.89

v100_d70 3465 428698 80.119 182 1739 3827 4 9 83.6* 163 149(−14) 9829.13

v120_d5 357 319 319.000 319 319 319 0 0 319.0 319 319(0) 0.01

v120_d10 714 478 433.000 441 455 455 0 0 433.0 433 433(0) 0.01

v120_d20 1428 1345 437.045 515 999 1050 1 9 437.0 440 440(0) 36.04

v120_d30 2142 3542 355.414 517 1777 2093 4 9 355.4 388 382(−6) 12028.63

v120_d50 3570 38086 217.520 395 3167 5614 8 9 218.3* 334 295(−39) 13336.06

v120_d70 4998 1557394 99.775 240 879 4350 6 1 129.5* 229 205(−24) –

v150_d5 559 471 471.000 471 471 471 0 0 471.0 471 471(0) 0.00

v150_d10 1118 732 617.000 634 673 673 0 0 617.0 617 617(0) 0.03

v150_d20 2235 2468 598.539 743 1738 1859 2 9 598.5 609 608(−1) 6568.86

v150_d30 3353 7499 485.285 728 3022 3788 6 9 485.3 565 534(−31) 14675.77

v150_d50 5588 112736 282.039 558 2584 9415 11 1 306.2* 531 432(−99) –

v150_d70 7823 8037920 129.262 329 438 1035 3 5 307.5* 319 311(−8) –

v200_d5 995 755 751.000 751 753 753 0 0 751.0 751 751(0) 0.01

v200_d10 1990 1411 972.000 1023 1186 1186 0 0 972.0 972 972(0) 0.22

v200_d20 3980 5404 900.160 1199 3371 3762 4 9 900.2 949 933(−16) 13250.62

v200_d30 5970 20434 726.444 1163 4241 8055 9 5 741.2* 939 841(−98) –

v200_d50 9950 482468 412.049 876 2465 5683 7 1 537.8* 855 756(−99) –

v200_d70 13930 87326813 ∼ 504 513 590 4 6 502.0* 502 496(−6) –

Table C.4: LS-RCSH results.
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Appendix D

Tables of Experiments for Part II
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K(G)

Instance |E| |V 0| |V iso| |V | |E| d |C| Time(s)

v30_d10 44 44 38 6 6 0.4000 2 0.000
v30_d20 87 87 20 67 108 0.0488 32 0.000
v30_d30 131 131 6 125 327 0.0422 72 0.000
v30_d50 218 218 0 218 2,619 0.1107 179 0.002
v30_d70 305 305 0 305 13,530 0.2918 444 0.011

v50_d5 61 61 55 6 6 0.4000 2 0.000
v50_d10 123 123 81 42 60 0.0697 16 0.000
v50_d20 245 245 38 207 546 0.0256 114 0.000
v50_d30 368 368 2 366 1,920 0.0287 278 0.001
v50_d50 613 613 0 613 20,001 0.1066 1,033 0.018
v50_d70 858 858 0 858 103,218 0.2807 5,134 0.105

v70_d5 121 121 109 12 12 0.1818 4 0.000
v70_d10 242 242 124 118 162 0.0235 50 0.000
v70_d20 483 483 26 457 1,563 0.0150 306 0.001
v70_d30 725 725 3 722 6,735 0.0259 685 0.005
v70_d50 1,208 1,208 0 1,208 66,588 0.0913 3,704 0.066
v70_d70 1,691 1,691 0 1,691 389,049 0.2723 38,885 0.427

v100_d5 248 248 186 62 66 0.0349 22 0.001
v100_d10 495 495 206 289 471 0.0113 145 0.001
v100_d20 990 990 13 977 4,857 0.0102 830 0.004
v100_d30 1,485 1,485 0 1,485 22,074 0.0200 1,968 0.019
v100_d50 2,475 2,475 0 2,475 263,973 0.0862 17,001 0.303
v100_d70 3,465 3,465 0 3,465 1,581,582 0.2635 428,698 1.921

v120_d5 357 357 296 61 69 0.0377 23 0.000
v120_d10 714 714 226 488 870 0.0073 252 0.001
v120_d20 1,428 1,428 12 1,416 8,214 0.0082 1,333 0.008
v120_d30 2,142 2,142 0 2,142 41,727 0.0182 3,542 0.042
v120_d50 3,570 3,570 0 3,570 493,824 0.0775 38,086 0.494
v120_d70 4,998 4,998 0 4,998 3,235,839 0.2591 1557394 4.358

v150_d5 559 559 418 141 171 0.0173 53 0.000
v150_d10 1,118 1,118 246 872 1,623 0.0043 486 0.003
v150_d20 2,235 2,235 4 2,231 17,073 0.0069 2,464 0.014
v150_d30 3,353 3,353 0 3,353 92,262 0.0164 7,499 0.105
v150_d50 5,588 5,588 0 5,588 1,183,398 0.0758 112,736 1.672
v150_d70 7,823 7,823 0 7,823 7,783,854 0.2544 8037920 28.367

v200_d5 995 995 588 407 501 0.0061 167 0.003
v200_d10 1,990 1,990 292 1,698 4,113 0.0029 1,119 0.022
v200_d20 3,980 3,980 0 3,980 44,031 0.0056 5,404 0.053
v200_d30 5,970 5,970 0 5,970 252,393 0.0142 20,434 0.334
v200_d50 9,950 9,950 0 9,950 3,546,237 0.0716 482,468 5.393
v200_d70 13,930 13,930 0 13,930 24,489,456 0.2524 87326813 94.263

Table D.1: Properties of the transformed graph K(G).
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VCCP ECCP

Instance v(R5) v+(R5) gap Nodes Time(s) v(R1) v+(R1)

v30_d10 2.00 2.00 0 0 0.004 40.00 40.00
v30_d20 28.00 28.00 0 0 0.002 48.00 48.00
v30_d30 49.00 49.00 0 0 0.005 55.00 55.00
v30_d50 40.00 40.00 0 13 0.044 40.00 40.00
v30_d70 26.00 26.00 0 685 1.789 26.00 26.00
v50_d5 2.00 2.00 0 0 0.005 57.00 57.00
v50_d10 15.00 15.00 0 0 0.004 96.00 96.00
v50_d20 81.00 81.00 0 0 0.010 119.00 119.00
v50_d30 113.00 113.00 0 1 0.019 115.00 115.00
v50_d50 74.00 74.00 0 57,651 412.194 74.00 74.00
v50_d70 51.00 41.00 24.4 75,069 - 51.00 41.00
v70_d5 4.00 4.00 0 0 0.005 113.00 113.00
v70_d10 48.00 48.00 0 0 0.004 172.00 172.00
v70_d20 160.00 160.00 0 1 0.014 186.00 186.00
v70_d30 173.00 173.00 0 1,111 3.487 176.00 176.00
v70_d50 129.00 111.00 16.2 49,513 - 129.00 111.00
v70_d70 81.00 54.00 50.0 2,552 - 81.00 54.00
v100_d5 22.00 22.00 0 0 0.010 208.00 208.00
v100_d10 120.00 120.00 0 0 0.005 326.00 326.00
v100_d20 316.00 316.00 0 7 0.080 329.00 329.00
v100_d30 292.00 284.00 2.8 111,613 - 292.00 284.00
v100_d50 217.00 164.00 32.3 641 - 217.00 164.00
v100_d70 148.00 81.00 82.7 1 - 148.00 81.00
v120_d5 23.00 23.00 0 0 0.000 319.00 319.00
v120_d10 207.00 207.00 0 0 0.000 433.00 433.00
v120_d20 428.00 428.00 0 5,002 18.400 440.00 440.00
v120_d30 385.00 358.00 7.5 30,883 - 385.00 358.00
v120_d50 358.00 218.00 64.2 48 - 358.00 218.00
v120_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d5 53.00 53.00 0 0 0.012 471.00 471.00
v150_d10 371.00 371.00 0 0 0.020 617.00 617.00
v150_d20 605.00 598.00 1.2 123,732 - 609.00 602.00
v150_d30 550.00 486.00 13.2 4,785 - 550.00 486.00
v150_d50 1133.00 283.00 300.4 1 - 1133.00 283.00
v150_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d5 163.00 163.00 0 0 0.014 751.00 751.00
v200_d10 680.00 680.00 0 0 0.074 972.00 972.00
v200_d20 938.00 901.00 4.1 12,406 - 938.00 901.00
v200_d30 922.00 727.00 26.8 47 - 922.00 727.00
v200_d50 2010.00 0.00 - 1 - 2010.00 0.00
v200_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼

Table D.2: Experiment 1. VCCP and ECCP Solution Quality
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Instance Rows Columns Non-zeros

v30_d10 12 12 24
v30_d20 212 175 503
v30_d30 718 452 2,103
v30_d50 10,231 2,837 49,416
v30_d70 145,026 13,835 883,532

v50_d5 12 12 24
v50_d10 118 102 280
v50_d20 1,080 753 2,994
v50_d30 4,969 2,286 18,374
v50_d50 184,749 20,614 1,512,471
v50_d70 3,503,178 104,076 32,129,604

v70_d5 24 24 48
v70_d10 315 280 712
v70_d20 3,257 2,020 9,607
v70_d30 23,992 7,457 115,277
v70_d50 1,079,613 67,796 12,009,301
v70_d70 30,118,550 390,740 349,487,629

v100_d5 134 128 278
v100_d10 917 760 2,216
v100_d20 12,797 5,834 49,056
v100_d30 104,605 23,559 688,700
v100_d50 9,183,251 266,448 142,696,577
v100_d70 ∼ ∼ ∼
v120_d5 136 130 286
v120_d10 1,789 1,358 4,655
v120_d20 22,087 9,630 87,070
v120_d30 246,806 43,869 2,024,933
v120_d50 23,355,191 497,394 463,057,317
v120_d70 ∼ ∼ ∼
v150_d5 342 312 744
v150_d10 3,231 2,495 8,312
v150_d20 53,470 19,304 248,609
v150_d30 757,473 95,615 8,402,812
v150_d50 ∼ ∼ ∼
v150_d70 ∼ ∼ ∼
v200_d5 1,012 908 2,239
v200_d10 8,717 5,811 25,330
v200_d20 172,937 48,011 1,037,715
v200_d30 2,939,611 258,363 45,472,126
v200_d50 ∼ ∼ ∼
v200_d70 ∼ ∼ ∼

Table D.3: Model Dimension Table for VCCP formulation based on representatives.
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VCCP ECCP

Instance v(R10) v(R10) v(R+
10) Gap Time (s) v(R1) v+(R1)

v30_d10 2.00 2.00 2.00 0 0.1 40.00 40.00
v30_d20 28.00 28.00 28.00 0 0.0 48.00 48.00
v30_d30 48.50 49.00 49.00 0 0.0 55.00 55.00
v30_d50 36.87 40.00 40.00 0 61.3 40.00 40.00
v30_d70 21.92 28.00 23.00 21.74 - 28.00 23.00
v50_d5 2.00 2.00 2.00 0 0.0 57.00 57.00
v50_d10 15.00 15.00 15.00 0 0.0 96.00 96.00
v50_d20 81.00 81.00 81.00 0 0.0 119.00 119.00
v50_d30 111.00 113.00 113.00 0 0.7 115.00 115.00
v50_d50 63.70 82.00 66.00 24.24 - 82.00 66.00
v50_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d5 4.00 4.00 4.00 0 0.0 113.00 113.00
v70_d10 48.00 48.00 48.00 0 0.0 172.00 172.00
v70_d20 159.25 160.00 160.00 0 0.1 186.00 186.00
v70_d30 164.44 173.00 171.00 1.17 1854.6 176.00 174.00
v70_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d5 22.00 22.00 22.00 0 0.0 208.00 208.00
v100_d10 120.00 120.00 120.00 0 0.0 326.00 326.00
v100_d20 308.71 316.00 316.00 0 9.9 329.00 329.00
v100_d30 263.13 303.00 269.00 12.64 - 303.00 269.00
v100_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d5 23.00 23.00 23.00 0 0.0 319.00 319.00
v120_d10 207.00 207.00 207.00 0 0.0 433.00 433.00
v120_d20 416.37 428.00 427.00 0.23 1845.5 440.00 439.00
v120_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d5 53.00 53.00 53.00 0 0.0 471.00 471.00
v150_d10 370.50 371.00 371.00 0 0.1 617.00 617.00
v150_d20 574.81 608.00 595.00 2.18 3548.5 612.00 599.00
v150_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d5 163.00 163.00 163.00 0 0.0 751.00 751.00
v200_d10 679.50 680.00 680.00 0 0.3 972.00 972.00
v200_d20 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼

Table D.4: Experiment 2. Solution Quality
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Instance Nodes Root Cuts Node Cuts

v30_d10 0 0 0
v30_d20 0 0 0
v30_d30 1 4 0
v30_d50 981 277 0
v30_d70 30 87 0
v50_d5 0 0 0
v50_d10 0 0 0
v50_d20 1 0 0
v50_d30 1 42 0
v50_d50 14 50 0
v50_d70 ∼ ∼ ∼
v70_d5 0 0 0
v70_d10 0 0 0
v70_d20 1 2 0
v70_d30 10,777 336 0
v70_d50 ∼ ∼ ∼
v70_d70 ∼ ∼ ∼
v100_d5 0 0 0
v100_d10 0 0 0
v100_d20 272 115 0
v100_d30 63 90 0
v100_d50 ∼ ∼ ∼
v100_d70 ∼ ∼ ∼
v120_d5 0 0 0
v120_d10 1 0 0
v120_d20 18,632 259 0
v120_d30 ∼ ∼ ∼
v120_d50 ∼ ∼ ∼
v120_d70 ∼ ∼ ∼
v150_d5 0 0 0
v150_d10 0 1 0
v150_d20 674 966 0
v150_d30 ∼ ∼ ∼
v150_d50 ∼ ∼ ∼
v150_d70 ∼ ∼ ∼
v200_d5 0 0 0
v200_d10 1 2 0
v200_d20 ∼ ∼ ∼
v200_d30 ∼ ∼ ∼
v200_d50 ∼ ∼ ∼
v200_d70 ∼ ∼ ∼

Table D.5: Experiment 2. Branch-and-Cut Statistics
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VCCP ECCP

Instance v(R10) v(R10) v(R+
10) Gap Time (s) v(R1) v+(R1)

v30_d10 2.00 2.00 2.00 0 0.0 40.00 40.00
v30_d20 28.00 28.00 28.00 0 0.0 48.00 48.00
v30_d30 48.50 49.00 49.00 0 0.0 55.00 55.00
v30_d50 36.87 40.00 40.00 0 165.1 40.00 40.00
v30_d70 21.92 27.00 24.00 12.5 - 27.00 24.00
v50_d5 2.00 2.00 2.00 0 0.0 57.00 57.00
v50_d10 15.00 15.00 15.00 0 0.0 96.00 96.00
v50_d20 81.00 81.00 81.00 0 0.0 119.00 119.00
v50_d30 111.00 113.00 113.00 0 0.6 115.00 115.00
v50_d50 63.70 84.00 66.00 27.27 - 84.00 66.00
v50_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d5 4.00 4.00 4.00 0 0.0 113.00 113.00
v70_d10 48.00 48.00 48.00 0 0.0 172.00 172.00
v70_d20 159.25 160.00 160.00 0 0.1 186.00 186.00
v70_d30 164.44 173.00 171.00 1.17 1835.3 176.00 174.00
v70_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d5 22.00 22.00 22.00 0 0.0 208.00 208.00
v100_d10 120.00 120.00 120.00 0 0.0 326.00 326.00
v100_d20 308.71 316.00 316.00 0 9.9 329.00 329.00
v100_d30 263.13 305.00 275.00 10.91 - 305.00 275.00
v100_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d5 23.00 23.00 23.00 0 0.0 319.00 319.00
v120_d10 207.00 207.00 207.00 0 0.0 433.00 433.00
v120_d20 416.37 428.00 427.00 0.23 1837.2 440.00 439.00
v120_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d5 53.00 53.00 53.00 0 0.0 471.00 471.00
v150_d10 370.50 371.00 371.00 0 0.0 617.00 617.00
v150_d20 574.81 608.00 595.00 2.19 2740.8 612.00 599.00
v150_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d5 163.00 163.00 163.00 0 0.0 751.00 751.00
v200_d10 679.50 680.00 680.00 0 0.2 972.00 972.00
v200_d20 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼

Table D.6: Experiment 3. Solution Quality
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Instance Nodes Root Cuts Node Cuts

v30_d10 0 0 0
v30_d20 0 0 0
v30_d30 1 5 0
v30_d50 4,629 406 0
v30_d70 11 427 0
v50_d5 0 0 0
v50_d10 0 0 0
v50_d20 0 0 0
v50_d30 1 44 0
v50_d50 11 153 0
v50_d70 ∼ ∼ ∼
v70_d5 0 0 0
v70_d10 0 0 0
v70_d20 1 2 0
v70_d30 9,198 393 0
v70_d50 ∼ ∼ ∼
v70_d70 ∼ ∼ ∼
v100_d5 0 0 0
v100_d10 0 0 0
v100_d20 289 207 0
v100_d30 11 581 0
v100_d50 ∼ ∼ ∼
v100_d70 ∼ ∼ ∼
v120_d5 0 0 0
v120_d10 0 0 0
v120_d20 16,224 312 0
v120_d30 ∼ ∼ ∼
v120_d50 ∼ ∼ ∼
v120_d70 ∼ ∼ ∼
v150_d5 0 0 0
v150_d10 0 1 0
v150_d20 521 1,191 0
v150_d30 ∼ ∼ ∼
v150_d50 ∼ ∼ ∼
v150_d70 ∼ ∼ ∼
v200_d5 0 0 0
v200_d10 0 2 0
v200_d20 ∼ ∼ ∼
v200_d30 ∼ ∼ ∼
v200_d50 ∼ ∼ ∼
v200_d70 ∼ ∼ ∼

Table D.7: Experiment 3. Branch-and-Cut Statistics
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VCCP ECCP

Instance v(R10) v(R10) v(R+
10) Gap Time (s) v(R1) v+(R1)

v30_d10 2.00 2.00 2.00 0 0.0 40.00 40.00
v30_d20 28.00 28.00 28.00 0 0.0 48.00 48.00
v30_d30 48.50 49.00 49.00 0 0.0 55.00 55.00
v30_d50 36.87 40.00 40.00 0 75.3 40.00 40.00
v30_d70 21.92 28.00 24.00 16.67 - 28.00 24.00
v50_d5 2.00 2.00 2.00 0 0.0 57.00 57.00
v50_d10 15.00 15.00 15.00 0 0.0 96.00 96.00
v50_d20 81.00 81.00 81.00 0 0.0 119.00 119.00
v50_d30 111.00 113.00 113.00 0 0.5 115.00 115.00
v50_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v50_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d5 4.00 4.00 4.00 0 0.0 113.00 113.00
v70_d10 48.00 48.00 48.00 0 0.0 172.00 172.00
v70_d20 159.25 160.00 160.00 0 0.1 186.00 186.00
v70_d30 164.44 173.00 172.00 0.58 1832.2 176.00 175.00
v70_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d5 22.00 22.00 22.00 0 0.0 208.00 208.00
v100_d10 120.00 120.00 120.00 0 0.0 326.00 326.00
v100_d20 308.71 316.00 316.00 0 4.4 329.00 329.00
v100_d30 263.13 300.00 279.00 7.53 - 300.00 279.00
v100_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d5 23.00 23.00 23.00 0 0.0 319.00 319.00
v120_d10 207.00 207.00 207.00 0 0.0 433.00 433.00
v120_d20 416.37 428.00 427.00 0.23 1827.9 440.00 439.00
v120_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d5 53.00 53.00 53.00 0 0.0 471.00 471.00
v150_d10 370.50 371.00 371.00 0 0.1 617.00 617.00
v150_d20 574.81 610.00 595.00 2.52 2332.7 614.00 599.00
v150_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d5 163.00 163.00 163.00 0 0.0 751.00 751.00
v200_d10 679.50 680.00 680.00 0 0.2 972.00 972.00
v200_d20 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼

Table D.8: Experiment 4. Solution Quality
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Instance Nodes Root Cuts Node Cuts

v30_d10 0 0 0
v30_d20 0 0 0
v30_d30 1 1,036 0
v30_d50 1,143 17,740 0
v30_d70 11 143,258 0
v50_d5 0 0 0
v50_d10 0 0 0
v50_d20 0 0 0
v50_d30 1 5,283 0
v50_d50 ∼ ∼ ∼
v50_d70 ∼ ∼ ∼
v70_d5 0 0 0
v70_d10 0 0 0
v70_d20 1 4,328 0
v70_d30 10,287 41,258 0
v70_d50 ∼ ∼ ∼
v70_d70 ∼ ∼ ∼
v100_d5 0 0 0
v100_d10 0 0 0
v100_d20 54 23,223 0
v100_d30 12 69,055 0
v100_d50 ∼ ∼ ∼
v100_d70 ∼ ∼ ∼
v120_d5 0 0 0
v120_d10 0 0 0
v120_d20 18,894 40,975 0
v120_d30 ∼ ∼ ∼
v120_d50 ∼ ∼ ∼
v120_d70 ∼ ∼ ∼
v150_d5 0 0 0
v150_d10 0 606 0
v150_d20 588 128,292 0
v150_d30 ∼ ∼ ∼
v150_d50 ∼ ∼ ∼
v150_d70 ∼ ∼ ∼
v200_d5 0 0 0
v200_d10 0 2,279 0
v200_d20 ∼ ∼ ∼
v200_d30 ∼ ∼ ∼
v200_d50 ∼ ∼ ∼
v200_d70 ∼ ∼ ∼

Table D.9: Experiment 4. Branch-and-Cut Statistics
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VCCP ECCP

Instance v(R10) v(R10) v(R+
10) Gap Time (s) v(R1) v+(R1)

v30_d10 2.00 2.00 2.00 0 0.0 40.00 40.00
v30_d20 28.00 28.00 28.00 0 0.0 48.00 48.00
v30_d30 48.50 49.00 49.00 0 0.0 55.00 55.00
v30_d50 36.87 40.00 40.00 0 95.9 40.00 40.00
v30_d70 21.92 29.00 23.00 26.09 - 29.00 23.00
v50_d5 2.00 2.00 2.00 0 0.0 57.00 57.00
v50_d10 15.00 15.00 15.00 0 0.0 96.00 96.00
v50_d20 81.00 81.00 81.00 0 0.0 119.00 119.00
v50_d30 111.00 113.00 113.00 0 0.8 115.00 115.00
v50_d50 63.70 82.00 66.00 24.24 - 82.00 66.00
v50_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d5 4.00 4.00 4.00 0 0.0 113.00 113.00
v70_d10 48.00 48.00 48.00 0 0.0 172.00 172.00
v70_d20 159.25 160.00 160.00 0 0.1 186.00 186.00
v70_d30 164.44 173.00 172.00 0.58 1848.4 176.00 175.00
v70_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d5 22.00 22.00 22.00 0 0.0 208.00 208.00
v100_d10 120.00 120.00 120.00 0 0.0 326.00 326.00
v100_d20 308.71 316.00 316.00 0 7.4 329.00 329.00
v100_d30 263.13 307.00 269.00 14.13 - 307.00 269.00
v100_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d5 23.00 23.00 23.00 0 0.0 319.00 319.00
v120_d10 207.00 207.00 207.00 0 0.0 433.00 433.00
v120_d20 416.37 428.00 427.00 0.23 1851.2 440.00 439.00
v120_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d5 53.00 53.00 53.00 0 0.0 471.00 471.00
v150_d10 370.50 371.00 371.00 0 0.1 617.00 617.00
v150_d20 574.81 608.00 595.00 2.19 3480.1 612.00 599.00
v150_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d5 163.00 163.00 163.00 0 0.0 751.00 751.00
v200_d10 679.50 680.00 680.00 0 0.2 972.00 972.00
v200_d20 842.89 3073.00 99.00 3003.03 - 3073.00 99.00
v200_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼

Table D.10: Experiment 5. Solution Quality
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Instance Nodes Root Cuts Node Cuts

v30_d10 0 0 0
v30_d20 0 0 0
v30_d30 0 4 0
v30_d50 1,385 277 373
v30_d70 11 74 13
v50_d5 0 0 0
v50_d10 0 0 0
v50_d20 0 0 0
v50_d30 1 42 2
v50_d50 11 48 13
v50_d70 ∼ ∼ ∼
v70_d5 0 0 0
v70_d10 0 0 0
v70_d20 1 2 0
v70_d30 9,408 336 3,582
v70_d50 ∼ ∼ ∼
v70_d70 ∼ ∼ ∼
v100_d5 0 0 0
v100_d10 0 0 0
v100_d20 69 115 43
v100_d30 30 86 32
v100_d50 ∼ ∼ ∼
v100_d70 ∼ ∼ ∼
v120_d5 0 0 0
v120_d10 0 0 0
v120_d20 17,756 259 2,514
v120_d30 ∼ ∼ ∼
v120_d50 ∼ ∼ ∼
v120_d70 ∼ ∼ ∼
v150_d5 0 0 0
v150_d10 0 1 0
v150_d20 599 966 592
v150_d30 ∼ ∼ ∼
v150_d50 ∼ ∼ ∼
v150_d70 ∼ ∼ ∼
v200_d5 0 0 0
v200_d10 0 2 0
v200_d20 1 1 0
v200_d30 ∼ ∼ ∼
v200_d50 ∼ ∼ ∼
v200_d70 ∼ ∼ ∼

Table D.11: Experiment 5. Branch-and-Cut Statistics
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VCCP ECCP

Instance v(R10) v(R10) v(R+
10) Gap Time (s) v(R1) v+(R1)

v30_d10 2.00 2.00 2.00 0 0.0 40.00 40.00
v30_d20 28.00 28.00 28.00 0 0.0 48.00 48.00
v30_d30 48.50 49.00 49.00 0 0.0 55.00 55.00
v30_d50 36.87 40.00 40.00 0 120.4 40.00 40.00
v30_d70 21.92 28.00 24.00 16.67 - 28.00 24.00
v50_d5 2.00 2.00 2.00 0 0.0 57.00 57.00
v50_d10 15.00 15.00 15.00 0 0.0 96.00 96.00
v50_d20 81.00 81.00 81.00 0 0.0 119.00 119.00
v50_d30 111.00 113.00 113.00 0 0.5 115.00 115.00
v50_d50 63.70 82.00 67.00 22.39 - 82.00 67.00
v50_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d5 4.00 4.00 4.00 0 0.0 113.00 113.00
v70_d10 48.00 48.00 48.00 0 0.0 172.00 172.00
v70_d20 159.25 160.00 160.00 0 0.1 186.00 186.00
v70_d30 164.44 173.00 172.00 0.58 1831.5 176.00 175.00
v70_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d5 22.00 22.00 22.00 0 0.0 208.00 208.00
v100_d10 120.00 120.00 120.00 0 0.0 326.00 326.00
v100_d20 308.71 316.00 316.00 0 4.3 329.00 329.00
v100_d30 263.13 299.00 278.00 7.55 - 299.00 278.00
v100_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d5 23.00 23.00 23.00 0 0.0 319.00 319.00
v120_d10 207.00 207.00 207.00 0 0.0 433.00 433.00
v120_d20 416.37 428.00 428.00 0 1294.2 440.00 440.00
v120_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d5 53.00 53.00 53.00 0 0.0 471.00 471.00
v150_d10 370.50 371.00 371.00 0 0.1 617.00 617.00
v150_d20 574.81 608.00 595.00 2.19 2176.6 612.00 599.00
v150_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d5 163.00 163.00 163.00 0 0.0 751.00 751.00
v200_d10 679.50 680.00 680.00 0 0.2 972.00 972.00
v200_d20 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼

Table D.12: Experiment 6. Solution Quality
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Instance Nodes Root Cuts Node Cuts

v30_d10 0 0 0
v30_d20 0 0 0
v30_d30 1 5 0
v30_d50 2,213 406 373
v30_d70 18 644 20
v50_d5 0 0 0
v50_d10 0 0 0
v50_d20 0 0 0
v50_d30 1 44 0
v50_d50 11 153 13
v50_d70 ∼ ∼ ∼
v70_d5 0 0 0
v70_d10 0 0 0
v70_d20 1 2 0
v70_d30 11,093 393 4,503
v70_d50 ∼ ∼ ∼
v70_d70 ∼ ∼ ∼
v100_d5 0 0 0
v100_d10 0 0 0
v100_d20 25 207 12
v100_d30 39 1,033 41
v100_d50 ∼ ∼ ∼
v100_d70 ∼ ∼ ∼
v120_d5 0 0 0
v120_d10 0 0 0
v120_d20 12,651 312 1,358
v120_d30 ∼ ∼ ∼
v120_d50 ∼ ∼ ∼
v120_d70 ∼ ∼ ∼
v150_d5 0 0 0
v150_d10 0 1 0
v150_d20 743 1,191 695
v150_d30 ∼ ∼ ∼
v150_d50 ∼ ∼ ∼
v150_d70 ∼ ∼ ∼
v200_d5 0 0 0
v200_d10 0 2 0
v200_d20 ∼ ∼ ∼
v200_d30 ∼ ∼ ∼
v200_d50 ∼ ∼ ∼
v200_d70 ∼ ∼ ∼

Table D.13: Experiment 6. Branch-and-Cut Statistics
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VCCP ECCP

Instance v(R10) v(R10) v(R+
10) Gap Time (s) v(R1) v+(R1)

v30_d10 2.00 2.00 2.00 0 0.0 40.00 40.00
v30_d20 28.00 28.00 28.00 0 0.0 48.00 48.00
v30_d30 48.50 49.00 49.00 0 0.0 55.00 55.00
v30_d50 36.87 40.00 40.00 0 122.3 40.00 40.00
v30_d70 21.92 27.00 24.00 12.50 - 27.00 24.00
v50_d5 2.00 2.00 2.00 0 0.0 57.00 57.00
v50_d10 15.00 15.00 15.00 0 0.0 96.00 96.00
v50_d20 81.00 81.00 81.00 0 0.0 119.00 119.00
v50_d30 111.00 113.00 113.00 0 0.5 115.00 115.00
v50_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v50_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d5 4.00 4.00 4.00 0 0.0 113.00 113.00
v70_d10 48.00 48.00 48.00 0 0.0 172.00 172.00
v70_d20 159.25 160.00 160.00 0 0.1 186.00 186.00
v70_d30 164.44 173.00 172.00 0.58 1827.7 176.00 175.00
v70_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v70_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d5 22.00 22.00 22.00 0 0.0 208.00 208.00
v100_d10 120.00 120.00 120.00 0 0.0 326.00 326.00
v100_d20 308.71 316.00 316.00 0 5.6 329.00 329.00
v100_d30 263.13 303.00 279.00 8.60 - 303.00 279.00
v100_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v100_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d5 23.00 23.00 23.00 0 0.0 319.00 319.00
v120_d10 207.00 207.00 207.00 0 0.0 433.00 433.00
v120_d20 416.37 428.00 427.00 0.23 1833.3 440.00 439.00
v120_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v120_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d5 53.00 53.00 53.00 0 0.0 471.00 471.00
v150_d10 370.50 371.00 371.00 0 0.0 617.00 617.00
v150_d20 574.81 608.00 595.00 2.19 2363.5 612.00 599.00
v150_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d5 163.00 163.00 163.00 0 0.0 751.00 751.00
v200_d10 679.50 680.00 680.00 0 0.2 972.00 972.00
v200_d20 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d30 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d50 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼

Table D.14: Experiment 7. Solution Quality
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Instance Nodes Root Cuts Node Cuts

v30_d10 0 0 0
v30_d20 0 0 0
v30_d30 1 1,036 0
v30_d50 1,695 17,740 157
v30_d70 10 143,258 12
v50_d5 0 0 0
v50_d10 0 0 0
v50_d20 0 0 0
v50_d30 1 5,283 0
v50_d50 ∼ ∼ ∼
v50_d70 ∼ ∼ ∼
v70_d5 0 0 0
v70_d10 0 0 0
v70_d20 1 4,328 0
v70_d30 10,343 41,258 3,225
v70_d50 ∼ ∼ ∼
v70_d70 ∼ ∼ ∼
v100_d5 0 0 0
v100_d10 0 0 0
v100_d20 54 23,223 15
v100_d30 19 69,055 21
v100_d50 ∼ ∼ ∼
v100_d70 ∼ ∼ ∼
v120_d5 0 0 0
v120_d10 0 0 0
v120_d20 18,524 40,975 1,160
v120_d30 ∼ ∼ ∼
v120_d50 ∼ ∼ ∼
v120_d70 ∼ ∼ ∼
v150_d5 0 0 0
v150_d10 0 606 0
v150_d20 561 128,292 389
v150_d30 ∼ ∼ ∼
v150_d50 ∼ ∼ ∼
v150_d70 ∼ ∼ ∼
v200_d5 0 0 0
v200_d10 0 2,279 0
v200_d20 ∼ ∼ ∼
v200_d30 ∼ ∼ ∼
v200_d50 ∼ ∼ ∼
v200_d70 ∼ ∼ ∼

Table D.15: Experiment 7. Branch-and-Cut Statistics

115



Instance v(CGM) v(R6) v(R+
6 ) Root Generated Col Gen v(R5)

Time Columns Iterations

v30_d10 2.00 2.00 2.00 0.00 0 1 2.00
v30_d20 29.00 28.00 28.00 0.00 1 2 28.00
v30_d30 50.00 50.00 49.00 0.00 8 3 49.00
v30_d50 47.00 45.00 38.67 0.04 93 10 -
v30_d70 32.00 32.00 24.47 0.07 199 7 -
v50_d5 2.00 2.00 2.00 0.00 0 1 2.00
v50_d10 15.00 15.00 15.00 0.00 1 2 15.00
v50_d20 84.00 82.00 81.00 0.00 10 3 81.00
v50_d30 128.00 122.00 112.75 0.02 83 7 -
v50_d50 99.00 96.00 70.17 0.26 484 7 -
v50_d70 67.00 67.00 39.79 5.75 1,114 13 -
v70_d5 4.00 4.00 4.00 0.00 0 1 4.00
v70_d10 49.00 48.00 48.00 0.00 0 1 48.00
v70_d20 167.00 167.00 159.50 0.01 59 5 -
v70_d30 199.00 195.00 169.77 0.10 314 8 -
v70_d50 167.00 162.00 109.08 3.57 1,423 10 -
v70_d70 101.00 100.00 53.34 196.95 3,200 15 -
v100_d5 22.00 22.00 22.00 0.00 0 1 22.00
v100_d10 123.00 121.00 120.00 0.01 4 2 120.00
v100_d20 350.00 345.00 315.24 0.07 294 10 -
v100_d30 361.00 352.00 281.28 0.98 1,017 8 -
v100_d50 270.00 267.00 162.89 92.59 3,927 14 -
v100_d70 173.00 171.00 81.02* 2173.49 7,949 9 -
v120_d5 23.00 23.00 23.00 0.00 0 1 23.00
v120_d10 216.00 210.00 207.00 0.01 10 3 207.00
v120_d20 488.00 474.00 425.04 0.21 532 11 -
v120_d30 464.00 462.00 355.41 4.94 1,863 10 -
v120_d50 371.00 369.00 217.52 798.29 6,909 15 -
v120_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v150_d5 53.00 53.00 53.00 0.00 0 1 53.00
v150_d10 377.00 372.00 371.00 0.01 36 4 371.00
v150_d20 710.00 691.00 594.54 1.12 1,205 9 -
v150_d30 679.00 665.00 485.29 37.72 3,602 10 -
v150_d50 517.00 513.00 284.31* 2545.64 11,945 7 -
v150_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼
v200_d5 164.00 163.00 163.00 0.00 0 1 163.00
v200_d10 721.00 699.00 680.00 0.06 170 8 680.00
v200_d20 1115.00 1092.00 900.16 12.98 2,856 9 -
v200_d30 1067.00 1059.00 726.44 1098.20 8,324 13 -
v200_d50 802.00 800.00 468.85* - 17,252 4 -
v200_d70 ∼ ∼ ∼ ∼ ∼ ∼ ∼

Table D.16: Branch-and-Price. CGA Results at Root Node.
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Instance v(R6) v+(R+
6 ) Gap Nodes Time(s)

v30_d10 2.00 2.00 0 0 0.028
v30_d20 28.00 28.00 0 0 0.004
v30_d30 49.00 49.00 0 0 0.009
v30_d50 40.00 39.19 0 18 0.409
v30_d70 27.00 25.50 5.88 1,610 -
v50_d5 2.00 2.00 0 0 0.006
v50_d10 15.00 15.00 0 0 0.006
v50_d20 81.00 81.00 0 0 0.006
v50_d30 113.00 112.75 0 6 0.080
v50_d50 77.00 71.05 8.37 1,836 -
v50_d70 54.00 40.45 33.50 329 -
v70_d5 4.00 4.00 0 0 0.007
v70_d10 48.00 48.00 0 0 0.008
v70_d20 160.00 159.50 0 2 0.027
v70_d30 175.00 171.02 2.33 4,071 -
v70_d50 136.00 109.93 23.70 648 -
v70_d70 82.00 53.65 52.83 22 -
v100_d5 22.00 22.00 0 0 0.004
v100_d10 120.00 120.00 0 0 0.012
v100_d20 316.00 315.63 0 98 3.867
v100_d30 303.00 282.42 7.29 2,015 -
v100_d50 226.00 163.29 38.39 68 -
v100_d70 171.00 81.02* 111.08 1 -
v120_d5 23.00 23.00 0 0 0.034
v120_d10 207.00 207.00 0 0 0.016
v120_d20 429.00 426.11 0.68 3,322 -
v120_d30 407.00 356.93 14.03 978 -
v120_d50 318.00 217.75 46.03 9 -
v120_d70 ∼ ∼ ∼ ∼ ∼
v150_d5 53.00 53.00 0 0 0.004
v150_d10 371.00 371.00 0 0 0.028
v150_d20 619.00 595.49 3.95 2,491 -
v150_d30 575.00 486.09 18.29 203 -
v150_d50 440.00 282.78* 55.61 2 -
v150_d70 ∼ ∼ ∼ ∼ ∼
v200_d5 163.00 163.00 0 0 0.014
v200_d10 680.00 680.00 0 0 0.112
v200_d20 979.00 901.11 8.64 600 -
v200_d30 921.00 726.77 26.72 11 -
v200_d50 800.00 468.85* 70.62 1 -
v200_d70 ∼ ∼ ∼ ∼ ∼

Table D.17: Branch-and-Price. Performance Metrics.
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Pruned by

Instance Deepest Average Branching bound integrality infeasibility
Depth Depth Count

v30_d10 0 0 0 0 0 0
v30_d20 0 0 0 0 0 0
v30_d30 0 0 0 0 0 0
v30_d50 8 4.18 34 1 0 0
v30_d70 38 21.16 3,218 0 0 0
v50_d5 0 0 0 0 0 0
v50_d10 0 0 0 0 0 0
v50_d20 0 0 0 0 0 0
v50_d30 5 3.00 10 2 0 0
v50_d50 36 16.28 3,670 0 0 0
v50_d70 23 10.97 656 0 0 0
v70_d5 0 0 0 0 0 0
v70_d10 0 0 0 0 0 0
v70_d20 1 1.00 2 0 0 0
v70_d30 38 18.71 8,140 0 0 0
v70_d50 28 14.13 1,294 0 0 0
v70_d70 8 4.38 42 0 0 0
v100_d5 0 0 0 0 0 0
v100_d10 0 0 0 0 0 0
v100_d20 16 7.61 194 0 0 0
v100_d30 36 15.23 4,028 0 0 0
v100_d50 15 7.37 134 0 0 0
v100_d70 0 0 0 0 0 0
v120_d5 0 0 0 0 0 0
v120_d10 0 0 0 0 0 0
v120_d20 55 26.19 6,642 0 0 0
v120_d30 25 12.54 1,954 0 0 0
v120_d50 6 3.50 16 0 0 0
v120_d70 ∼ ∼ ∼ ∼ ∼ ∼
v150_d5 0 0 0 0 0 0
v150_d10 0 0 0 0 0 0
v150_d20 36 18.61 4,980 0 0 0
v150_d30 14 7.88 404 0 0 0
v150_d50 1 1.00 2 0 0 0
v150_d70 ∼ ∼ ∼ ∼ ∼ ∼
v200_d5 0 0 0 0 0 0
v200_d10 0 0 0 0 0 0
v200_d20 27 13.52 1,198 0 0 0
v200_d30 8 5.10 20 0 0 0
v200_d50 0 0 0 0 0 0
v200_d70 ∼ ∼ ∼ ∼ ∼ ∼

Table D.18: Branch-and-Price. Enumeration Tree Statistics.
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Instance VCCP ECCP v(R1)

Solution Solution
Feasibility Feasibility

v30_d10 Yes Yes 40.00
v30_d20 Yes Yes 48.00
v30_d30 Yes Yes 55.00
v30_d50 Yes Yes 40.00
v30_d70 Yes Yes 27.00
v50_d5 Yes Yes 57.00
v50_d10 Yes Yes 96.00
v50_d20 Yes Yes 119.00
v50_d30 Yes Yes 115.00
v50_d50 Yes Yes 77.00
v50_d70 Yes Yes 54.00
v70_d5 Yes Yes 113.00
v70_d10 Yes Yes 172.00
v70_d20 Yes Yes 186.00
v70_d30 Yes Yes 178.00
v70_d50 Yes Yes 136.00
v70_d70 Yes Yes 82.00
v100_d5 Yes Yes 208.00
v100_d10 Yes Yes 326.00
v100_d20 Yes Yes 329.00
v100_d30 Yes Yes 303.00
v100_d50 Yes Yes 226.00
v100_d70 Yes Yes 171.00
v120_d5 Yes Yes 319.00
v120_d10 Yes Yes 433.00
v120_d20 Yes Yes 441.00
v120_d30 Yes Yes 407.00
v120_d50 Yes Yes 318.00
v120_d70 ∼ ∼ ∼
v150_d5 Yes Yes 471.00
v150_d10 Yes Yes 617.00
v150_d20 Yes Yes 623.00
v150_d30 Yes Yes 575.00
v150_d50 Yes Yes 440.00
v150_d70 ∼ ∼ ∼
v200_d5 Yes Yes 751.00
v200_d10 Yes Yes 972.00
v200_d20 Yes Yes 979.00
v200_d30 Yes Yes 921.00
v200_d50 Yes Yes 800.00
v200_d70 ∼ ∼ ∼

Table D.19: Branch-and-Price. Solution Feasibility.
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