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ON THE TOTAL CHROMATIC NUMBER OF THE DIRECT PRODUCT OF
CYCLES AND COMPLETE GRAPHS

DIANE CASTONGUAY!, CELINA M.H. DE FIGUEIREDO?, LUis A.B. KowaADA?, CAROLINE
S.R. PATRAOY*, DIANA SASAKI® AND MARIO VALENCIA-PABON®

Abstract. A k-total coloring of a graph G is an assignment of k colors to the elements (vertices and
edges) of G so that adjacent or incident elements have different colors. The total chromatic number is
the smallest integer k& for which G has a k-total coloring. The well known Total Coloring Conjecture
states that the total chromatic number of a graph is either A(G) + 1 (called Type 1) or A(G) + 2
(called Type 2), where A(G) is the maximum degree of G. We consider the direct product of complete
graphs K,, X K,. It is known that if at least one of the numbers m or n is even, then K,, x K,
is Type 1, except for K2 x K2. We prove that the graph K,, x K, is Type 1 when both m and n
are odd numbers, by using that the conformable condition is sufficient for the graph K,, x K, to be
Type 1 when both m and n are large enough, and by constructing the target total colorings by using
Hamiltonian decompositions and a specific color class, called guiding color. We additionally apply our
technique to the direct product C,, x K,, of a cycle with a complete graph. Interestingly, we are able to
find a Type 2 infinite family C,, x K,, when m is not a multiple of 3 and n = 2. We provide evidence
to conjecture that all other C,, x K,, are Type 1.

Mathematics Subject Classification. 05C85, 05C15, 05C76, 68R10.

Received January 17, 2023. Accepted February 15, 2024.

1. INTRODUCTION

Let G be a simple connected graph with vertex set V(G) and edge set E(G). A k-total coloring of a graph
G is an assignment of k colors to the elements (vertices and edges) of G so that adjacent or incident elements
have different colors. The total chromatic number, denoted by xr(G), is the smallest integer k for which G has
a k-total coloring. Clearly, x7(G) > A(G) + 1 and the Total Coloring Conjecture (TCC), posed independently
by Vizing [13] and Behzad et al. [2], states that x7(G) < A(G) + 2, where A(G) is the maximum degree
of G. Graphs with x7(G) = A(G) + 1 are said to be Type 1 and graphs with x7(G) = A(G) + 2 are said to be
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Type 2. The TCC has been verified in restricted cases, such as cubic graphs [12] and graphs with large maximum
degree [9], but has not been settled for all regular graphs for more than fifty years.

We denote an undirected edge e € E(G) whose ends are u and v by uv. The direct product (also called tensor
product or categorical product) of two graphs G and H is a graph denoted by G x H, whose vertex set is the
Cartesian product V(G) x V(H), for which vertices (u,v) and (u/,v’) are adjacent if and only if uu’ € E(G)
and vv’ € E(H). The maximum degree of G x H is A(G x H) = A(G) - A(H), and G x H is regular if and
only if both G and H are regular graphs. Let G; = (V, E1) and Go = (V, E3) be two graphs on the same vertex
set V and where E; N E; = ), and denote by @?:1 G; the direct sum graph G = (V, E; U Es) of graphs G,
and G,. In this work, given two graphs G and H, we use the well known property that the direct product is
distributive over edge disjoint union of graphs, that is, if G = @221 G;, where G; are edge-disjoint subgraphs
of G and E(G) = E(G1) U E(G2) U...UE(G}), then H x G = @._,(H x G;).

The complete graph on n vertices is denoted by K,. The direct product of complete graphs K,, x K, is a
regular graph of degree A(K,, x K,) = (m — 1)(n — 1) and can be described as an n-partite graph with m
vertices in each part. The total chromatic number of K,, x K, has been determined when m or n is an even
number. When m = n = 2, we have the disconnected 2K, which is Type 2, since each connected component
Ky is Type 2. When m > 3, K,,, x K3 is the complete bipartite graph K, ,, minus a perfect matching, and
Yap [14] proved that this graph is Type 1. When n > 4 and n is an even number, Geetha and Somasundaram [8]
proved that K, x K,, is Type 1. Janssen and Mackeigan [10] proved that K, x K, is Type 1 when m or n is an
even number, with m,n > 3. As far as we know, for the remaining case, when both m and n are odd numbers,
it is not known whether K,, x K,, is Type 1 or Type 2. In this work, we establish the total chromatic number
of K, x K, when m and n are odd numbers, by proving that these graphs are Type 1. Thus, we can conclude
that, except for m = n = 2, the graph K,,, x K,, is Type 1.

In order to achieve the claimed total colorings for all graphs K,,, x K,, when m and n are odd numbers, we
prove two theorems according to whether m and n are both large enough or not. In Section 2, we recall the known
conformable necessary condition to be Type 1 and a known lower bound on the vertex degree for regular graphs
of odd order which ensures that the conformable condition is also a sufficient condition to be Type 1. Moreover,
we prove Lemma 2.1 and Theorem 2.2 which together provide the required total colorings of the direct product
of complete graphs K,, x K,,, for odd numbers m,n > 13. In Section 3, we present preliminary concepts on
Hamiltonian decompositions and the guiding color technique. Such technique uses a Hamitonian decomposition
together with a color class with specific properties, called guiding color class, that guides how to construct
the Type 1 total coloring. This technique can be applied to any graph with a Hamiltonian decomposition. In
Section 4, we prove Theorem 4.1 which provides the required Type 1 total colorings of K,, x K,, for odd
numbers m,n > 3 and m < 13. Along the proof, we omit from the main text a finite number of particular
graphs that are too small to obey the described pattern. Some particular Hamiltonian decompositions and their
tables containing the elements of the guiding color are given in the appendix.

In Section 5, we additionally apply our technique to another class of graphs, the direct product of a cycle with
a complete graph, denoted by C,, x K,,. We combine previous results [4,10] to the Hamiltonian decompositions
and the guiding color technique introduced in Section 3. For m or n even, we determine that C,, x K, is Type 2,
when m is not a multiple of 3 and n = 2, and Type 1, otherwise. For m and n odd, we use the same technique of
the guiding color as we did in Section 4 to additionally prove that Cs,_1 x K, is Type 1, and we give evidence
to conjecture that C), x K, remains Type 1 for all odd m and n. That would imply that C,, x K, is Type 2 if
and only if m is not a multiple of 3 and n = 2.

2. GRAPHS K,, x K,, ARE TYPE 1, FOR ODD NUMBERS m,n > 13

A regular graph G is conformable if G admits a vertex coloring with A(G) 4 1 colors such that the number
of vertices in each color class has the same parity as |V(G)|, as defined by Chetwynd and Hilton [5].

Lemma 2.1. For odd numbers m,n > 3, the graph K,, x K, is conformable.
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Proof. Consider m < n. We construct a vertex coloring with (m —1)(n —1) + 1 colors such that each color class
is composed by 1 or 3 vertices. Let ¢t = %”*2 Since t < n, the vertices (0,1), (1,4), (2,¢) in the direct product
K,, X K,, define an independent set and can receive the same color ¢;, for ¢ = {0,...,¢ — 1}. Now color each of
the mn — 3t remaining uncolored vertices with a different additional color, to obtain the desired vertex coloring
witht+ (mn—3t)=mn—-2t=mn—-m-n+2=(m—-1)(n—1)+1=A(K,, x K,,) + 1 colors. O

The TCC for graphs G having A(G) > 3|V(G)| was established by Hilton and Hind [9]. Chetwynd et al. [6]

proved that when G is a regular graph of odd order and with degree A(G) > g\V(G)\, then G is Type
1 if and only if G is conformable. Chew [7] improved this result by showing that it suffices to require that

A(G) > W%”W(G)\ In Theorem 2.2, we establish that when m,n > 13 are odd numbers, then A(K,, x K,,)
satisfies the lower bound required by Chew, which together with Lemma 2.1 implies the desired result.

Theorem 2.2. For odd numbers m,n > 13, the graph K,, x K, is Type 1.

Proof. Let m,n > 13 be two odd numbers. Hence, (7 — v/37)n — 6 > (7T —+/37)-13—6 > 0 and n > 13 >

555+ S0, 13(T — V/3T)n > 72+ 6n and 13(7 — v/3T)n — 136 > 72+ 61— 13 6, which implies that
13 > %. Now, as m > 13, we have that m > %. Therefore, (7—+/37)mn—6m > 6n— 6, which

is equivalent to (1 — v37)mn + 6mn —6m —6n+6 >0. So, mn—m—n+1=(m—-1)(n—1) > (‘/Si%l)mn.

Since A(K,,, x K,) = (m —1)(n — 1), we have that A(K,, x K,) > @H/(Km x K,)|. Therefore, by the
Chew’s result [7] and by Lemma 2.1, we have that K, x K, is Type 1. O

3. HAMILTONIAN DECOMPOSITIONS AND THE GUIDING COLOR TECHNIQUE

For K3 x K,,, K5 x K,, and K7 x K,,, with n > 3 an odd number, in Section 3.1, we use Walecki’s Hamiltonian
decomposition of K, to define suitable Hamiltonian decompositions of K, x K, first when gcd(m,n) = 1 and
second when ged(m,n) # 1.

In Section 3.2, we define the guiding color technique that can be applied to any graph with a Hamiltonian
decomposition. This technique uses a color class with specific properties, called a guiding color. In our case,
both the Hamiltonian decomposition constructed in Section 3.1 and the guiding color given in Section 4 define
the target (A(K,, x K,) —+ 1)-total coloring.

For K9 x K, and K11 x K,,, we use the guiding color technique only for few particular graphs by presenting
Hamiltonian decomposition and guiding color in Section A.2 of the appendix.

3.1. Hamiltonian decompositions

A k-regular graph G has a Hamiltonian decomposition (or is Hamiltonian decomposable) if its edge set can
be partitioned into % Hamiltonian cycles when k is an even number, or into (kgl) Hamiltonian cycles plus a
one factor (or perfect matching) when % is an odd number. Please refer to [1] for a survey on Hamiltonian
decompositions.

Consider the well known Walecki’s Hamiltonian decomposition of the complete graph K, for n > 3. We shall
focus on an odd number n. Let n = 2w + 1 and label the vertices of K, as 0,1,...,2w. Following the notation
used in [1], let C), be the Hamiltonian cycle (0, 1,2, 2w, 3,2w—1,4, 2w—2,5,2w—3, ..., w+3, w,w+2,w+1,0). If
o is the permutation (0)(1,2,3,4,...,2w —1,2w), then ¢°(C,,), o' (C,),0%(C,),...,c*~(C,) is a Hamiltonian
decomposition of K,. Observe that 0°(C,) = C,. We write K,, = ., 0"~ (C,). Denote by o'(Cy)., with
z=0,1,...,n — 1 the zth-vertex in the cycle ¢*(C,), and in fact, the vertex 0 is always the Oth-vertex. Note
that for ¢t > w, the cycle o*(C,) is the opposite cycle of o ™°4*((,,), that is, o*(C,,), = ot ™4 ¥(C),),_. for
all z > 1.

For instance consider n = 5, write n = 2w + 1 and thus w = 2, to get the Hamiltonian decomposition
K5 = @?:1 a=1(C5), where 0°(Cs) = (0,1,2,4,3,0) and o' (C5) = (0,2,3,1,4,0), as highlighted in Figure 1.
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oo 0°(Cs) =(0,1,2,4,3,0)
o—e ¢'(C5) =(0,2,3,1,4,0)

FIGURE 2. The cycle C(1,1)? in K3 x K.

Note that o2(Cs) = (0, 3,4,2,1,0) is the opposite cycle of °(Cs), and 03(C5) = (0,4,1,3,2,0) is the opposite
cycle of o1 (Cs).

It is well known and not hard to see that the direct product of cycle graphs is Hamiltonian decomposable if
and only if at least one of them is an odd cycle [11]. In what follows, for both m and n odd numbers, we shall
use Walecki’s Hamiltonian decomposition of the complete graph K, and the well known distributive property
of the direct product to define a Hamiltonian decomposition of K,, x K,,, for m = 3,5,7 and odd number n > 3
suitable to our target total coloring.

Write odd numbers m,n > 3 as m = 2¢ + 1 and n = 2w + 1. Let ged(m,n) = d. For j = 1,...,2q,
i=1,...,2w and k = 0,...,d — 1, denote by C(j,i)* the cycle on ™" vertices <C(j,i)’§>zzo7__,%, where
C(4,9)% = (697 (Cm) (z48) mod m»> 0" H(C) 2 mod n), With 2 =0,..., ™ is the zth-vertex of the cycle C(j, ).
Observe that according to the notation for vertex C(j,7)¥, we have C(j,4)f = C(j,i)]fnTn, and the vertex (0,0)
is always the Oth-vertex of C(j,4)". For instance, Figure 2 presents the cycle C(1,1)° using the cycle 0°(C3) of
K3 and the cycle 0°(C5) of K.

We consider next the construction of a Hamiltonian decomposition of K,, x K, according to whether
ged(m,n) = 1 or not. Case 1 considers ged(m,n) = 1 which gives a single & = 0 and that each C(j,i)" is
a Hamiltonian cycle which gives that {C(j,i) = C(4,9)° | j = 1,...q and @ = 1,...,2w} is a Hamiltonian
decomposition of K,, x K,. Case 2 considers gcd(m,n) # 1 which implies that each cycle C(j,4)* is not a
Hamiltonian cycle. We construct a Hamiltonian decomposition of K, x K, given by {C(j,7) | j = 1,...,2¢
and i = 1,...,w} where each Hamiltonian cycle is composed by d paths obtained from the cycles C(j,%)*, such
that, for each k = 0,...,d — 1, the cycle C(j,4)* becomes a path by removing one edge.

Case 1: ged(m,n) = 1. Consider {C(j,4) | j = 1,...q and i = 1,...,2w}, a Hamiltonian decomposition of
K., x K, where C(j,i) = C(j,i)°, see an example in Figure 3. Indeed, consider K,, = @;1:1(03‘71(6%))
and K,, = @, ,(¢""*(C,,)) the Walecki’s Hamiltonian decompositions of K,, and K,, respectively. Thus
we write K, x K, = @7, @;2,(07 7 (Cp) x 0" 1(Cp)). As the degree A(a?/~1(Cp) x 0" H(C)) = 4,
for any j = 1,2,...,q and for any i = 1,2,...,w, each subgraph ¢/=*(C,,) x o'=*(C,,) of K,, x K,, has
two Hamiltonian cycles: C(j,i) and C(j,7 + w), and so, it suffices to consider C(j,4) for j = 1,...,¢q and
i=1,...,2w.

For instance, consider K3 x K5 in Figure 3. As ged(3,5) = 1 we use K3 x K5 = @;:1 @?:1(0j_1(C3) X
0=1(C3)), the 2 Hamiltonian cycles of the subgraph ¢%(C3) x 0%(Cs) of K3 x K5 are C(1,1) and C(1,3).
Analogously, the 2 Hamiltonian cycles of the subgraph ¢%(C3) x ¢*(C5) of K3 x K5 are C(1,2) and C(1,4).
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FIGURE 3. A depiction of K3 x K5 partitioned into 4 Hamiltonian cycles. In (a) we have the
Hamiltonian cycle C(1,1) with 3 colors: the edges (1,1)(2,2), (1,2)(2,4) and (1,3)(2,0) are
colored with the guiding purple color; the endvertices of the purple edges and the remaining
edges of C(1,1) are colored with colors orange and dark green. In (b) we have the Hamiltonian
cycle C(1,2) also colored with 3 colors: the edge (0,1)(1,4) also colored with the guiding purple
color; the endvertices of the purple edge and the remaining edges of C(1,2) are colored with
colors red and dark blue. In (c) we have C(1,3) also with 3 colors: the edge (1,0)(2,3) also
colored with the guiding purple color; the endvertices of the purple edge and the remaining
edges of C(1,3) are colored with colors light blue and light brown. Finally in (d) we have
C(1,4) also colored with 3 colors: the edge (0,3)(2,1) also colored with the guiding purple
color; the endvertices of the purple edge and the remaining edges of C(1,4) are colored with
colors pink and turquoise blue.

Case 2: gcd(m,n) = d > 1. By definition, in this case, each C(j,4)* is not a Hamiltonian cycle. For k =
0,...,d — 1, denote by P(j,i)* the path induced by the o vertices C(j, i)k, with 2z = 0,...,7% — 1,
obtained from C(4,4)* by removing one edge. Consider {C(j,i) | j =1,...,2¢ and i = 1,...,w} a Hamilto-
nian decomposition of K,, x K,, where the Hamiltonian cycles are defined as follows.

(i) For m = 3:
CGyi) = (P(4)°, P, )", P(5,0)?,(0,0)).
Fori=1,...,w, the cycles C(1,i) and C(2,i) form a Hamiltonian decomposition of ¢°(C3) x o*~1(C,,).
For instance, consider K3x Ky in Figure 4. As gcd(3,9) = 3 we write K3 x Kg = @?:1(00(03) xot=1(Cy)).
The 2 Hamiltonian cycles of the subgraph ¢°(C3) x 0°(Cy) are C(1,1) and C(2,1); and analogously of
the subgraph o%(C3) x a(Cy) are C(1,2) and C(2,2); of the subgraph o°(C3) x 0%(Cy) are C(1,3) and
C(2,3); finally of the subgraph ¢%(C3) x 03(Cy) are C(1,4) and C(2,4).
(ii) For m = b5:

C(] Z) — <P(j7i)o7P(jai)lvP(jai)va(jvi)gaP(jvi)4a(070)>a ifj =13
7 <P(j,i)o,P(j,i)2,P(j,i)4,P(j,i)1,P(j,i)3,(0,0)>, ifj =24

Fori=1,...,w, the set of cycles {C(j,4) | j = 1,...,4} is a Hamiltonian decomposition of K5xc*~1(C,,).
(iii) Form =T:

C(' 7:) — <P(j77;)0’P(j7i)37P(j’i>47p(j7i)57p<j’i)l7P(j’i)27P(j7i)67 (070)>7 ifj: 173)5
= (P(5,1)°, P(4,9)*, P(5,0)", P(j,4)*, P(4,9), P(j,1)% P(j,7)°,(0,0)), if j =2,4,6.
Fori=1,...,w, the set of cycles {C(j,4) | j = 1,...,6} is a Hamiltonian decomposition of K7 xc*~1(C,,).
3.2. The guiding color technique

We are ready to explain how a (A(K,, x K,) + 1)-total coloring of K,,, x K, is obtained by considering the
Hamiltonian decomposition of K, x K, into Hamiltonian cycles C(%,j) defined in Section 3.1. In a (A(K,, x
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FIGURE 4. A depiction of K3 x Ky partitioned into 8 Hamiltonian cycles. We have the Hamil-
tonian cycle C(1,1) with 3 colors: the edges (1,1)(2,2), (1,3)(2,7) and (1,6)(2,5) are col-
ored with the guiding purple color; the endvertices of the purple edges and the remaining
edges of C(1,1) are colored with colors red and turquoise blue. In the remaining 7 Hamilto-
nian cycles, each of them has one edge with the guiding purple color whose endvertices and
the remaining edges of the cycle are colored with additional new two colors. The vertices
(0,0),(0,2),(0,4),(0,5),(0,6),(0,7) and (0,8) are an independent set and can be colored with
the guiding purple color obtaining a 17-total coloring of K3 x K.

K,,)+1)-total coloring, each color class is such that each vertex is either inside the color class or is incident to an
edge of the color class. We shall choose a guiding color with the additional property that its color class contains
one or three edges of each Hamiltonian cycle. Note that each Hamiltonian cycle is an odd cycle and, by Vizing’s
theorem [13], admits a 3-edge coloring. Thus, for each cycle, we assign two additional colors to the remaining
edges of the Hamiltonian cycle and to the endvertices of the edges with the guiding color, as illustrated by
Figures 3 and 4. With suitable choices for the edges of the matching colored by the guiding color, the so far
uncolored vertices define an independent set which can be also colored with the guiding color as Figure 5.

In order to obtain a (A(K,, x K,) + 1)-total coloring, we give a table composed by the elements of the
guiding color class. We identify the edges of the guiding color on the corresponding Hamiltonian cycle where
they belong. If the Hamiltonian cycle contains a unique edge of the guiding color, then its endvertices and the
remaining edges of the cycle are easily colored using two additional colors. If the Hamiltonian cycle contains
three edges of the guiding color, then we can easily see that their endvertices define two independent sets that
can be colored with two colors as also the remaining edges of the cycle.

For instance, consider K3 x K5 in Figure 5. We represent a table and a subgraph highlighting all elements
(edges and vertices) colored by the guiding color and the colored vertices of Figure 3. We can identify which
of the four Hamiltonian cycles contains which highlighted edges by observing the colors of their endvertices. In
Figure 3a, the six endvertices of the three edges colored with the guiding color (purple) in C(1,1) are the three
vertices (1,1),(1,2) and (1, 3) defining an independent set that can be assigned with one color (orange), and
the three vertices (2,0), (2,2) and (2,4) defining another independent set that can be assigned with one color
(green). The remaining edges of C(1,1) can be assigned with the colors orange and green. Analogously for the
Hamiltonian cycles C(1,2),C(1,3) and C(1,4), as in Figure 3. The remaining uncolored vertices (0, 0), (0,2)
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Elements of K3 x K5 of the guiding color 0,0) (0,1) (0,2) (0,3) (0,4)
C(1,1) | (1,1)(2,2), (1,3)(2,0), (1,2)(2,4) L d b
C(1,2) (0,1)(1,4)

C(1,3) (1,0)(2,3)

C(1,4) (2,1)(0,3)

Vertices: (0,0), (0,2), (0,4)

FIGURE 5. A table composed by the elements of the guiding purple color in K3 x K5, and its
depiction using colors of the endvertices to identify the Hamiltonian cycles containing them.

and (0,4) of Figure 3 represent an independent set that can be colored with the guiding color. Thus we can
easily obtain a 9-total coloring of K3 x K3 from the elements colored with the guiding color.

4. GrAPHS K, x K, ARE TYPE 1, FOR ODD NUMBERS m,n > 3 AND m < 13

In this section, we may sometimes omit the fact that m,n are odd numbers and m,n > 3, since it is clear that
we are only concerned with complete graphs of odd order greater than 2. In each subsection, for each family
considered, we omit from the main text a finite number of particular graphs that are too small to satisfy the
described pattern. Please refer to the appendix for the omitted particular graphs. In Section 4.1, we apply the
guiding color technique presented in Section 3.2 to find three Type 1 infinite families of the direct product of
complete graphs: K3 x K,,, K5 x K,, and K7y x K,,. Thus, for m = 3,5,7 and n > m, first we give the elements
of the guiding color class when ged(m,n) = 1 and second when ged(m,n) # 1. Particular graphs for families
K3 x K, K5 x K,, K7 x K, have the elements of the guiding color presented in the appendix in Section A.1.
In addition, in Section 4.2, we obtain two Type 1 infinite families: K9 x K, and K77 X K,. Analogously to
Section 2, we use the result of Chew [7] and Lemma 2.1 to obtain that the family Ky x K, for n > 23, and
the family K7 x K, for n > 15, are both Type 1. For the particular graphs Ky x K, for 9 < n < 21, and
Ki1 x Ky, for n = 11,13, suitable Hamiltonian decompositions and the guiding color class are presented in
the appendix in Section A.2. In view of the above, this section establishes Theorem 4.1 which together with
previous Theorem 2.2 yields the proof that K,, x K, is Type 1, except for Ko x Ks.

Theorem 4.1. For odd numbers m,n > 3 with m < 13, the graph K,, x K,, is Type 1.
4.1. Families K3 X K,, K5 X K,,, K7 X K,

In this subsection, we consider three Type 1 infinite families K,,, x K,, for m = 3,5,7 and n > m an odd
number. These families are divided into two cases: first, when ged(m,n) = 1 in Lemma 4.2 and second, when
ged(m,n) = m in Lemma 4.3.

Lemma 4.2. For m =3,5,7 and an odd number n > m with ged(m,n) = 1, the graph K,, x K, is Type 1.

Proof. To obtain a (A(K,, x K,)+ 1)-total coloring for the three infinite families K, x K, for m = 3,5,7 and
n > m an odd number with ged(m,n) = 1, first we use the Hamiltonian decomposition of K, x K, defined in
Section 3.1 Case 1 to construct the three tables respectively with the elements of the guiding color.

— For m = 3. The general case for K3 x K,, with n > 11 and ged(3,n) = 1, is presented in Table 1. This
case m = 3 has 2 particular graphs: K3 x K5 (solved in Sect. 3.2, see Fig. 5) and K3 x K7 presented in the
appendix in Section A.l.

— For m = 5. The general case for K5 x K,,, with n > 17, n # 21 and ged(5,n) = 1, is presented in Table 2.
This case m = 5 has 5 particular graphs: for n = 7,9,11, 13,21 presented in the appendix in Section A.1.

— For m = 7. The general case for K7 x K,,, with n > 23, n # 25,33 and ged(7,n) = 1, is presented in Table 3.
This case m = 7 has 8 particular graphs: for n = 9,11,13,15,17,19, 25,33 presented in the appendix in
Section A.1.
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TABLE 1. Elements of K3 x K, of the guiding color, for n = 2w+ 1, n > 11 and ged(3,n) = 1.

Cycle Edges Cycle Edges

1) (1,1)(2,2),(1,3)(2,2w - 1), (1,20 - 2)(2,5)  C(1,4) (1,0)(2,4)
C(1,i)  (1,i)(2,i+1),i=256,...,20—32w—1 C(1,20—2) (2,0)(0,2w — 2)
C(1,3)  (0,3)(1,4) C(1,2w) (1,2w)(2,1)

Vertices: (0,3), 1 =0,...

,2w, 1 #£ 3,2w — 2

TABLE 2. Elements of K5 x K,

of the guiding color, for n = 2w + 1, n > 17, n # 21 and

ged(5,n) = 1.
Cycle Edges Cycle Edges
C(1,1) (2,2)(4,2w), (2,2w — 2)( ) (2,7)(4,2w—-5) C(2,1) (3,2)(1, 2w)
C(1,9) (2,i+1)(4i—1),i=2,...,2w—1, C(2,9) (3,i+1)(1,i—1),i=2,...,2w—1,
1#6,2w —4,2w — 3 i #£5,2w—52w—4
C(1,6) (0,w + 6)(1,0) C(2,5) (4,0)(0,5)
C(1,2w—4) (2,0)(4,2w —4) C(2,2w—-5) (3,0)(1,2w —5)
C(1,2w—3) (3,2w —4)(0,2w — 1) C(2,2w—4)  (0,2w — 4)(2, 2w — 3)
C(1,2w) (2,1)(4, 2w — 1) C(2,2w) (3,1)(1,2w — 1), (3, 2w — 3)(1,4),
(3,6)(1, 2w — 6)
Vertices: (0,7), for i =0,...,2w, i1 Z 5w+ 6,2w — 4,2w — 1

Thus, the family K,, x K, with odd numbers m = 3,5,7, n > m and gcd(m,n) =1, is Type 1.

Lemma 4.3. For m = 3,5,7 and an odd number n > m with ged(m,n)

Proof. Analogous to the proof of Lemma 4.2, to obtain a (A(K,, x K,) +

= m, the graph K,, x K, is Type 1.

1)-total coloring for the families

K,, x K,, when m = 3,5,7, n > m are odd numbers and ged(m,n) = m, first we use the Hamiltonian
decomposition of K,, x K, as Section 3.1 Case 2 to construct the three tables respectively with the elements

of the guiding color.

— For m = 3. First, we construct a Hamilton decomposition of K3 x K, as Section 3.1 Case 2(i). The general
case for K3 x K, with n > 9 and gcd(3,n) = 3, is presented in Table 4. This case m = 3 has one particular
graph K3 x K3 presented in the appendix in Section A.1.

— For m = 5. First, we construct a Hamilton decomposition of K5 x K, as Section 3.1 Case 2(ii). The general
case for K5 x K,,, with n > 15 and gcd(5,n) = 5, is presented in Table 5. This case m = 5 has one particular
graph K5 x K5 presented in the appendix in Section A.1.

— For m = 7. First we construct a Hamilton decomposition of K7 x K,, as Section 3.1 Case 2(iii). The general
case for K7 x K, with n > 35 and ged(7,n) = 7, is presented in Table 6. This case m = 7 has 2 particular
graphs K7 x K7 and K7 x Ko presented in the appendix in Section A.1.

Thus, the family K,, x K,,, with odd numbers m = 3,5,7, n > m and gcd(m,n)

4.2. Families K9 X K,, and K11 X K,,

In Lemma 4.4, for odd numbers m = 9,11 and n > m, we establish that A(K,, x K,,) satisfies the lower
bound required by Chew [7], except for a finite number of graphs, which together with Lemma 2.1 implies the
desired total chromatic number. The desired total coloring of each one of these finitely many graphs is obtained

=m, is Type 1.

O
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TABLE 3. Elements of K7 x K, of the guiding color, for n = 2w + 1, n > 23, n # 25,33 and

ged(7,n) = 1.
Cycle Edges Cycle Edges
(67 2w — 7)(37 1 )
C(1,1) (6,i—1)(3,i+2), i=2,....2w—2, C(2,2w—1) (1,2w—2)(4,1),(1,4)(4, 2w — 6)
i #£7,8,20—6 (1,2w — 9)(4,8)
0(177) ( )( ’ ) 0(2,210) (172’10— )(472)
c(1,8) (4,7)(0, 10) C(3,1) (2,2w) (5, 3)
C(l.2w—6)  (0,w—6)(1,0) C(3,4) (2,i—1)(5,i+2), i=2,...,2w—2,
1#£6,7,2w—T
c(2,1) (1,2w)(4, 3) C(3,20—"7) (6,0)(0,2w —7)
C(2,1) (Li—1)(4,i+2),i=2,....2w—2, CB,2w—1) (2,2w—2)(5,1)
i£5,6,2w— 8
C(2,5) (3,0)(1,5) C(3,2w) (2,2w — 1)(5,2), (2,5)(5, 2w — 5),
(2,2’[1) - 8)(579)
C(2,6) (5,8)(0,4)

Vertices: (0,3), 1 =0,...,2w, ¢ #4,6,10,w — 6,2w — 8,2w — 7

TABLE 4. Elements of K3 x K, of the guiding color, for n = 2w+ 1, n > 9 and gcd(3,n) = 3.

Cycle Edges Cycle Edges

C(1,1) (1,1)(2,2),(1,3)(2,2w —1),(1,2w —2)(2,5) C(1l,w—2) (2,w—1)(0,w—3)

C(1,7)  (L,49)(2,:+1), C(2,1) (2,w+i4+1)(1,w+ 1),
1=2,5,6,...,w—3,w— 1w 1=1,...,w—-3,w—1

C(1,3) (0,3)(1,4) C2,w—2) (2,())(1 w — 2)

C(1,4) (1,0)(2,4) C(2,w) (2,1)(1,2w)

Vertices: (0,7),¢=0,...,2w, ¢ # 3,w — 3

TABLE 5. Elements of K5 x K, of the guiding color, for n = 2w+ 1, n > 15 and ged(5,n) = 5.
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Cycle Edges Cycle Edges

C(1,1) (2,2)(4, 2w) (2,2w — 2)(4,5), (2,7)(4,2w — 5) C(3,w —4) (3,2w — 4)(2,0)
2,i+1)(4,i—1),i=2,...,

C(1,%) ( w, i # 6 CB,w—3) (1,0)(0,w —3)

C(1,6) (3.0)(0,6) CGiw) (42w 1)(2,1)

C(2,1) (3,2)(1,2w) C(4,4) Lw+i-1)@B,w+i+1),i=1,...,w—1,

i#w—5w—4

C(2,4) (3,i+1)(1,i—1),i=2,...,w,i#5 C(4,w—5) (4,2w—4)(1,2w —5)

C(2,5) (4,0)(0,5) C4,w—14) (2,2w—3)(0,2w — 4)

C@3,i) Gw+i-1)Rw+i+l),i=1,...,w—-1, C4w) (1,2w — 6)(3,6), (1,4)(3, 2w — 3),
i#w—4,w—3 (1,2w —1)(3,1)

Vertices: (0,7),4=0,...,2w, i #5,6,w —3,2w —4
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TABLE 6. Elements of K7 x K, of the guiding color, for n = 2w+ 1, n > 35 and ged(7,n) = 7.

Cycle Edges Cycle Edges
C(1,1) (6,2w)(3,3),(6,6)(3,2w — 4), C(4,1) Bw+i+2)6,w+i—1),i=1,...,w—2,
(6, 2w — 7)(3, 10) i#w—6
C(l,4) (6,i—1)(3,44+2),i=2,...,w, C(4,w—6) (1,0)(0,w —6)
i£7,8
c(1, 7 (2,0)(6,7) Cd,w—-1) (3,1)(6,2w—2)
C(1,8) (4,7)(0,10) C(4,w) (3,2)(6,2w — 1)
Cc(2,1)  (1,2w)(4,3) C(5,4) Aw+i+2)(Lw+i—1),i=1,... w—2,
i #£w—8
C(2,4) (Li—1)(4,i+2),i=2...,w, CGB,w—8) (0,2w—8)(6,0)
1#5,6
C(2,5) (3,0)(1,5) CBaw—1)  (4,8)(1,2w —9), (4,2w — 6)(1,4),
(4,1)(1, 2w — 2)
C(2,6) (5,8)(0,4) C(5,w) (4,2)(1,2w — 1)
C(3,1) (2,2w)(5,3) C(6,i Gw+i+2)2uw+i—1),i=1,...,w—2,
iF£w—"7
CB3,i)  (2,i—1)5,i+2),i=2,...,w, C6,w—7) (0,2w—7)(5,0)
1#6,7
C(3,6) (4,0)(2,6) C6,w—1) (51)(2,2w—2)
(3,7  (0,6)(3,9) C(6,w) (5,9)(2,2w — 8), (5, 2w — 5)(2,5),
(5,2)(2,2w — 1)
10

Vertices: (0,7), ¢ =0,...,2w, i # 4,6,

by the guiding color technique. We present in the appendix in Section A.2 their respective guiding colors and
Hamiltonian decompositions since they are not given in Section 3.1.

Lemma 4.4. For m = 9,11 and an odd number n > m, the graph K,, x K, is Type 1.

Proof. In Section 2, we have actually proved that for odd numbers m, n the graph K,, x K,, is Type 1, provided
that A(G) > S8 y(@)).

We show next that Kg x K,, with n > 23 and K;; x K, with n > 15 satisfy the required bound. Indeed, for
Ky x K,,, when n > 23, we have that n > 16/(16 — 3(/37 — 1)). Therefore, 8(n — 1) > (\/37%1) - 9n, that is
A(Kg x Kp,) > (\/i%l)- | V(Kg x K,,) |. For K11 x K,,, when n > 15, we have that n > 60/(60 — 11(+/37 — 1)).

Therefore, 10(n — 1) > (\/37%1) - 11n, that is A(Kq1 x K,,) > (\/37%1)- | V(K11 x Ky,) |. Thus, we have that for
n > 23, the graph K¢ x K, is Type 1 and for n > 15, the graph K7; x K, is Type 1.

Particular graphs are Kg x K,,, for n = 9,11,13,15,17,19,21, and K11 x K,,, for n = 11,13. These particular
graphs are presented in the appendix in Section A.2. O

5. TOTAL CHROMATIC NUMBER OF (,, x K,

In the sections above, we ensured that the direct product of complete graphs K, x K, is Type 1, except for
K5 x Ko. We already know that the direct product of cycles Cy, x Cy, is Type 1, except for Cy x Cy4 [4]. In this
section, we investigate the direct product of a cycle with a complete graph C,, x K,,, for m > 3 and n > 2.
Interestingly, we have a Type 2 infinite family C,, x K,, when m is not a multiple of 3 and n = 2.

In Section 5.1, we distinguish the particular cases that are solved by previous results, among them we are
able to classify all C,, x K,,, when m is even. In Section 5.2, we use our Hamiltonian decomposition and the
guiding color technique to obtain new Type 1 infinite families, so that we classified all C},, x K,,, when m is odd
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and n is even, and additional Type 1 infinite families Cy(2,—1) X Ky, for t > 1, when n is odd. Based on the
evidence found so far, we conjecture that C,, x K, is Type 2 if and only if m is not a multiple of 3 and n = 2.

5.1. Previous results classify some infinite families of C,,, X K,

In addition to the results presented in this work, in Propositions 5.1 and 5.2, we shall use that, except for
Cy x Cy, all direct product of cycle graphs C,, x C;, are Type 1 [4]; and that if G x K3 is Type 1 and H is
bipartite, then G x H is Type 1 [10].

Proposition 5.1. Let m > 3 and n = 2,3. The graph C,, x K,, is Type 2, when m is not a multiple of 3 and
n = 2, otherwise the graph is Type 1.

Proof. First, consider C), X K,, when n = 2. If m is odd, then C,, x Ky = C5,,, and otherwise if m is even,
then C,, x Ko = 2C,,. Cycle graphs are well known to be Type 1 if the size of the cycle is a multiple of 3 and
Type 2, otherwise. Therefore, C}, x K5 is Type 1 if m is a multiple of 3 and Type 2, otherwise.

Now, consider C,, x K,,, when n = 3. Since C},, x K3 = C,,, X C3, they are all Type 1 by Castonguay et al.
[4]. O

Proposition 5.2. For m =3 and n > 2, and for even m and n > 3, the graph C,, x K, is Type 1.

Proof. First, consider C3 x K,,. Since C3 x K,, = K3 x K,,, we have by sections above that they are all Type 1.

Now, consider Cy, x K, when m is even and n > 3. Mackeigan and Janssen [10] proved that if G x K3 is
Type 1, then G x H is also Type 1, for any bipartite graph H. When n > 3, the graph K,, x K> is the complete
bipartite graph K, ,, minus a perfect matching, and Yap [14] proved that this graph is Type 1. Since when m
is even C,, is a bipartite graph, and K,, x C,, is isomorphic to C,, x K,,, we have that C), x K, is Type 1. O

5.2. Additional new infinite families of C,, X K,, are Type 1

In this subsection, we advance on the results in total coloring of C), x K,, by obtaining additional new
infinite families that are Type 1 and are not solved by previous results. In Theorem 5.3, we use Hamiltonian
decompositions of C,, x K, to construct a (2n — 1)-total coloring based on total-colorings and edge-colorings
of the subgraphs of this decomposition.

Theorem 5.3. For odd m > 5 and even n > 4, the graph C,, x K, is Type 1.

Proof. First, we consider C,,, x K, when m # 7.

As C,, is a unique Hamiltonian cycle, for sake of simplicity, we consider the sequential order of C,, =
(0,1,2,3,...,m — 1,0). We consider the Walecki’s Hamiltonian decomposition of the complete graph K, as
described in Section 3.1, however for an even number n = 2w > 4. Following the notation used in [1], let
C,, be the Hamiltonian cycle (0,1,2,2w — 1,3,2w — 2,4,2w — 3,...,w — L,w + 2,w,w + 1,0). As o is the
permutation (0)(1,2,3,4,...,2w — 2,2w — 1), then ¢°(C,.),c*(Cy),02(Cy),...,c%¥"2(C,) are (w — 1) edge-
disjoint Hamiltonian cycles. The remaining edges {(0)(w), (w —1)(w+ 1), (w —2)(w+2), ..., (1)(2w — 1)} form
a perfect matching M. Observe that 0°(C,,) = C,,. For an even n > 4, we write the Hamiltonian decomposition
K, = (@, ¢ 1(C,)) ® M. Recall that we denote by ¢*(Cy,)., with z = 0,1,...,n — 1 the zth-vertex in the
cycle o' (Cy,).

Observe that the spanning subgraphs of this Hamiltonian decomposition are edge-disjoint and thus, we may
write that C, x K, = (@Y (Com x 0771(C))) @ (Cr x M).

Since n is even, the subgraph C,, x ¢?~1(C,,) is a bipartite 4-regular graph and has a 4-edge coloring. In
addition, the subgraph C,, x ¢*~1(C,,) has a 5-total coloring [4]. On the other hand, C,, x M is a 2-regular
graph isomorphic to a disjoint union of n/2 cycles of order 2m and therefore, has a 2-edge coloring.

In order to construct a (2n — 1)-total coloring of C,, x K, first we assign 5 colors to all the vertices of
Cy, % K,,. In this sense, consider the 5-total coloring of C,,, x 0°(C,,), for m # 7, described in [4] (see an example
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TABLE 7. A T-total coloring of C7 x (¢°(C,,) ® M).

Color Vertices Edges

1 (pink) Iy N1, N3, N5

2 (green) I Nz, N4, Ne

3 (dark blue) I No, N3, Ny

4 (yellow) I3 Ni, Ni, Ng

5 (orange) Iy Ng, N3, Ms

6 (light blue) I My, M3, Ms
7 (wine) Is Mo, Mo, My

in Fig. 6). In this total coloring, two vertices of the same color (u,v) and (u/,v’) in Cy, x ¢°(C,,) are such that
wu' ¢ E(Cp), thus (u,v)(u/,v") ¢ E(C,, x K,). Therefore, the 5-vertex coloring of C,,, x ¢°(C,,) induced by
this 5-total coloring still is a 5-vertex coloring of C,, x K.

To obtain the desired total coloring of C), x K, we still need to assign 2n — 1 colors to all the edges of
Cmn X Ky, such that we have no conflict with the 5 colors already assigned to the vertices. For this, we continue
to assign the same 5 colors, used to color the vertices, for the edges from the 5-total coloring of the subgraph
Cyn x 0°(C,,). In addition, for the remaining edges, we consider a 2(n — 4)-edge coloring composed of 4-edge
colorings of each of the other (w — 2) subgraphs C,,, x o~ 1(C,,), for i = 2,...,w — 1 (see an example in Fig. 7),
and a 2-edge coloring of the subgraph C,,, x M (see an example in Fig. 8).

Unfortunately, the 5-total coloring of C7 x 0°(C,,) given in [4] does not induce a 5-vertex coloring of C7 x K,,.
In this case, we consider Cy x K, = (@Y (Cr x 0°1(Cy))) @ (Cr x (6°(C,) ® M)). We use the spanning
6-regular subgraph C7 x (¢°(C,,) ® M) to obtain a 7-vertex coloring of C,, x K,, from the 7-total coloring of
C7 x (6%(C,,) ® M) described in Table 7.

Recall that C7 = (0,1,2,3,4,5,6,0). For i = 0,...,6, denote by I; = {(i,7) | j =0,...,n—1} an independent
set. Observe that, in C7 x (¢°(C,,) ® M), we have three perfect matchings N;, N/ and M; between independent
sets I; and I;;1. The two perfect matchings V; and N/ come from C,, and the perfect matching M; comes from
M.

In order to construct a (2n — 1)-total coloring of C7 x K, first we assign 7 colors to all vertices of C7 x K.
In this sense, consider the 7-total coloring of C7 x (¢°(C,,) & M) as Table 7 (see an example in Fig. 9). In this
total coloring, two vertices of the same color (u,v) and (u’,v’) in C7 x (¢°(C,,) ® M) are such that uu’ ¢ E(C7),
thus (u,v)(v/,v") ¢ E(C7 x K,,). Therefore, the 7-vertex coloring of C; x (¢°(C,,) © M) induced by this 7-total
coloring still is a 7-vertex coloring of C7 x K. To obtain the desired total coloring of C7 x K,,, we still need to
assign 2n — 1 colors to all the edges of C; x K,,. For this, we continue to assign the same 7 colors, used to color
the vertices, for the edges from the 7-total coloring of the subgraph C7 x (¢°(C,,) @ M). In addition, for the
remaining edges, we consider a 2(n — 4)-edge coloring composed of 4-edge colorings of each of the other (w — 2)
subgraphs C7 x o'=1(C,,), for i =2,...,w — 1. a

For instance, consider Cs x K and the Walecki’s Hamiltonian decomposition of K¢ = (@?:1 o=1(Cg)) B M,
where the two cycles are 0°(Cg) = (0,1,2,5,3,4,0) and o'(Cs) = (0,2,3,1,4,5,0), and the matching is M =
{(0)(3), (2)(4), (1)(5)}. Therefore, Cs x Ks = (D7_,(C5 x 0°"(Cp))) & (Cs x M). We present the 11-total
coloring of C5 x K described in Figures 6-8. In Figure 6, we assign 5 colors to the vertices of C5 x Ky and
the same 5 colors to the edges of the subgraph Cs x ¢%(Cg). In Figure 7, we present a 4-edge coloring of the
subgraph C5 x 0!(Cg). In Figure 8, we present a 2-edge coloring of the subgraph Cs x M. Observe that, in
Figures 6-8, the order of second coordinates obey the Walecki’s Hamiltonian decomposition of K.

When m = 7, for instance consider C7 X K,. As the Hamiltonian decomposition of K, has a unique cycle
and one matching, we only consider the 7-total coloring of C7 x Ky, given by Table 7 when n = 4, as depicted
in Figure 9.
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FIGURE 7. A depiction of the 4-edge coloring of the subgraph Cs x o!(Cs).

(03) (0.2) (0.4) (0.1)

(0,0) (0,5)
(1,0) (1,5)
(2,0) (2,5)
(3,0) (3,5)
(4,0) (4,5)

(4,3) (4,2) (4,4) 41)

FIGURE 8. A depiction of the 2-edge coloring of the subgraph C5 x M.
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FIGURE 9. A depiction of a 7-total coloring of C7 x K4, corresponding to Table 7.

It remains to determine the total chromatic number of C,, x K, when both m,n > 5 are odd numbers.

It is known that if G and H are two regular graphs, then in case G is conformable, the graph G x H is
conformable [4] as well. It is known that K, is conformable as this graph is Type 1 for n odd. Thus, C,, x K,
is conformable.

Unfortunately, although the graph is conformable of odd order, the lower bound A(G) > @W(GH used
in Section 2 [7] is not useful for the class Cy, x K. Recall that |V (C,, x K,,)| = mn and A(Cy, x K,,) = 2n —2.

Indeed, @m@nz @-5n>4n>2n—2.
However, in Theorem 5.4, we present an infinite family using the guiding color technique to obtain a Type 1
total coloring.

Theorem 5.4. For m =2n — 1 and odd n > 5, the graph C,,, x K,, is Type 1.

Proof. In order to obtain a (2n — 1)-total coloring, we use the technique of the guiding color. First, consider
n = 2w+1 and the Walecki’s Hamiltonian decomposition of K,, = @, '~ 1(C,,) as described in Section 3.1 and
write Cp, = (0,1,2,3,...,m—1). We have that C,,, x K,, = @, (Cy, x "~ (C,,)), where each subgraph C,, x
o'=1(C,) is a 4-regular graph and has two Hamiltonian cycles. As ged(m,n) = 1 and n—1 = 2w, denote the n—1
Hamiltonian cycles by C(1,i) = (C(1,i),), fori = 1,...,n—1, where C(1,i). = ((Cin) 2 mod m> 7 2 (Crn) 2 mod n)
with z = 0,...,mn. Consider {C(1,7) | ¢ = 1,...,n — 1} a Hamiltonian decomposition of C,, x K,. For
i=1,...,w, note that C(1,i) and C(1,i + w) are two Hamiltonian cycles of the subgraph C,, x o*=(C,,).

Recall that, as each Hamiltonian cycle has an odd number of edges mn, each cycle admits a 3-edge coloring
where an odd number of edges are colored by the guiding color. For ¢ = 1,...,n — 1, each Hamiltonian cycle
C(1,4) has n edges of the guiding color, where these edges have first coordinate 2i — 1 or 2i, and additional two
colors with (mn —n)/2 edges for each color. Note that, in the graph C,, x K,,, there are n(n — 1) edges assigned
with the guiding color. Since m = 2n — 1, we have that n(n — 1) = (mn — n)/2. Therefore each color, including
the guiding color, are assigned to the same amount of edges.

On the other hand, there are n vertices with the same first coordinates, therefore we have two independent
sets, each of them with n vertices of the same color. In this way, note that we assigned 2n — 2 colors to the
vertices with first coordinates from 1 to 2n — 2. As m = 2n — 1, the remaining n uncolored vertices with first
coordinates 0 can be colored with the guiding color. (I
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TABLE 8. A table composed by the elements of the guiding purple color in Cg x K.

Elements of Cy x K5 of the guiding color

C(L,1)  (1,1)(2,2),(1,0)(2,1),(1,3)(2,0), (1,4)(2,3), (1,2)(2,4)
C(1,2)  (3,1)(4, )7(3,3)(4,1),(372)(4,3),(3,0)(472),(374)(470)
C(1,3) (5,0)(6,3),(5,1)(6,0),(5,2)(6,1),(5,4)(6,2), (5,3)(6,4)
C(1,4) (7,1)(8,3),(7,4)(8,1),(7,0)(8,4),(7,2)(8,0), (7,3)(8,2)

Vertlces ( 7 )7 (07 1)’ (0’ 2)7 (07 3)7 (07 4)

000 & & & Y

1.0 (1, DN(1, (1,3 9

(2,0) o) () (B (2,4)

(8,0) 3, 3,2 .3 (3:4)

4.0 (4,1) (4,2) (4,3) .4

(5,0) 5,1) A5,2) (53) 5.4)

(6.0 6,1) (6,2) (6,3) ©,4)

(7.0) (7, 7,2) /7,3) (7,4)

(8,0) — (8,4

1) (82 3

F1GURE 10. A depiction of the elements of the guiding color using colors of the endvertices to
identify the Hamiltonian cycles containing them, corresponding to Table 8.

As an example of the (2n— 1)-total coloring obtained in Theorem 5.4, consider the 9-total coloring of Cg x K5
presented in Table 8 and the corresponding Figure 10. Note that Table 8 and Figure 10 are similar to Figure 5,
where we presented in the same figure the elements of the guiding color and the corresponding 9-vertex coloring.
Observe that, in both figures, each two colors used for the endvertices of the edges of the guiding color identify
the same 2 colors assigned to the remaining edges of the Hamiltonian cycle containing the respective edges of
the guiding color.

In fact, we can use known merge techniques, as used in [4], to find additional Type 1 infinite families, for
instance, the graph Cy(2,—1) X Ky, for t > 2, where we merge ¢ copies of the graph Cy, 1 X K, when n > 5 is
odd, without conflict of vertices and edges. We conjecture that graphs C), x K,,, with odd numbers m,n > 5,
are Type 1. Thus, the provided evidence leads us to conjecture that the only direct product of a cycle with a
complete graph that are Type 2 are the ones given by Proposition 5.1.

Conjecture 5.5. The graph C), x K,, is Type 2 if and only if m is not a multiple of 3 and n = 2.
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TABLE A.1. Elements of particular graph K3 x K7 of the guiding color.

Cycle Edges Cycle Edges Cycle Edges
c(1,1) (1,1)(2,2),(1,3)(2,5),(1,0)(2,1) C(1,3) (1,6)(2,0) C(1,5) (1,5)(2,6)
Cc(1,2) (1,2)(2,3) C(1,4) (0,0)(1,4) C(1,6) (2,4)(0,3)

Vertices: (0,3) for ¢ =1,2,4,5,6

FIGURE A.1. A depiction of particular graph K3 x K3 with 5 colors.

APPENDIX A.

A.1. Elements of the guiding color of particular graphs for families K3 X K,,, K5 X K,,
K7 X Kn

Please refer to Table A.1 of particular graph K3 x K7; to Table A.2 of particular graphs K5 x K,, for
n =>5,7,9,11,13,21; to Table A.3 of particular graphs K7 x K,,, for n = 9,11,13,15,17; and to Table A.4 of
particular graphs K7 x K, for n = 19,25, 33 according to Lemma 4.2.

Please refer to Figure A.1 which depicts the particular graph K3 x K3 with 5 colors; to Table A.5 of particular
graph K5 x Kj5; to Table A.6 of particular graph K7 x K7; and to Table A.7 of particular graph K; x Ko
according to Lemma 4.3.

A.2. Hamiltonian decomposition of particular graphs Kg X K,, and K11 X K,, and the
elements of the guiding color

Consider the particular graphs Kg x K, with n = 9,11,13,15,17,19,21 and K3;; X K,, with n = 11,13,
according to Lemma 4.4. First, we present each Hamiltonian decomposition. Second, refer to the following tables
containing the elements of the guiding color: to Table A.8 of particular graphs K¢ x K,,, for n = 11,13,17,19;
to Table A.9 of particular graphs Kg x K,,, for n = 9,15,21; to Table A.10 of particular graph K7, x Ki1; and
to Table A.11 of particular graph K7 x K;i3.

In order to present the Hamiltonian decompositions when gcd(9,n7) = 1 and when ged(11,n) = 1, we can
proceed analogously to Section 3.1 Case 1.

We present next five Hamiltonian decompositions to deal with ged(9,n) # 1 and ged(11,n) # 1. Let
m and n odd numbers such that ged(m,n) = d # 1. Recall that we have defined the following paths of
Knx K, Forj=1,....m—14i=1,...,n—1and k = 0,...,d — 1, the path P(j,i)* is induced by
(Oj_l(Cm)(t+k) mod m) ai_l(cn)z mod n)7 with 2z = 0,..., % -

— For K¢ x Ky, a Hamiltonian decomposition is given by {C(j,7) | j =1,...,8,i=1,...,4}, where:
C(j,1) = (P(3,0)°, P(j,))7, P(4,1)°, P(§,)°, P(j, )", P(4,1)%, P(4,1)°, P(§,1)*, P(§,1)%,(0,0)).

Observe that, for j = 1,2,3,4 and i = 1,...,4, the cycles C(j,7) and C(j + 4,4) form a Hamiltonian
decomposition of 07=1(Cy) x o?=1(Cy).
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TABLE A.2. Elements of particular graphs K5 x K, of the guiding color, for n =7,9,11,13, 21.

Edges

Cycle
Elements of K5 x K7 of the guiding color

Edges

Cycle

—~~

Vertices: (0, 1),
Elements of K5 x Ko of the guiding color
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Vertices: (0,7), fori =1,..

on—1,k=0,1,2and ¥ =0,1,2. In

.,n — 1, we have three paths P(j,1)", P(j,i)! and

P(j,1)2. In this case, for each of them, we will consider 3 subpaths. Let P(j, i)(k’k/) be the path induced by

P, i)k PGk,

L8i=1,..

L8 i=1,..

=1,..

PGk, for =1,
each case, these subpaths can be rearranged to give the desired Hamiltonian cycles.

For K9 x K15 and K9 x Koy, for j
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TABLE A.4. Elements of particular graphs K7 x K,, of the guiding color, for n = 19, 25, 33 that
differ of the general case K7 x K,, with gcd(7,n) = 1.

Cycle Edges Cycle Edges
Elements of K7 x K19 of the guiding color that differ of the Table 3

C(1,8) (0,17)(1,0) C(1,12) (4,7)(0,18)

Vertices: (0,7),7=0,...,20, ¢ #4,6,10,11,17,18
Elements of K7 x Kas of the guiding color that differ of the Table 3
¢(3,7)  (6,00(0,7) C(3,17)  (0,1)(3,9)

Vertices: (0,7),¢=0,...,20,¢# 1,4,6,7,10,16
Elements of K7 x K33 of the guiding color that differ of the Table 3
C(1,8) (0,24)(1,0) C(2,24) (5,8)(0,0)
C(1,26) (4,7)(0,13) C(3,7) (6,0)(0,7)
C(2,6) (5,0)(0,6) C(3,25) (0,10)(3,9)
Vertices: (0,7),7=0,...,2w, i #0,6,7,10,13,24

TABLE A.5. Elements of particular graph K5 x K5 of the guiding color.

Cycle Edges Cycle Edges

C(1,1)  (2,2)(4,4),(4,2)(3,4),(3,2)(0,4) C(3,1) (3,3)(2,0)

C(1,2) (1,4)(4,0) C(3,2) (2,4)(0,0),

C(2,1) (1,0)(4,1) C(4,1) (2,1)(0,2)

c(2,2)  (3,0)(1,2) C(4,2) (1,3)(3,1),(2,3)(0,1),(4,3)(1,1)

Vertex: (0, 3)
TABLE A.6. Elements of particular graph K7 x K7 of the guiding color.

Cycle Edges Cycle Edges

c(1,1)  (6,6)(3,3),(5,6)(4,3),(2,6)(6,3) C(4,1) (0,4)(3,0)

C(1,2)  (0,5)(2,0) c(4,2) (2,3)(1,1)

C(1,3) (4,0)(0,3) C(4,3) (3,2)(6,5)

C(2,1)  (3,4)(5,0) C(5,1) (4,6)(1,3)

c(2,2)  (5,3)(0,1) C(5,2)  (4,1)(1,4),(3,1)(2,4),(6,1)(4,4)
c(2,3) (1,2)(4,5) C(5,3) (0,6)(6,0)

C(3,1)  (0,2)(3,6) c(6,1)  (1,0)(5,1)

Cc3,2) (2,1)(5,4) c(6,2) (6,4)(1,6)

C(3,3) (2,2)(5,5) C(6,3) (5,2)(2,5),(4,2)(3,5),(6,2)(1,5)

— For Ky x Kj5, a Hamiltonian decomposition is given by {C(j,i) | j =1,...,8,i=1,...,7} , where C(j,1)
is the following Hamiltonian cycle:

(PG 0, PG, PG, PG, PG Y PGP0, PG Y, PGS, PGP, (0,0)).

Observe that, for j = 1,2,3,4 and i = 1,...,7, the cycles C(j,i) and C(j + 4,4) form a Hamiltonian
decomposition of 07=1(Cy) x o?=(Cy5).
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TABLE A.7. Elements of particular graph K7 x K of the guiding color that differ of the
general case K7 x K,, with ged(7,n) = 1.

Elemets of K7 x K21 that differ of the Table 6
Cycle Edges Cycle Edges

C(1,8) (0,11)(1,5) C(3,7) (3,0)(4,7)

C(2,5) (5,8)(0,2) C(6,3) (3,9)(0,17)

C(2,6)  (5,0)(0,6)

Vertices: (0,1), i =0,...,20, i # 2,4,6,11,12,17

TABLE A.8. Elements of particular graphs Kg x K, of the guiding color, for n = 11,13,17,19.

Cycle Edges Cycle Edges Cycle Edges
Elements of Kg X Kj;1 of the guiding color

C(1,1)  (3,3)(7,9),(3,2)(7,10), (3,0)(7, 1) C(2,3) (6,3)(0,4) C(3,8) (5,3)(1,0)

C(1,2) (5,2)(0,3) c(2,4) (0,2)(2,7) C(3,9) (5,1)(1,7),(5,10)(1,8), (5,0)(1,9)
c(1,3) (0,1)(1,6) C(2,i) (4,i+2)(8,i—2), i=5,6,7,8 C©(3,10) (0,7)(3,4)

C(1,4) (3,i+2)(7,i—2),i=4,5,6,7,8 C(2,9) (4,1)(8,7) C(4,1) (0,8)(4,5)

c(1,9) (3,1)(7,7) €(2,10) (4,2)(8,8) C(4,2) (8,9)(0,6)

C(1,10) (3,5)(7,0) C(3,1) (7,8)(0,5) C(4,i) (6,i+2)(2,i—2),i=23,4,5,6,7,8
C(2,1) (4,6)(8,0) €(3,2) (5,4)(1,10) C(4,9) (6,4)(2,0)

C(2,2) (4,4)(8,10), (4,3)(8,1), (4,0)(8,2) C(3,i) (5,i+2)(1,i—2),i=23,4,56,7 C(4,10) (6,2)(2,8), (6,1)(2,9), (6,0)(2, 10)

Vertices: (0,4), i = 0,9, 10

Elements of K9 X K13 of the guiding color

C(1,1) (3,3)(7,11), (3,0)(7, 1), (3,9)(7, 6) C(2,1) (4,i+2)(8,i—2), i=3,56,7,10 C(3,6) (0,3)(3,10)

C(1,2) (3,4)(7,12), C(2,4) (2,4)(3,5) C(3,11) (5,1)(1,9), (5,0)(1,11), (5, 7)(1, 4)
C(1,3) (0,0)(1,3) C(2,8) (6,4)(0,1) C(3,12) (5,2)(1,10)

C(1,4) (3,i+2)(7,i—2), i =4,5,6,9,10 C(2,9) (7,0)(6,9) C(4,1) (6,3)(2,11)

c(1,7)  (5,8)(0,6) C(2,11) (4,1)(8,9) C(4,2) (0,11)(4,6)

c(1,8) (5,3)(0,2) C(2,12) (4,2)(8,10) C(4,i) (6,i+2)(2,i—2),i=3,4,5,8,9,10
C(1,11) (3,1)(7,9) Cc(3,1) (7,5)(0,9) C(4,6) (1,0)(8,6)

C(1,12) (3,2)(7,10) C(3,2) (5,4)(1,12) C4,7) (8,0)(0,7)

C(2,1) (4,3)(8,11) C(3,i) (5,i+2)(1,i—2), i=3,4,7,8,9,10 C(4,11) (6,1)(2,9)

C(2,2) (4,4)(8,12), (4,0)(8,2), (4,10)(8,7) C(3,5) (4,11)(2,0) C(4,12) (6,2)(2,10), (6,0)(2,12), (6,8)(2,5)

Vertices: (0,1), i = 4,5,8,10,12

Elements of Kg X K;7 of the guiding color

C(1,1) (3,3)(7,15), (3, 11)(7,8), (3, 15)(7, 4) C(2,7) (6,11)(0,3) C(3,11) (7,7)(0,16)

C(1,2) (3,4)(7,16) C(2,10) (8,0)(5,10) C(3,15) (5,1)(1,13), (5,9)(1,6), (5,13)(1,2)
C(1,4) (3,i4+2)(T,i—2), i =3,4,5,7,8,11,12,14 C(2,11) (0,12)(2,10) C(3,16) (5,2)(1,14)

C(1,6) (6,0)(5,6) C(2,14) (2,6)(3,0) C(4,1) (6,3)(2,15)

C(1,9) (7,0)(4,9) C(2,15) (4,1)(8,13) C(4,2) (6,4)(2,16)

C(1,10) (0,11)(1,9) C(2,16) (4,2)(8,14) C(4,4) (6,i+2)(2,i—2),i=3,4,6,7,10,11,13,14
C(1,13) (1,5)(2,0) c(3,1) (5,3)(1,15) C(4,5) (8,12)(0,14)

C(1,15) (3,1)(7,13) C(3,2) (5,4)(1,16) C(4,8) (5,0)(3,8)

C(1,16) (3,2)(7,14) C(3,i) (5,i+2)(1,i—2), i=1i=3,5,6,9,10,12,13,14 C(4,9) (0,6)(4,13)

C(2,1) (4,3)(8,15) C(3,4) (3,12)(4,0) C(4,12) (8,8)(0,1)

C(2,2) (4,4)(8,16), (4,12)(8,9), (4, 16)(8,5) C(3,7) (1,0)(6,7) C(4,15) (6,1)(2,13)

C(2,i) (4,i+2)(8,i—2),i=3,4,5,6,8,9,12,13  C(3,8) (7,11)(0,5) C(4,16) (6,2)(2,14), (6,10)(2,7), (6,14)(2,3)

Vertices: (0,1), for i =0,2,4,7,8,9,10,13,15

Elements of Kg X K9 of the guiding color

C(1,1) (3,3)(7,17), (3,13)(7,8), (3, 18)(7, 3) C(2,6) (8,15)(5,0) C(3,17) (5,1)(1,15), (5,11)(1,6), (5, 16)(1, 1)
C(1,2) (3,4)(7,18) C(2,11) (6,6)(0,17) C(3,18) (5,2)(1, 16)

C(1,i) (3,i+2)(7,i—2),i=3...,15,i#5,10,11 C(2,12) (3,0)(1,12) C(4,1) (6,3)(2,17)

C(1,5) (6,0)(5,5) C(2,17) (0,9)(2,8) C(4,2) (6,4)(2,18)

C(1,10) (5,10)(0,11) C(2,18) (4,2)(8,16) C(4,i) (6,i+2)(2,i—2),i=3...,16,i#4,9,10,15
C(1,11) (4,0)(6,11) c(3,1) (5,3)(1,17) C(4,5) (2,13)(7,0)

C(1,16) (1,7)(2,0) C(3,2) (5,4)(1,18) C(4,9) (0,6)(4,13)

C(1,17) (3,1)(7,15) C(3,3) (0,13)(3,12) C(4,10) (1,0)(8,10)

C(1,18) (3,2)(7,16) C(3,4) (5,i4+2)(1,i—2),i=4...,16,i#8,9,14 C(4,15) (0,4)(4,8)

C(2,1) (4,3)(8,17) C(3,8) (7,14)(0,2) C(4,17) (6,1)(2,15)

C(2,2) (4,4)(8,18), (4,14)(8,9), (4,1)(8,4) C(3,9) (8,0)(7,9) C(4,18) (6,2)(2,16), (6,12)(2,7), (6,17)(2,2)

C(2,1) (4,i+2)(8,i—2),i=3...,16,i#6,11,12 C(3,14) (0,3)(3,7)
Vertices: (0,4), for i = 0,1,5,7,8,10,12,14, 15,16, 18
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TABLE A.9. Elements of particular graphs K¢ x K,, of the guiding color, for n = 9,15, 21.

Cycle Edges Cycle Edges Cycle Edges
Elements of K9 X Kg of the guiding color
c@, 1) (3,3)(7,7),(2,3)(8,7),(0,3)(1,7) c(3,4)  (5,6)(1,2) c(6,3)  (0,8)(6,7)
C(1,2)  (3,6)(8,0) C4,1)  (6,3)(2,7) (6,4)  (8,6)(4,2)
C(1,3) (6,0)(5,3) C(4,2) (0,7)(4,6) c(7,1) (1,3)(5,7)
C(1,4) (7,8)(3,0) C(4,3) (6,5)(2,1) c(7,2) (1,4)(5,8)
C2,1)  (1,0)(4,1) C(4,4)  (6,6)(2,2) C(7,3)  (1,5)(5,1),(8,5)(6,1),(0,5)(7,1)
C(2,2)  (4,4)(8,8),(3,4)(1,8),(0,4)(2,8) a5, 1) (7,3)(3,7) C(7,4)  (5,4)(2,5)
C(2,3) (4,5)(8,1) C(5,2) (7,4)(3,8) C(8,1) (4,0)(0,1)
C(2,4) (7,0)(6,4) C(5,3) (7,5)(3,1) C(8,2) (2,4)(6,8)
C(3,1)  (3,5)(0,0) C(5,4)  (7,6)(3,2) C8,3)  (5,0)(4,3)
C(3,2)  (2,0)(5,2) c(6,1)  (8,3)(4,7) C(8,4)  (2,6)(6,2),(1,6)(7,2),(0,6)(8,2)
C(3,3) (5,5)(1,1) C(6,2) (8,4)(4,8)

Vertex: (0, 2)

Elements of Kg X K15 of the guiding color

O, 1) (3,3)(7,13), (3,0)(7, 1), (3, 11)(7, 6) CB,7 (8,00(7,7) C6,3)  (2,0(0,3)
C(1,2)  (3,4)(7,14) c(4,1)  (6,3)(2,13) C(6,6)  (8,11)(4,1)
C(1,3)  (6,11)(5,10) C(4,2)  (6,4)(2,14) C6,7)  (8,12)(4,2)
C(1,4) (3,i+2)(7,i—2), for i =4,5,6,7 C(4,4) (6,i+2)(2,i—2), i=34,5 c(7,1)  (58)(1,0)
C(2,1)  (4,3)(8,13) C(4,6)  (6,0)(2,6) C(7,1) (1,i+5)(5,i+9), i =2,3,4,5
C(2,2)  (4,4)(8,14), (4,0)(8,2), (4,12)(8,7) c4,7)  (0,4)(4,11) C(7,6)  (1,4)(5,9), (1,6)(5,7), (1,11)(5,1)
C(2,1) (4,i+2)(8,i—2), i =3,5,6,7 c(5,1)  (1,5)(0,11) cr T (1,12)(5,2)
C(2,4) (3,5)(1,3) C(5,2) (6,9)(5,0) C(8,1) (0,9)(8,8)
c(3,1)  (5,3)(1,13) C(5,4) (7,i+5)(3,i+9), i =3,4,5 C(8,2)  (4,6)(0,12)
C(3,2)  (5,4)(1,14) C(5,6)  (7,11)(3,1) C(8,4)  (2,i+5)(6,i+9), i =345
C(3,1) (5,i+2)(1,i—2), i =34 c,7) (7,12)(3,2) C(8,6)  (2,11)(6,1)
C(3,5) (0,1)(3,10) C(6,1) (8,1 +5)(4,i+9), i=1,4,5 C(8,7) (2,5)(6,10),(2,7)(6,8), (2,12)(6,2)
C(3,6) (7,0)(0,6) C(6,2) (2,4)(0,14)
Vertices: (0,1), for ¢ =0,2,5,7,8,10,13

Elements of Kg X K21 of the guiding color
c(,1) (3,3)(7,19), (3,15)(7, 8), (3,20)(7, 3) C(3,8) (7,11)(0,5) C(6,4) (0,18)(6, 11)
C(1,2)  (3,4)(7,20) c(4,1)  (6,3)(2,19) C(6,9)  (4,0)(1,9)
c(1,1) (3,i+2)(7,i—2),i=23,4,6,7,89 C(4,2)  (6,4)(2,20) C(6,10)  (8,18)(4,2)
C(1,5)  (2,15)(1,0) C(4,9)  (6,i+2)(2,i—2),i=3,56,7,810 C(7,1)  (3,12)(0,11)
C(1,10)  (5,5)(0,16) C(4,4)  (1,14)(7,0) C(7,1) (1,i+8)(5,i+12), i =2,3,4,5,7,8
c(2,1)  (4,3)(8,19) C(4,9)  (0,10)(4,8) C(7,6)  (8,0)(6,6)
C(2,2)  (4,4)(8,20), (4,16)(8,9), (4,1)(8, 4) C(5,1) (7,i+8)(3,i+12), i=1,2,4,5,6,7 C(7,9)  (1,1)(5,18), (1,6)(5,13), (1,17)(5,1)
C(2,4) (4,i+2)(8,i—2),i=3,4,57,80910 C(53) (8 17)(2,10) C(7,10)  (1,18)(5,2)
C(2,6)  (7,16)(5,0) c(5,8)  (0,7)(5,10) C(8,i)  (2,i+8)(6,i+12), i=1,3,4,5,6,8
c(3,1)  (5,3)(1,19) (5,9 (7,17)(3,1) Cc(8,2)  (0,13)(8,12)
C(3,2)  (5,4)(1,20) C(5,10)  (7,18)(3,2) c(8,7)  (6,0)(3,7)
C(3,3)  (4,13)(3,0) c@6,1)  (2,0)(0,1) C(8,9)  (2,17)(6,1)
(3, 1) (5,i+2)(1,i—2),i=4,5,6,7,9,10 (6, 1) (8,i+8)(4,i+12), i =2,3,5,6,7,8 C(8,10) (2,2)(6,19), (2,7)(6,14), (2, 18)(6,2)

Vertices: (0,1), for ¢ =0,2,3,4,6,8,9,12,14,15,17,19, 20

For Ko x Ks1, a Hamiltonian decomposition is given by {C'(j,¢) | j=1,...,8,i=1,...,10} , where C(j,1)
is the following Hamiltonian cycle:

(PG 0, PG, PG, PG, PG Y, PGHY, PGP, PG, PG, (0,0)).

Observe that, for j = 1,2,3,4 and i = 1,...,10, the cycles C(j,7) and C(j + 4,7) form a Hamiltonian
decomposition of 07=1(Cy) x oi=(Cay).

For K11 X K71, a Hamiltonian decomposition is given by {C(j,4) | j =1,...,10,i=1,...,5} , where C(j,1)
is the following Hamiltonian cycle:

(P(j, )%, P(j,1)°, P(j, )", P(j,4)°, P(j,4)°, P(j,9)", P(4,9)'%, P(4,9)%, P(4,9)°, P(4,4)*, P(4,)°, (0,0)).

Observe that, for j = 1,...,5 and ¢

= 1,...,5, the cycles C(j,7) and C(j + 5,¢) form a Hamiltonian
decomposition of 0/=1(Cy1) x o*~1(Cyy).
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TABLE A.10. Elements of particular graph K71 x K77 of the guiding color.
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TABLE A.11. Elements of particular graph Ki; x K3 of the guiding color.
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Second, we apply each constructed Hamiltonian decomposition to define a guiding color from which the total

coloring is obtained, please refer to the corresponding tables.
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TABLE A.11. Continued.

Cycle Edges Cycle Edges
C(2,4) (3,9)(1,11) Cc(4,11) (2,9)(7,2),(2,10)(7,1),
(2,11)(7,12)
C(2,1) (10,7 —2)(5,i + 3), C(4,12)  (9,10)(0,3)
1=5,6,7,8,9
C(2,10) (10,8)(5,1) C(5,1) (6,7)(4,0)
C(2,11) (10,9)(5,2) C(5,2) (0,10)(5,7)
C(2,12) (7,0)(0,12) C(5,1) (3,4 —2)(8,i+ 3),
i=3,4,5,6,7,8,
C(3,1) (4,6)(2,8) C(5,10) (4,5)(7,4
C(3,2) (6,8)(10,0) C(5,11) (10,10)(0,1)
C(3,3) (1,1)(6,6),(1,2)(6,5), C(5,12) (3,10)(8,3),(3,11)(8,2),
(1,3)(6,4) (3,12)(8,1)
C(3,4) (8,4)(0,5)

Vertices: (0,1), for i =0,4,8
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